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The united atom, whieh was used by the speetroseopists at the estimation of moleeula- 
term values for more than two deeades, is a suitable model in quantum chemistry too. The 
main features of the model are as follows : 1. Generally the nuclei are not moved adiabatieally 
in one point, as they do in the united atom of speetroscopists, but hold their original equi- 
librium position of make little deviations from it. 2. The molecular eigenfunction is built 
up of one center one eleetron eigenfunctions aceording to the Sr,AT~.n method. Exeepting 
the geometrieal configuration of the nuclei there is not any empirical or semiempirieal para- 
meter in  this model. The calculations are extended to the treatment of the moleeule HF. 
The theoretical values of the total energy, the dissociation energy and the equilibrium 
nuclear separa~iou are in good agreement with the experimental ones. 

Introduetion 

I t  is r e l a t i v e l y  n o t  v e r y  d i f f i cu l t  to  c a l c u l a t e  t h e  e n e r g y  a t  a t o m s  o f  

s m a l l  a t o m i c  n u m b e r  b y  t h e  a id  o f  q u a n t u m m e c h a n i c a l  m e t h o d s  - -  a t  l e a s t  - -  

i f  t h e  p r e c i s i o n  r e q u i r e d  is n o t  t o o  g r ea t .  T h e  p r o b l e m  is,  h o w e v e r ,  l a r  m o r e  

c o m p l i c a t e d  r e g a r d i n g  mo leeu l e s ,  s ince  t h e  o r b i t a l s  o f  t h e  e l e c t r o n s  in  t h e  

m o l e c u l e s  e x t e n d  to  m o r e  a t o m s ,  w h i c h  w i t h  t h e  m e t h o d s  h i t h e r t o  u s e d  r e s u l t s  in  

t h e  e i g e n f u n c t i o n s  h a v i n g  m o r e  cen te r s .  T h u s  m o r e - c e n t e r  i n t e g r a l s  o c c u r  

in  t h e  c a l c u l a t i o n  o f  t h e  e n e r g y ,  a n d  t h e  e v a l u a t i o n  o f  t h e s e  are  g e n e r a l l y  v e r y  

e u m b e r s o m e .  I n  i n v e s t i g a t i o n s  c o n c e r n i n g  m o l e c u l e s ,  b e s i d e  t h e  n a t u r a l  d e -  

m a n d  o f  o b t a i n i n g  as p r e c i s e  v a l u e s  as pos s ib l e ,  a n o t h e r  n o t  less i m p o r t a n t  

r e q u i r e m e n t  is t h a t  t h e  t i m e  n e c e s s a r y  for  t h e  a c c o m p l i s h m e n t  o f  t h e  c a l c u -  

l a t i o n s  s h o u l d  n o t  be  t o o  long .  T h e r e f o r e  in  t h e  fo l l owing  such  a p p r o x i m a t i o n s  

wi l l  be  u s e d  w h e n  c a l c u l a t i n g  t h e  e i g e n f u n c t i o n s  o f  t h e  m o l e c u l e s ,  t h a t  t h e  

n u m e r i c a l  w o r k  wil l  be  e s s e n t i a l l y  no g r e a t e r  t h a n  in  t h e  case  o f  a t o m s .  

F o r  t h i s  p u r p o s e  t h e  u n i t e d  a t o m  t r e a t m e n t  for  e x a m p l e  s e e m s  to  b e  

v e r y  s u i t a b l e ,  w h i c h  h a s  b e e n  a d a p t e d  r e c e n t l y  b y  MATSErr [1] for  t h e  d e t e r -  

m i n a t i o n  o f  t h e  e x c i t e d  s t a t e s  o f  t h e  H + m o l e c u l e - i o n .  F u r t h e r  i n v e s t i g a t i o n  s [2 ] 

s h o w e d ,  t h a t  c o n s i d e r i n g  m o r e  c o n f i g u r a t i o n s ,  t h e  e n e r g y  o f  t h e  g r o u n d  s t a t e  

t o f  b o t h  t h e  H+2 m o l e c u l e - i o n  a n d  t h e  H2 m o l e c u l e  can  be  d e t e r m i n e d  w e l l ,  

h o u g h  n e i t h e r  of  t h e s e  m o l e e u l e s  can  be  t a k e n  in  " g o o d  a p p r o x i m a t i o n ' "  

to  be  a t o m l i k e .  C o n s i d e r i n g ,  t h a t  in  t h e  cour se  o f  th i s  t r e a t m e n t  t h e  m o l e c u l e  

is a l w a y s  t a k e n  f o r a  s y s t e m  h a v i n g  one c e n t e r ,  i. e. for  an  " a t o m " ,  g o o d  
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results by  this approximation can be expected chiefly for such molecules, 
where one of the centers is of lar more importante than the others, i. e. where 
the molecule is more atom-like. Diatomic molecules of such kind are the 
halogen-hydride molecules, where the perturbing effect of the proton results 
in distortions in the spherically symmetrical, atom-like charge distribution 
of the negatively charged halogen ion. The calculations were carried out for 
the HF molecule. 

The method 

The energy of the molecule will be caleulated by the aid of the variational 
method. As is well known, 

E =  y ~ * H ~ d v  

~" ~ *  ~ d v  

where H is the Hamiltonian operator of the HF molecule and k~ denotes its 
eigenfunction. The HF molecule has ten electrons. The Hamiltonian operator 
is thus 

1 Z 
H =  X ' H i +  x, 

i i > k  rik R 
(i, k = 1, 2 . . . . .  10) 

where H i  is the Hamiltonian operator of the i-th eleetron, disregarding the 
interaction between the eleetrons, tha t  is 

and 

1 Z 1 
H i  - -  Ai . . . .  

2 r i rHi 

_ _  82 2 02 

R is the dŸ between the F and H nuclei ; ri is the distance of the i-th 
electron from the nueleus of the F-atom, r m  the distance of the i-th electron 
from the H nucleus, rik the distanee between the i-th and k-th electron, and 
Z = 9 is the eharge on the nucleus of the F-atom. Throughout  these calcula- 
tions atomic units will be used: thus the electric charge will be expressed in e, the 
distanee in a 0 and the energy in e2/a o units, where e is the charge of the 
proton a n d a  0 the radius of the first Bohr orbi t  in the hydrogen atom ; these 
may  al1 be found e. g. on page 10 of 1. c. [3]. 

The trial  eigenfunction of the HF moleeule is built  up of such one-eleetron 
eigenfunetions, tha t  the distante r, occurring in their radial parts, is measured 
from the nucleus of the F-atom. The trial eigenfunetion of the system is c o n -  
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structed of these and of the spin functions a and fl according to the well- 
known procedure of SLATEa [4], and it is a determinant with ten rows and 
columns being antisymmetrical against the exchange of the electrons. This 
has the resuhs, that  in this theory the exchange interaction is considered. 

The orthonormalized one-electron eigenfunctions were as follows : 

~Vls = R m (r) Yoo (va, ~v) 

~,s = Rs0 (r) Y00 (va, ~) 

1 = 2 a 3/2 e - a r  - 

V4zr ' 

= (  12b5 }~ 

a 2 - - a b  -~- b 2 
[ 1 (a q- b) r] 1 

1 -- -~- V4- ~ 

/. ~~~x_~~~~r, Yil,~,~,+Yl-i~o,~, (c}~~ cr 13 ' - -  r e  2 - -  sinvacosq,  
V~ ' 4~  

l])2py = R21 (r) Yl l  (va, ~) -- Y~,-1 (va, ~) 
V~- 

~Pzpz = R~I (r) Yao (va, q~) 

_/cs/~ cruz 
[ ~ - )  r e - ~  --4~ sinvasin~, 

=(~~)~~~~V ~ ~  4~ cos~ 
Here a, b, c and d are the variational parameters, which have been 

determined so as to satisfy the requirement to reduce the total  energy to a 
minimum. Considering that  the z-axis was taken as the axis of the molecule, 
the electron distribution in the ground state may  be assumed to be symmetrical 
around the z-axis and consequently the parameters of the functions ~P~px 

and y3apy may be chosen to be equal. 
Calculating the energy, which is the mean value of the operator H, 

we have the following types of integrals : 

Cjt ~-- f ~*  (i)~p* (k) l~~pj (i) ~, ( k ) d v i d v  k , 
rik 

-- ~*. i 

Ajz -- f j (i) ~* (k) rik ~l (i) ~y (k) d v e d v k , 

Li = f ~7 (i) ! ~j (i) a ve. 
rHi  

(*) 

Here I denotes the term due to the kinetic energy of the electron and 
its Coulomb interaction energy with the nucleus of the F-atom; C is the Coulomb 
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in teract ion energy of the electrons, A the exchange energy  and L a t e r m  resul-  
t ing from the  Coulomb a t t rac t ion  of  the electron and the  I i  nucleus. Three  

of the intdgrals I ,  C and A are usual  types  occurring also in atomic problems,  
Only  L i s  a two-center  integral .  A detailed expression for the energy will 
be given in the  Appendix.  

Results 

As a result  of the var ia t ion the following values  was obtained for t h e  
energy of the  H F  molecule in the ground state : 

EHp = --99,016 

for the following values of the var ia t ional  parameters  : 

a = 8,7 ; b = 3,1 ; c = 4,9 ; d = 4 ,4 .  

The distance R between the nuclei na tura l ly  has been also taken f o r a  
var ia t ional  parameter .  (Thus there  have been five parameters  including R.~ 

The value obta ined for R is : 

R = 1,57. 

The experimental  values of  the energy and of the equilibrium nuclear  

separat ion are [5] : E = - -  100,489, R = 1,73. The agreement  with the experi- 

menta l  da ta  can be considered as good. 
A fur ther  aim of the calculations was to determine the  dissociation energy  

of the H F  molecule. The halogen hydr ids  in general dissociate into a toms and 
so does the H F  too. This implies, t h a t  ir would be necessary to calculate the  

energy of the  F a tom to the same approximat ion  as was done for the H F  
molecule so as to obtain the dissociation energy. Ins tead  of this it was simpler, 

however,  to  calculate the dissociation energy by  the aid of a Born cycle from 
the energy of  the F -  and H + ions, taking into account  the electron af f in i ty  

of the F a tom and the ionization energy of the H a tom ; since the F -  ion is 
a system having  ten electrons jus t  as the H F  molecule, the neglections due 

to the approximat ions  in bo th  processes are similar. 

Having obtained the analytical formulas for the energy of the HF molecule, the 
energy of the F- ion can be easily obtained also with the variational method. The Hamiltonian 
of the F- ion differs from that of the molecule only in so far as the energy terna due to the 
Coulomb interaction between the electrons and the H nucleus, i. e. l[rHi, and the Coulomb 
interaction energy term of the nuclei, i. e. Z/R, do not occur in it. Then we have 

H =  v / - - 1 3 i  - -4- ~ . . . .  ( i ,k = 1 , 2  . . . . .  10) 
~7 [ 2 i>k rik 
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The approximate eigenfnnction of the F--ion has evidently to be constructed of the 
~ame one-electron eigenfnnctions as were used in the treatment of the molecule. However, 
the electron configuration of the F--ion is like that of a rare gas, i. e. (ls)~(2s)Z(2p) 6, and thus 
the charge density is spherically symmetrical. Consequently not only the variational para- 
meters of the functions ~2px and ~2vy agree, but that of ~2pz is also the same (c = d) and there 
will be only three variational parameters. When taking the mean value of the Hamilton opera- 
tot, integrals of the same type occur as before, except for the L. The detailed energy expression 
:is also to be found in the Appendix. 

As the result of the variational procedure the best parameter values obtained were 

a = 8 , 7 ,  b = 3 , 1 ,  c = d = 4 , 6  
and the energy 

EF-- = -- 98,468. 

The electron a f f in i ty  of  the  F - - ion  was de te rmined  expe r imen ta l l y  [6] 
t o  be 0,15 o and  consequen t ly  the  dissociat ion energy  of the H F  molecule  i. e. 
t h e  energy,  which is necessary  for the  dissociat ion of the  H F  molecule  into 
a n  F and  ah H a t o m  is easi ly ob ta ined  wi th  the  aid of  the  Born  cycle as 

D---- 0,19 s. 

The expe r imen ta l  value of the  dissociat ion energy  is D = 0,235 [5] and 
t h u s  the  devia t ion  f rom it is a p p r o x i m a t e l y  15 per  cent.  

Discussion 

Calculations have  been made  b y  several  authors  to ob ta in  cer ta in  da ta  
o f  the  H F  molecule.  CIt. R. M~ELLER [7] used semilocalized orbi ta ls  and  bis 
resu l t  for the b inding energy is be t t e r  (0,1648), t h a n  those ob ta ined  b y  the  
va lence-bond or the  molecular -orb i ta l  me thod .  Zs. NXRAY [8] has deter-  
mined  the  energy of dissociat ion into the  F -  and  H+ions  and the  equi l ibr ium 
nuclear  separa t ion  of  the  molecule b y  the  aid of  a special wave -mechan ica l  
p e r t u r b a t i o n  theo ry  wi th  an error  of  not  more  t h a n  10- -11  per  cents. 
Calculat ions of  s imilar  charac te r  have  been carr ied out  also b y  INr FISCHE~- 
H~ALMARS [9] concerning the  d ipo lmomen t  of  the  H F  molecule.  

When  the  e igenfunct ion of the YIF molecule  is selected as in ato- 
mic  problems with  cent ra l  s y m m e t r y ,  the  calculated energy  and  dissocia- 
t i on  energy  of the  molecule  show good ag reemen t  wi th  the  expe r imen ta l  
d a t a .  The results  a te  comparab le  wi th  those  ob ta ined  b y  the  me thods  
w i th  m a n y  center  molecular  orbitals .  The  eigenfunct ion cons t ruc ted  of 
one-e lec t ron eigenfunct ions hav ing  one center  of  reference only  gives a 
good app rox im a t i on  when  calculat ing the  energy.  I t  is to be noted ,  however ,  
t h a t  compar ing  for example  the  radia l  charge  densi ty  of  the  electrons of  the 
F - i o n  wi th  t h a t  of  the  H F  molecule,  no essential  difference is ob ta ined .  The 
charge  dens i ty  of the  molecule is a lmost  spher ical ly  symmet r i ca l .  The  charge 
dens i ty  of the  F--ion is na tu ra l l y  ob ta ined  b y  the  m e t h o d  presented  here - -  as 
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it is in reality -- as spherical symmetrical. The charge density of the HF  
molecule, however, is deformed by the presence of the proton. The united 
atom model in its present form, however, cannot take this effect sufficiently 
into account, and in this model the charge density of the electrons merely 
extends in the direction of the z-axis and slightly contracts perpendicular 
to ir. The charge density of the molecule is also symmetrical with respect to 
the nucleus of the F- ion and the model cannot give the great electron density 
near to the proton in the molecule. This short-coming plays evidently ah 
essential role in the discrepancy between the calculated energy of the molecule 
and its experimental value. I t  follows further that  the calculated value of the 
equilibrium nuclear separation must be less than the experimental one, is a 
natural consequence of the united atom model. From this it may be already 
suspected, tha t  such constants of the molecule, for which the charge density 
of the electron itself is essential, will be obtained less precisely. So e. g. nearly 
the double of the experimental value is obtained for the dipolmoment of the 
HF molecule. 

The method can be improved when the one-electron eigenfunctions 
Yhs, ~o2s and Y~2p of at least those, which are important from the point of view 
of the molecule formation, are constructed by the superposition of two of 
more functions. In the model of the molecule presented here it seemed suitable 
for example to use the linear combination V~p~ + c ~3a~ instead of ~V2pz. In 
this way, namely, not only one spherical harmonic occurs in the one-electron 
eigenfunctions, and this can favorably influence the distribution of the charge 
density near the proton. Naturally the symmetry charaeteristics of the molecule 
have to be taken into consideration in the selection of the new eigenfunction. 
As our calculations have shown the resuhs really improved, consequently, 
such eigenfunctions are more suitable for the description of the properties 
of the molecule. The calculations have naturally been considerably more 
complicated, since the introduction of a new term in the one-electron eigen- 
function implies the introduction of two more variational parameters, which 
considerably increased the numerical work. 

Appendix 

In the energy expression of the HF molecule, integrals of the type 
Ij, Cjt, Ajt and Li occur in the equation (*). Evaluating the integrals Cjt and 
Ajt, 1/rik has been as usually expanded into a series in terms of the Legendre 
polinomials in the following manner 

h ( h - q  r< h 

1 --h__~oo ~ '  (hA_[mi) ! r> h+l r i k  = m =  - h  

p~l  (cos v~,) phrn, (cos v~k) eim(~~-vk ) . 
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The integral  Cjt by  this expansion becomes 

where 

and  

Cj, = x' a h (l, m l ; l', m,.) F h (n, l; n', l') 
h = 0  

? r < ¡ r~ r~ dr i dr k F h (n, l ;  n',  l') = .[ . R[, (r~) Rn~.,. (rk) r> h+l 
O 0 

ah(1, m , ;1 ,mz)  ( 2 l + l ) ( 1 - - l m ' l ) !  ( 2 l ' + l ) ( l ' - I m r ] ) !  
2 (l § I m,r) ! 2 ( / ' §  ]mŸ I)! 

X .�90 { PI m'' (cos t$,)}2 p~ (cos ~i)sin va i d v Q  ̀~i { P l"n'q (cos v ~k) }~ P h (cos ~k)sin '~k d vqk. 
0 0 

Entire ly  in the same way is obtained 

Ajl = ~' b h (1, mt; l', mr) G ~ (n, 1 ; n', l'), 
h = 0  

where 

~ r<h r i r k d r i d r k  G ¡ (n, l;  n',  l') = .f .f Rn, (ti) Rn, r (ti) Rnl (l'k) Rn, l, (l'k) 1"> h + l  2 
0 0 

and 

bh(l ,m,; t , ,mŸ = ( h - -  I m , - - m , . [ ) !  (2l  + l) ( l - - ] m , ] ) !  (2 l ' - f -1 )  ( l ' - -  I m r [ ) !  • 

4 ( h + / t a z - - m r  I)! ( l +  [ mz[)! ( l '+  Imr I)! 
7g 

• { f  p~m~, (cos v q) PI, mct (cos O) p~,-mcl  (cos t$) sin z$ d 0} 2 . 
0 

The value of the coeffieients a and b i s  to be found for example in the 
quoted work of SLATrn [4]. 

Among the integrals only the L-integrals do not occur in atomic problems,  
bu t  only in the case of molecules. The evaluat ion of such integrals of the two- 
center type does not present any  serious d i f f icuhy  (see for example GoMBXs 
[3]). Where it was necessary, the expansion of 1/rm into a series ment ioned 
above, was here also adapted.  Otherwise the L-integrals can be easily eva lua t -  
ed in m a n y  cases by  the int roduct ion of elliptical coordinates. 

Keeping in mind the above s ta tements  the following expressions were  
f inal ly  obtained for the energy of the H F  molecule : 

E = 2 (I1~ -f- I2s ~- I2px @ I2py -~- I2pz) -~- 

+ F o (ls; ls) -t- 4 F ~ (ls; 2s) § 4 F ~ (ls; 2px) -4- 4 F o (ls; 2py) -+- 4 F  ~ (ls; 2p~)-t- 

-4- F ~ (2 s; 2 s) -t- 4 F ~ (2 s ; 2 Px) ~- 4 F ~ (2 s ; 2 py) -}- 4 F o (2 s; 2 Pz) -4- 
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1 F2 F~ -2~ F~ (2vx; 2py) q - -  -4-F ~ (2px ; 2px) + ~ (2px; 2px) -[- 4 (2px; 2pr)  + 

1 F2 FO 8 F2 (2p~; 2pz) + + F ~ (2py;  2py) -[- ~ (2py; 2py) + 4 (2px; 2pz) -- 25 

4 F2 (2pz; 2pz) -4- 8 F2 (2Vy ; 2pz) + F~ (2pz; 2p~) + ~  �91 4 F ~  2p~) -- 25 

( 3 1 G l ( l s ;  2pz)+ 1 G l ( l s . 2 p x ) +  Gl( l s ;2py)-4-~  - 2  C~ +~- 

A-1GI(2s;2Px)3 q- -31 GI (2 s; 2py) -~ 1 G 1 (2s; 2pz) q--~-6 G2 (2px; 2 p y ) +  

-4- 325 G2 (2px ; 2p~) �91 253 G2 (2py ; 2p~)) 

- -  2 (LI~ q- L2s -4- L~px + L2vy -}- L~vz ) + Z/R. 

From symmet ry  considerations follows tha t  the  corresponding terms 
r  the funetions ~02px and ~t)2py a r e  here identical.  

The evalution of the energy of the F - i o n  can be accomplished in the 
:same w a y  as tha t  one of the HFmolecule ,  sinee both systems have ten eleetrons. 
The  explieit forro of the energy will also be the same, only the terms containing 
L and Z/R will not  oceur. Beeause of the spherieal s y m m e t r y  of the ion natu-  
ral ly no ton ly  the terms eontaining ~P2px and ~V2py agree, but  also those eontaining 
~V2pz ate the same. 
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OB'bE}IHHEHHAI;:I ATOMHAfl MO~EJ-Ib MOJIEKYJIbl HF 

P. FAIIIFIAP n H. TAMAIIIH--fIEHTEH 

P e 3 t o M e  

O6~,e/IHHeHHhI~I aTOM, x o p o m o  HCIIOnb3OBaHHt,I~ cHeKTpOCKOrlaMH AJI~t ot~eHKtI IXOJIO- 
)t<eHHH M0~eKyJlftpHblX ypOBHe~, flBJIfleTCfl H no~lxo~~ItlleH Mo/IeJIbtO ~lJIIt TpaKTOBKH HeKOT0- 
pblX MOJleKyJL CytUeCTBeHHble qepTbI MeTo~la cJie~ybolllHe : I. ATOMHble ~12[pa MOJleKyJIbl - -  B 
OTJIHqHe OT Mo~leJ1H, HCriOJIb3OBaHHO¡ cIIeKTpOCK0riaMH - -  coxpaH~IOT CBOH FeOMeTpHqeCKHe 
KoHqbHrypfltlnn H B npot~ecce BapnaanH OHH TOJIbKO MaJ10 cMeula~Tca c 3TOFO HOJlOX<eHlta. 
2. CO‰ qbyHKIIHlt MoJIeKyJlbl IIOCTp0eHa H30~IHOIleHTpOBblX - -  02[HOgJIeKTp0HHbIX 
CO‰ qbyHKIIH~ rio MeTO~y CJieTepa. B MeT0~e 9MIaHpHqeCKHMH HJIH IIoJIy3MrlepHqe- 
CKHMH IlapaMflTpaMt4 - -  KpoMe rlpHHfITOFO Fe0MeTpHqecKor0 pacnoJlo>KeHHfl a/lep - -  He llOJlb- 
3yeTcfl. BblqHcJIeHH~ ripOH3Be/leHbl /IJIfI MOJIeKynM HF .  B 3TOM cJIyqae IIOJIHaft 3HeprHfl, 3Hep- 
FHlt ~HCCOI{HallHH H paBHoBecHoe paCCT0~HHe aAep xopomo corJla~cyeTca c OribITOM. 

8 Acta Physica IX/1--2 


