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In this paper using the approximate solution of the Thomas-Fermi equation for free
neutral atom given by BUCHDAHL we derive an analytical formula for the scattered intensity
by a group of free atoms. The scattered intensity concerns the elastic and inelastic seattering for
singly scattered electrons by free atoms in the Thomas-Fermi model. A comparison with
the numerical results shows that our formula for the sacttered intensity is very accurate.

I. Introduction

When a beam of electrons strikes a free atom, the intensity of scattered
electrons varies with the scattering angle in a way dependent upon the nuclear
charge and electronic structure of the atom, and the energy of the incident
electrons. In this paper we obtain an analytical formula for the scattered
intensity I(s) by a group of free atoms. BorRN! and Morrt2, as known.
were the first, who obtained the scattered intensity I(s) for elastic scattering,
Morse® extended the Born approximation to include inelastic scattering,
obtaining the expression for singly scattered electrons
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where I, is the intensity of the incident electron beam, N the number of
independently scattering atoms intercepted by the beam, R the distance
between the point of observation of the scattered electrons, s the variable

.1
(47! Slll—2~ O |/A, 1 is the de Broglie wavenlength of the incident beam, @ the

scattering angle, Z the atomic number of the atoms, F(s) the x-ray atomic
scattering factor of the atoms, and S(s)the x-ray incoherent scattering function
of the atoms. The term [Z — F(s)]? represents the elastic scattering and the
term S(s) represents the inelastic scattering.

1 M. Born, Z. Phys., 38, 803, 1926.
2 N. P. Mo1rt, Proc. Roy. Soc. (London) (A), 124, 425, 1928 ; 127, 658, 1930.
3 P. M. Morskg, Z. Phys., 33, 443, 1932.
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II. Theory

Since the exact values of the Thomas-Fermi function ¢4(x) are given
only for the discrete values of the argument x, the evaluation of the atom
form factor F(s) of the Thomas-Fermi atom? of the atomic number Z

o

F(s)= f %rs’gzmrzar @)
0

o

:Z[l—sp!sinsp&x-%(x)dx], (3)

where u is the Thomas-Fermi unit, was carried out by Bracc and WEsT®
in such a way that exact values were taken for ¢, and the integral was appro-
ximated by a sum. The results can be given naturally only in tabular form,
so that the dependence on Z as well as on s is at first sight not clear except
the similarity rule that the F-curves for an atom Z; is transformed so as to
be suitable for any other atom Z by multiplying F and s by Z/Z, and (Z/Z,)'"",
respectively. Moreover, owing to the oscillating nature of sine, it is necessary
to take the summation in as small steps as possible. The term S(s) responsible
for the inelastic scattering, as known®, is given by

Xo

S(S)ZI_OJ :[&iﬂJl/2_w=z

where w is defined by

x2dx, (4)
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and x, is the root of the following equation

[L”L(’_‘)_]llz —w. (6)

X

4 P. GoMBAs, Die statistische Theorie des Atoms und ihre Anwendungen, Wienna
1949 ; p. 245.

5 W. L. BRAGG and J. WEsT, Z. Krist. u. Mineral., 69, 118, 1929.

¢ W. HeisEnsErG, Phys. Z., 51, 213, 1932.
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III. Procedure and result

Since the exact solution of the Thomas-Fermi equation

@ (x) = #3® (x)/x1/2 (M

is available only numerically, its approximate expression in a closed analytical
form is desirable for practical purposes. Hitherto? several different forms
have been given. A detailed consideration of the author has shown that the
best approximate solutions of the Thomas-Fermi equation (7) for free
neutral atoms which fulfil the boundary conditions

P (0) =1, @y(°)=0, @;(0) = const. (8)
are the Tietz?® approximate solution

o, () = (1 4 ax + bx?)—32
a=0.7105, b=10.03919. ©)

with

and the Buchdahl® approximate solution

1
Pen (%) = (1 + Ax) (1 + Bx) (1 + Cx) (10)

where A, B and C are constants namely 4 = 0.9288, B = 0.1596 and C =
= 0.05727. The Tietz approximation has the same degree of accuracy as
the Buchdahl approximation. The Buchdahl approximation is more convenient
in practical calculations of the atom form factor. At first we re-write the
Buchdah! approximate solution of the Thomas-Fermi equation in the
following form

a B ra (11

- ?

= 1ddx 14 Bx | 14Cs

®pn (%)

where the constants a, f§, y are given by
A2 B2 C?

CUlmE—o T d-me—B T U-—0gB-0
(12)

A simple calculation shows that the constants «, 8, y fulfil the following
relations

7 K. UMEDA, J. Phys. Soc., Japan, 10, 750, 1955.
8 T, TiETZ, Il Nuovo Cimento, 4, 1192, 1956.
9 H. A. BucHDAHL, Ann. d. Phys., 17, 238, 1956.
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a B Y a B Y
=1, —+ -4+ =0, —4 - —+-'"—=0. 13
a+pf+y + [2+B2+C2 (13)

Using eq. (3) and eq. (11) we obtain for the atom form factor F(s) the following

expression

F(s):Z[1~s,u

Bl B ‘B
+%[COS%(?_S. c ) Fein G c ;G ng ()

where the symbol Si(x) and Ci(x) have the following meaning

Si (x) = Js“” Ci (x) = —T""ts‘m. (15)

X

In Table 1 we give a comparison of our results for fi(s) with the numerical

results. The symbol fy(s) is given by F(s) = Z fi(s).

Table 1
A comparison of our results for f, (s) with the numerical results of f; (s) (see referencet)
s 0 0,15} 0,31 0,46 | 0,62 | 0,77 | 0,93 | 1,08 | 1,24 | 1,39
Numerical f, 1,000 | 0,922 | 0,796 | 0,684 | 0,589 | 0,522 | 0,469 | 0,422 | 0,378 | 0,342
Equation (14) f; 1,000 | 0,942 | 0,793 | 0,693 | 0,609 | 0,538 | 0,469 | 0,420 | 0,389 | 0,348
sp 1,55 | 1,70 | 0,201} 2,32 | 2,63 | 2,94
Numerical f, 0,309 | 0,284 | 0,240 | 0,205 | 0,175 | 0,156
Equation (14) f, 0,305 | 0,278 | 0,234 | 0,198 | 0,169 | 0,149

Table I shows that our results for fy(s) are in good agreement with
the numerical f,(s) data. In order to calculate the term S(s) which is responsible
for the inelastic scattering we re-write eq. (4) as follows

Xo

S(s)=1 _J [xm P31 (x) — %wx ‘%o (%) + %w:*xz] dx. (16)
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Taking into consideration the Thomas-Fermi equation (7), the boundary
conditions for g,(x) given by eq. (8) and the relation (6), we see that the integra-
tion by parts gives us for S(s) the following formula.

Xo

SO =@ —m @) — o+ w [xp@d. (D

0

Substituting for g,(x) the Buchdahl approximation given by eq. (11)
we obtain for S(s) the following expression

a(l+24x) FQ+2Bx)  y(+2Cx)

S(s) =
I+ Adzx)  (Q+Bx)  (L+Cxp

3 1
—Ew[z“zln(l + A xp) —I—%ln(l + Bx,) + .é’_zln(l +cx0)] — - (0x)*.
(18)

In Table IT we give a comparison of our results for S(s) with the numerical
results for S(s) of BEviLocUAY for several w.

Table II

A comparison of our results* for S{e) given by eq. (18) with the numerical results of S (w) given
by BviLocua

o | 0| 0,001[0.003583; 0,025 0,05{ 0,1 | 02| 0,3 | 0,4 O,6l 0,8 | o

b

0,7762] 0,000
Equation \

(8 Isw)!| 0 |0,0123 0,0412 | 0,198|0,321|0,486| 0,667| 0,783 0,840| 0,915/ 0,964 ‘ 1

X, | ©0 (99,149 49,716 | 15,751} 9,907| 5,923 3,352} 2,306 1,725| 1,103

Numerical
data S(w)

\
0| — — 0,199 0,319, 0,486 0,674/ 0,776/ 0,839 0,909/ 0,944 ‘ 1
* S (w) has the same meaning as S(s).

Table II shows that our data for S(s) are in good agreement with the
numerical data for S(s) of BEvVILOGUA.

For small values of s the atom form factor F(s) as given by eq. (14) is
quadratic in s, namely

Fs<<<])= [1 — const s2 Z—2/3] (19)

and for large values of s the atom form factor F(s) vanishes inversely quadrati-
cally in s, namely

10 1,. BEviLoGUA, Phys. Z., 32, 740, 1931.
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5/3
F(s>1) = Const™ . (20)

§

Relations (13) and (6) show that the term S(s) which is given in our case
by eq. (18) has the correct behaviour for w— 0 and w— oo as is shown by
Table I1. The author’s point of view is that the approximate analytical formu-
las, eq. (14) and eq. (18), are the best approximate analytical expressions
known hitherto for the atom form factor and the x-ray incoherent scattering
function S(s).

Formula (14) for the atom form factor F(s) has a numberl! of less
accurate corresponding formulas. Formulae for S(s) given by eq.(18) has been
unknown in the physical literature. It is necessary to stress that using the
approximate solution for the Thomas-Fermi funection (9) proposed by the
author one can obtain, using eq. (17), an analytical expression for S(s). The
results which will be obtained for S(s) are the same as those given by formula
(18).

Formulas (14) and (18) allow the calculation of the scattering intensity
when inserted in eq. (1).

The author is indebted to Prof. F. J. WisNiEWSKI for his interest in
this note.

PACCESIHHE 3JIEKTPOHOB CBOBOJHbIMH HENTPAJIbHBIMU ATOMAMU
rno MOIEJIAM TOMAC—®EPMH

T. TUTL]

Peswome

B patore BhiBepeHa AHUTUTHYECKAsT QOpMYya ISl onpefesieHHsT PACCesTHHON I'PYIIo.{
CcBOOOAHBIX ATOMOB HMHTEHCHBHOCTH, HCMOJb3ysA mnpHOMM3uTenbHOE pelieHne Byxpana ans
ypaBHenusi Tomaca—depmu. PaccessHHasi MHTEHCHBHOCTH COAEPIKHUT YIPYroe M Heylupyroe
paccestHHe 3JIEKTPOHOB, PACCESTHHBIX OAMH pas cBo0oAHbIMM aTomamu mopesne Tomaca—Pepmu,
CpasHeHye C HyMePHYECKHUMH De3yJIbTaTaMy MOKA3HIBALT, YTO MONyYeHHas $opmyna paccest-
HOW MHTEHCHBHOCTH SIBJISIETCSA 04eHb TOYHOM.

11 K. UMEDA, J. Faculty of Science Hokkoido University, VI., 57, 1951 ; T. TiETz,
J. Chem. Phys., 23, 1965, 1955.



