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Analytical expressions for all the integrals occurring in the calculation of the nmr 
$hielding constants in second-order perturbation theory ate given for GTOs of the $-type 
and the p-type. 

The  n m r  shielding cons tan t  can be ca lcula ted  b y  second-order  pe r tu rba -  
t ion  theory .  Fo r  the  mos t  f r equen t ly  used MO wave  funct ion the  shielding 
cons tan t  a is e s t ima ted  b y  the  fo rmula  [1]: 

(7 ~ ~dla ~- ~para , 

9 
i = 1 { \  I rA 

0 'para=X~i=lp=n-b l  ~ (~Oilh'~P)~ ~Op ~ l ' i ~ / A F J i p ,  

with 
R A o :  RA - -  Ro, 

lo : ( r - R 0 ) ^ V ,  

lA : ( r - - R A ) ^ V ,  
where 

RA: 

R0.- 

FA: 
r :  

Vi: 

AEip: 
~ 35.50 dimensionless  cons tan t .  

(1) 

posi t ion  vec to r  of  n u d e u s  A the  shielding of which  is to  be  
e s t ima ted ,  
origin of  the  gauge,  
d is tance be tween  e lect ron and  nucleus A,  
posi t ion r e c t o r  of  the  e lectron,  
occupied MO, 
v i r t ua l  MO, 
energy  difference be tween  ground  and exci ted  s t a t e ,  

* The formulae were derived by F. B. and the paper was compiled in absence of hito 
by D.K. 
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I f  the MOs are approximated by a LCAO expansion we have to cal- 
culate the follow~ng integrals: 

< q~A 

<~A 

<~A 

1jo~> ,2, 

r31-~s ~c>. (3) 

~ c > ,  (4) 

IB I~c>. (5) 

qiA, ~C ate AOs eentred at nuclei ~4 or C, respectively, r Bis the distance rec tor  
from the centre 2~ to the electron and IB = rs ^ V. The two centre integrals 
may be calculated either by integration in prolate spherical coordinates 
(type (2) [2], and type (5) [3]) of by the Fourier folding method (types (3), 
(4) [4]). For the three centre integrals closed analytical formulae exist only 
for integrals of type (5) [3]. Howevcr, the STO can be approximately expanded 
by finite sets of. GT0s [5], and the integrals over GTOs can be expressed analy- 
'tically. 

We report here formulae for the integrals over GTOs in such a forro tha t  
they can be used in computation at once. Here we gire formulae for the integ- 
rals of type (2) and (4) too, ahhough formulae for these Ÿ another forro have 
already been published ([5], [6]). 

We use normalized GTOs of the forro 

[2~~ 3 ~.2 

for s-type orbitals and  

for p- type orbitals, 

and the normalization factors for the integrals become 

12/3 
<gs (rA. ~),ov, gi(rc.,)> =2 (2/~ (~.,5).,. <e-~, op, X%-~r~ >. 

<g, (rA. ~)IOp I gs(rc. ~,)=4 [2)(~7)./, <~Ae_.~~ iOplx~e_Zr~>. 
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where  

I n  the  

In  the  
of  two 
A and 

r :  locat ion r e c t o r  f rom the origin (components  xi), 

RA: i - th  c o m p o n c n t  of  the  loeat ion r e c t o r  to  A,  

xi: x / -  R f .  

following we use still the  shor t  hand  wri t ing 

RŸ t�98 for R Ÿ  t - -  RŸ ~ ana  

R A~,  for the  dis tancc be tween  A and B. 

calculat ion wi th  GTOs thc i r  unique  p r o p e r t y  is used t h a t  the  p roduc t  
Gaussians  ccn t red  e.g. on .4 and  C is again  a Gaussian cen t red  be tween 

C: 

a? R2 e - ' r ' e  -~'rzo : e ~+~ a~ (6) 

where  the  new centre  D has the  coordinates  

I n  the  ac tua l  ca leula t ion of the  in tegrals  we reduce the  three  centre  integrals  
b y  using Eq.  (6) to  two  centre  integrals ,  which  ate t r a n s f o r m e d  into a local 
coordinate  sys t em.  This  local sys tem (LS) is chosen in such a w a y  t h a t  the  Z 
axes  lŸ along the  in te rnuc lea r  axis and po in t  toward  each other .  The  X axes 
are t aken  paral lel  and  so are the  Y axes.  W e  have  a r igh t -handed  sys tem on 
the  centre  D a n d a  le f t -handed  one on the  o ther  centre.  The componen t s  of  
a r e c t o r  loca ted  at  cent re  D t r ans fo rms  b y  means  of a m a t r i x  R f rom the  LS 

in to  the  molecular  coord ina te  sys t em 

r D = R .  r b , 

where  rD is the  r e c t o r  in the molecular  and  rb  in the  local coord ina te  sys tem.  
The  t r ans fo rma t ion  m a t r i x  R has the  forro 

R = 

q ~ [ 0 cos ~- 

- c o s  ~ c o s  ~ c o s  r c o s  

I sin ~ I I sin ~ I 

- -  c o s  ~ c o s  ~ - c o s  
cos 7 

where cos ~, cos q cos ~ are the  direct ional  cosine be tween  the  X ,  Y, Z axes 

in the  molecular  and  local sys tem.  
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For a rector  at the other centre we must  use a transformation matrix L 

which is connected with R by  the  relation 

L = R .  1 
O-- 

because there is a left-handed system. 
The formttlae of  this transformation are: 

Integrals of  the type (~A ] ~ ]~B>: 
rB 

\ ] rB/LS 
zB 1 , 

<e-ar2Al~B lxfe'r~>=K[Li. 3<e-~ -~B>L$'3f-RBC<e--6r~t~B >L3 ] 

1 (e -~rD [ - -  ) �9 (LiAL]. , + Li.~L?.2) + 
\ I r e / L S  

ZB , . + < e-e@ Z2B~rB/LS "Li'a'LAs+ <e'erbl--~s>Ls~(R]~CLis + R'AL] s) + 

\ I rs/LS 

Integrals of the type ~ [ r~B l~bc>: 

e-Vr~ = K Lk 8 <e_ar~ Xf .le_orZ ~ ZB~ r~] ) '\ ,r~l,.s" 

Xf X 2 ~-'tsal--'~B x~e~'r~>~---K{<e-ar~(-~B>L8"(LK. 1.Lj.I~Lk.2Lj,2)-~- 

_~(e_er~ z_~~~ Lk.,L],3+<e_er ~ ZB\ ..Be, }, 
\ I rB I L S  r ~ / L s  J ,-,k,3 

@-'r'-,l~ x~e-'£176 EL,.L,..L~.,+L,..L~.,~,.. + 
rs / r 3 /LS 

+ Li,2Lk,2Lj,3 + Li, zLk, sL],2 + Li.,Lk, IL],I + Li, aLk,2L].2] + 
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x 2 

.-~- RiBA(L~.ILLI nUL~.2LL2)]-~- e - B r ~  [R~CLk,3Li.3 --~ ~BALk ,3Lj ,3]  --~ 
LS 

~Integra]s of  t he  t y p e  < r 2 3 7  : 

<-~"'~~e-,r,> ~~-~~,z~ ~c ~c 

__ X2 R a  A -- 2~K {<e -ar~ ~-~ [ k_I(Lj, ILk+I,I -~ LL,Lk+I,2) s 

_ _  BA (L j, -}-Lj,2Lk_I,2)] A- Rk+ 1 1Lk-1,1 

_4_ <e_ar b z~> Li, a BA BA �9 [Lk+l ,3Rk_l  - -  Lk_ l ,3Rk+l]  + 
LS 

-~- e -~ ~ L S ' . t " j  t's"~k+l,8 k--1 

=K{<e-Or~[~B >Ls[RBA(Lk+I,3(~],k-1-- Lk--l,3(~J,k+l) -~ 
+ 2?RTcR~A(R2ClLk-I .3  - -  R~ClL,,,+I.3)I + 

/ x 2 \ 
+ <:_,r~, ~ >  EL, ,~,~,,+11~,,~-,-,-,,,-1,~J k+,~ + 

B / L S  . . . . .  

_1_ 27 (RBCLi,1 + BA BC _ _  I~BC L L ] , l R i  )(Rk+lLk-l,1 k--1 k.4-1,ll '~  

-4- Li,2 (Lk+l,2($/,k-1 - -  Lk-l,2(~],k+l) -~- 

+ 2r (RŸ + R~%.~)(R2+~~L~_,.~ --  R~_Ÿ L~+I, ~)1 + 

-t- <e -~'~ Z~ ~r~BiLS [L, (Lk+,, 3 ~j, k--1 - -  L k - l , 3 ~ j , k + l )  21- 

Rk-ILk+I, 3)] -t- + 27 (RTCLi,3 + BA BC BC Ri Lj,3)(Rk+ILk-i,3-- 
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3 0 0  F, BIRNSTOCK .and D, KLOPPER 

-~- ~ e-~r~ ] x2z~B /LS  " 2:7 [(Li'ILj'I + Li'zLJ'2) " 

BC' BC (Rk+lLk_l,a (L i ILja ~- L i aLj 1). tRBC L u n c  r x .  --  Rk-~L~+~,a) -4- . . . .  ~ R+I k--1,1 - -  "tk--l~L~k+l,1]~- 
A V ( L i , 2 L j ,  3 .~_ L i , 3 L j , 2  ) BC R B C  r VI �9 ( R k + l L k _ l ,  2 -  R _ l ~ k + l , 2 / . i  + 

_~.(e-~r~]_~_3 X ~ 2 , . [Li ,aLL3 Bc ac } 
�9 (Rk+IL~_I, s -- Rk_~L~+l,a) ] �9 

\ t rB / LS 

In  the  formulae we have used the abbreviat ions  

e -  ~+--T R~,o = K 

and Lk+l, 1 etc.  is to be unders tood  in a cyclie way (e.g. Lk+t, 1 = L1,1 for k = 3). 
The  integrals in the local coordinate  system can b y  solved b y  in tegra t ion  

in prola te  spherical coordinates.  The  result  of  the in tegra t ion  can be expressed 
in te rms of  the  incompIete er ror  funct ion 

Fm(x ) = f~ t2me-Xt~ dt , 

which can be computed  by  s t anda rd  methods  [7]. 

e_~r~ Z__B_B > 2Zt 
rB LS  

RAB [ Fo(~R~B) --  FI(~R2AB)] , 

( ~ [ 1 
e-~~2~ Z2BrB /LS  = 2__~~~ RA s { Fo(~R2AB) _ F~(~R2AB) ) . +  ~R2A-----~ F~(~R~~)], 

( ,  ~r~ l ~~ \ __ 2~ _ _ _  [Fo(~R~n ) - -  2F~(~tR2AB)], 

LS --  ~ . [ Fo(~R~B ) --  3F~(ctR~tB) + 2 F,(~R~B) ] , 

( ~) 1 
e-~,~~ x2 --  L [Fo(~R~,B) _ _~_ F~(~tR~B)], 

LS 
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:8/ 

<e _~r ~ y 2 z B ~  __ 2 : tRAB [ F I ( ~ R ~ z  ) __ F2(~r 
r 3 / L S  

T h e  f o r m u l a e  were  c he c ke d  b y  ca lcu la t ing  t h e  two  cen t re  in tegra l s  w i th  these  

express ions  in a 6 -GTO expans ion  of  t h e  STO and  b y  d i rec t  ca l cu la t ion  wi th  

S T O  us ing  t he  f o r m u l a e  o f  [2] a nd  [4]. No  d i s c r e p a n c y  was  de tec ted .  

We wish to thank Mrs. BRANDT for writing the formulae. 
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