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In this paper using the approximate solution of the Thomas-Fermi equation for free 
neutral atom given by B•CHDAHL we derive ah analytical formula for the scattered intensity 
by a group of free atoms. The scattered intensity concerns the elastic and inelastic seattering for 
singly scattered electrons by free atoms in the Thomas-Fermi model. A comparison with 
the numerical results shows that our formula for the saettered intensity is very accurate. 

I. Introduetion 

When a beato of electrons strikes a free atom, the intensi ty  of scat tered 

electrons varies with the scattering angle in a way  dependent  upon the  nuclear  

charge and electronic s t ructure  of the a tom,  and the energy of  the  incident  
electrons. In  this paper  we obtain  ah analyt ical  formula for the  scat tered 

in tensi ty  I(s)by a group of free atoms. BoRr~ 1 and MOTT 2, as known.  

were the first, who obtained the scat tered in tens i ty  I(s) for elastŸ scat ter ing,  
MOHSE 3 extended the Born approximat ion  to include inelastic scat tering,  

obtaining the expression for singly scat tered electrons 

I(s)-- I~ 18~t2me212~ _n2 ~--~-j  {[z--F(s)]~+ZS(,)}, (1) 

where 1o is the in tens i ty  of the incident electron beam, N the number  of 
independent ly  scat ter ing atoms intercepted b y  the beato, R the  distance 

between the point  of  observat ion of the scat tered electrons, s the variable 

{4z~sin2 0 ]/~, Ÿ is the de Broglie wavenlength  of the incident beam, O the 

scat ter ing angle, Z the atomic number  of the atoms, F(s) the x - ray  a tomic 

scat ter ing factor  of the atoms, and S(s)the x- ray  incoherent  scat ter ing funct ion 
of the atoms. The te rm [Z - -  F(s)] 2 represents the elastic scat ter ing and the 

t e rm S(s) represents the inelastic scattering. 

1 M. BoRo, Z. Phys., 38, 803, 1926. 
N. P. MOTT, Proc. Roy. Soc. (London) (A), 124, 425, 1928 ; 127, 658, 1930. 

a p. M. MORSE, Z. Phys., 33, 443, 1932. 
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I L  Theory 

Since the  exact  values of the  T h o m a s - F e r m i  func t ion  qo(X) are given 
only for t he  discrete values of  the  a rgumen t  x, the  eva lua t ion  of the  a t o m  
form fac to r  F(s) of the Thomas~  a tom 4 of the  a tomic  n u m b e r  Z 

er 

F ( s ) =  f SinsrSr ~4z~r 2dr (2) 

0 

= z [ 1 -  s~ f ~ins, x ~o (x) ax], (3)  

where/~ is the  T h o m a s - F e r m i  un i t ,  was carried out  b y  BRAOo and WEST 5 
in such a w a y  t h a t  exac t  values  were t aken  for ~o 0 and  the  in tegral  was appro-  
x i m a t e d  b y  a sum.  The resul ts  can be given na tu ra l l y  only  in t a b u l a r  form,  
so t h a t  the  dependence on Z a s  well as on s is at f i rs t  sight not clear excep t  
the  s imi la r i ty  rule t h a t  the  F-curves  for an a tom Z o is t r ans fo rmed  so as to  
be  sui table  for any  other  a tom Z b y  mul t ip ly ing F and  s b y  Z/Z o and (Z/Zo) ~/~, 
respect ive ly .  Moreover,  owing to  the  oscillating na tu re  of  sine, i t  is necessary  
to  t ake  the  s u m m a t i o n  in as smal l  steps as possible. The  t e r m  S(s) responsible  
for the  inelastie scat ter ing,  as known 6, is given b y  

X0 

S (s) = l -- f l [ ~ x ) } ~ / a - - w 1 2 1 [ ~ ~ x - - ~ ) ] l / 2 q - l w  2 } x2 dx, (4) 

0 

where w is def ined b y  

0,176 �9 10 =s cm 
w = s ,  (5 )  

Z213 

and  x o is the  root  of the  following equa t ion  

[~XT:w <6~ 

4 p. GO~tBŸ S, Die statistische Theorie des Atoms und ihre Anwendungen, Wienna 
1949 ; p. 245. 

5 W. L. BaAGG and J. WEST, Z. Krist. u. Mineral., 69, 118, 1929. 
s W. HEmV.r~BER~, Phys. Z., 51, 213, 1932. 
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m .  Procedure and result  

Since the exact  solution of the Thomas-Fermi  equat ion  

~‰ (X) ---- ~0 3/2 (X)/X lŸ (7) 

is available only numerical ly,  its approximate  expression in a closed ana ly t ica l  
forro is desirable for pract ica l  purposes.  H i the r to  7 several  different  forms 
have  been given. A detai led consideration of the  au thor  has shown t h a t  the  
best  approximate  solutions of the Thomas-Fermi  equat ion  (7) for free 
neu t ra l  atoms which fulfil  the  bounda ry  condit ions 

~o (0) = 1 ,  ~v 0 (co) _~ 0 ,  ~£ (0) = const. (8) 

are the Tietz s approximate  solution 

qr ,  (x) = (1 + ax -~ bx2)-a/2 
with  

a = 0 . 7 1 0 5 ,  b = 0.03919.  (9) 

and  the Buchdahl  9 approx imate  solution 

1 
qBn (x) ---- (10) 

(1 + Ax) (1 ~- Bx) (1 ~- Cx) 

where A, B and C are constants  namely  A = 0.9288, B = 0.1596 and  C 
= 0.05727. The Tietz approximat ion  has the same degree of accuracy  as 
the  BuchdahI  approximat ion .  The Buehdah l  approx imat ion  is more convenient  
in praet ical  calculations of the a tom forro factor .  At first  we re-write the  
Buchdahl  approximate  solution of the Thomas-Fermi  equa t ion  in the  
following form 

a ~ 7 qBn (x) - -  q- -k , (11) 
1 + Ax 1 + Bx 1 + Cx 

where the constants  a, ti, ? are given by  

A 2 B 2 C 2 
a =  , f l ~  , ;~---  

(A - -  B)  (A - -  C) (A - -  B)  ( C - -  B) (A - -  C) (B - -  C) 
(12) 

A simple calculation shows tha t  the constants  a, ti, ~ fulfil the  following 
relat ions 

7 K. UMEDA, J. Phys. Soc., Japan, 10, 750, 1955. 
s T. TIETZ, II Nuovo Cimento, 4, 1192, 1956. 

H. A. BUCHDAr~L, Ann. d. Phys., 17, 238, 1956. 
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a ti 7 ~_ 0,  a ti _ 7  = 0.  (13) 
a + t i - k T = i '  A - q - - B - q -  C -A~-q--B ~ - k  C 2 

Using eq. (3) and eq. (11) we obtain for the atom form factor  F(s) the following 
expression 

F ( s ) = Z  1--s/z C ~  Si~)+sin--CiA + 

t i ( c o s  s# ( 2 -  Si ~ )  -k sin ~--Ci ~ )  + +~- ¡ 

where the symbol Si(x) and Ci(x) have the following meaning 

x oo  

Si(x)-= f s i n t  dt; Ci(x) -= -- f c o s t  dt. 
y t J t 
0 x 

(15) 

In Table 1 we give a comparison of our resuhs for fo(S) with the numerical  
results. The symbol fo(s) is given by  F(s) = Zfo(s ). 

Table I 

A comparison of our results for fo (s) with the numerical results of f0 (s) (see referenee 4) 

s#  

Numerical )Co 

Equation (14) fo 

s/t 

Numerical fo 

Equation (14) f0 

1,000 

1,000 

1,55 

0,309 

0,305 

0,15 

0,922 

0,942 

1,70 

0,284 

0,278 

0,31 

0,796 

0,793 

0,20] 

0,240 

0,234 

0,46 

0,684 

0,693 

2,32 

0,205 

0,198 

0,62 

0,589 

0,609 

2,63 

0,175 

0,169 

0,77 

0,522 

0,538 

2,94 

0,156 

0,149 

0,93 

0,469 

0,469 

1,08 

0,422 

0,420 

1,24 

0,378 

0,389 

1,39 

0,342 

0,348 

Table I shows tha t  our resuhs for f0(s) are in good agreement with 
the numericalfo(S ) data.  In order to calculate the term S(s) which is responsible 
for the inelastic scattering we re-write eq. (4) as follows 

Xo ~[ 3 13x~ 1 - - w x .  % ( x )  + dx. S (s) = 1 -- x ls2 (pO 3/2 (X) 2 

O 

(16) 
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Tak ing  into considerat ion the  T h o m a s - F e r m i  equa t ion  (7), the b o u n d a r y  
condi t ions for %(x) given b y  eq. (8) and  the re la t ion  (6), we see t ha t  the  in tegra-  
t ion b y  par t s  gives us for S(s) the  following fo rmula .  

X0 

1 3 w �91 
S (s) ---- ~o (x) - -  x o ~£ (x) - -  -6 (w Xo) 3 -f- ~ ] _ x q~o (x) dx. (17) 

0 

Subs t i tu t ing  for qo(X) the Buchdah l  app rox ima t ion  given b y  eq. (11) 
we ob ta in  for S(s) the following expression 

S ( s ) = a ( 1 - + - 2 A  x0)+fi(1-f-2Bx0)_f_7(1 + 2Cx0) 
(1 -4- A x0)2 (1 + B x0)2 (1 ~- C x0)2 

la ~ -Lln(l C xo) ] 1 - - w ~ in (1 + A x0) + --B 2 in (1 + B Xo) + C ~ + --  ~ (w x0) 3. 

(18) 

I n  Table  I I  we give a compar i son  of our  resul ts  for S(s) with the  numer ica l  

r e suhs  for S(s) of BEVILOGUA 1~ for several  w. 

Table  II 

A comparison ofour resuIts* for S(~o) given by eq. (18) with the numerical results of S(~o) given 
by BEVILOGUA 

Equation 
(18)  

(O 

x o 

S(~) 

<3O 

0 

0,001 

99,149 

0,0123 

0.003583 

49,716 

0,0412 

0,025 

15,751 

0,198 

0,05 0,1 0,2 0,3 0,4 

9,907 5,923 3,352 2,306 1,725 

0,321 0,486 0,66~i 0,783 0,840 

0,776 O,839 Numerical 
data 

0,6 0,8 ~o 

1,103 0,7762 0,00C 

0,915 0,964 1 

0,909 0,944 1 

* S (co) has the same meaning as S(s). 

Table  I I  shows t h a t  our  da ta  for S(s) are in good agreement  wi th  the  

numer ica l  da ta  for S(s) of  BEVILOGUA. 
For  small  values of  s the a t o m  form fac to r  F(s) as given b y  eq. (14) is 

quad ra t i c  in s, n a m e l y  

F ( s  < < l)  = [1 - -  consts2Z-2/a]  (19) 

a n d  for large values of  s the  a tom form fac tor  F(s) vanishes inversely  quadra t i -  

ca l ly  in s, n a m e l y  

lo L. BEVILOGUA, Phys. Z., 32, 740, 1931. 
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Z5/3 
F (s �87 1) = Const - -  (20) 

• 2 

Relations (13) and (6) show tha t  the t e rm S(s) which is given in our  case 
by  eq. (18) has the correct  behaviour  for w--~ 0 and w--~ ~ as is shown b y  
Table I I .  The author ' s  point  of view is t ha t  the approx imate  analyt ical  formu-  
las, eq. (14) and eq. (18), are the best approx imate  analyt ical  expressions 
known hi ther to  for the a tom form factor  and the x- ray  incoherent  sca t te r ing  
funct ion  S(s). 

Formula  (14) for the  a tom form factor  F(s) has a number  11 of less 
accurate  corresponding formulas.  Formulae  for S(s) given b y  eq. (18) has been 
unknown in the physical l i tera ture .  I t  is necessary to stress t ha t  using the  
approx imate  solution for the  Thomas-Fermi  funct ion  (9) proposed b y  the  
au thor  one can obtain,  using eq. (17), an analyt ica l  expression for S(s). Th e  
resuhs  which will be obta ined  for S(s) are the same as those given b y  fo rmula  
(18). 

Formulas  (14) and (18) allow the calculation of  the  scat ter ing in tens i ty  
when inserted in eq. (1). 

The  au thor  is indeb ted  to Prof.  F. J.  W~SnIEWSKI for his interest  in 
this note .  

PACCE~IHHE 3YlEKTPOHOB CBOI50~HblMH HEI>ITPAJlbHblMH ATOMAMH 
HO MO~EJI~[M TOMAC--~EPMH 

T. THT~ 

Pe3mMe 

B paloTe BbIBe~eHa aHlnnTnqecKan ~opMyaa ~an onpe~eaennn pacceanHOfi rpynno~i 
CBO60~HblX aTOMOB HHTeHCHBHOCTH~ HCFI0.qb3y~I HpH‰ pemenHe Byxnaafl ~ n  
ypaBHeHHŸ ToMaca--~epMm PacceaHHan HHTeHCHBH0CTb co~ep>KnT ynpyroe H Heynpyroe 
pacce~HHe3~et<Tp0HOB, pacce~HHbIX O~HH pa3 CBO‰ aTOMaMH ~o~ene ToMaca--(DepMH. 
CpaBHeHHe C HyMepHtteCKHMH pe3y.qbTaTaMri noKa3bmaeT, qTO rio~yqeHHa~ ~bopMyna paccenH- 
H0H HHTeHCHBHOCTH ~B~~IeTCg 0qeHb T0qHOH. 

11 K. UMEDA, J. Facuhy of Science Hokkoido University, VI., 57, 1951 ; T. TIETZ, 
J. Chem. Phys., 23, 1965, 1955. 


