
DIAMAGNETIC SUSCEPTIBILITY OF P E R T U R B E D  
SYSTEMS 

i~y 

E. KAPUY 
RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUOAPEST 

( R e c e i v e d  27. X.  1958) 

I t i s  known t h a t  the computed  value of  the d iamagnet ic  susceptibi l i ty 
is ve ry  sensitive to the wave funct ion chosen for the calculation.  Recent ly  
the  exact  e igenfunct ion of  some s ta tes  of  the H e H  2+ ion was de te rmined  for 
m a n y  different  nuclear  distances by  BATES and CA~SON [1]. The l sa  ground 
s ta te  of  HeI-I ~+ can be considered as the simplest model of  a pe r tu rbed  system. 

I f  the  h igh-f requency pa ramagne t i sm [2] is to be calculated with the 
aid of  pe r tu rba t ion  ealculations,  t hen  the  eigenfunctions of  all the  exci ted  
states of  I-IeH ~+ ate needed.  These,  however ,  ate not  at  our  disposal. Therefore  
it  is advisable to  app~~ the var ia t ion  method ,  which has been der ived b y  
TILrIEU [3] for  the  calculat ion of  the  magnet ic  suscept ibi l i ty  of sys tems 
having zero resu l tan t  electronic angular  and spin m o m e n t u m .  (In our  case 

h 
the spin m o m e n t u m  is equal t o ~ - ,  however ,  this is d isregarded,  because we 

are in teres ted  only in the d iamagnet ic  susceptibil i ty.)  
According to T I L L I E U  the  Zq componen t  of  the suscept ibi l i ty  tensor  is: 

4mc 2 ~ e Wo [r2 ~ij-- xi xj] ~vod~-- - - -  f ~�91 [g, Lj-f- gjL,] ~o dv + Xq= 
mc j 

Here  by  indices i, j = l ,  2, 3 the  coordinates  x, y,  z are denoted  (for instance 

Zll Z~~,L1 Lx ~~t(Y a ~1 . . . . . .  z - -  , x  1 = x, x 2 = y , x  3 = z ) , w h e r e a s ~ 0 i s  
Oz Oy 

the  wave funct ion  of  the ground s ta te  of  the system. The pure  imaginary  
funct ions gi(i = x, y, z) are the solutions of  the following differential  equat ions : 

]2 hz e 
WoAg, q- - - ( V W 0 ) ( V g , ) -  L,~v o , ( i = x , y , z ) .  (2) 

2m m 2mc 

Ins tead  of  the solution of  the differential  equat ion  (1) such funct ions 
gŸ = iGi are chosen, which eontain the var ia t ional  pa ramete r s  C1, C 2 . . . .  Ce 
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and which conforto to the s y m m e t r y  required by  equation (2). After  t ha t  the 
oomponents  Zij are calculated with the functions Gi (i = x,  y ,  z) and the 
Ck-s ate determined so t h a t  the Zq-s be maxima.  (The susceptibility can 

3 
namely  be expressed with the aid of the energy:  . ~  ~ '  Zij ~.i ~ 1 : 2 E ( 0 ) - - 2 E ( ~ ) ,  

i=1 i ~ l  

here @ is the magnetic field s t rength.  E(@) and E(0) the energy of  the sys tem 
in a magnet ic  field of field s t rength @ and withflut  field, resp.). 

He H a+ has C~. symmet ry .  The center of the coordinate sys tem be in 
the nucleus He 2+, and the z axis be directed towards the nueleus H +. F rom 
Lz~o = 0 follow Gz : 0 and 

Z~~ = --  4~-c~ ~ Y0 [ x~ + y~] Yo d r .  

Since the problem is eylindrically symmetr ic  : 

e~ f 2ie f Zxx : Zyy "= 4mc2 Y0 [y2 _~ z 2] v/O dz  - -  v/o G x L x ~v o dr  
me  

¡ f V'o P vG~ F 2 ~odr , 

and the olŸ elements ate equal to zero. 
For  the Gx-s the following expressions were chosen : 

G (a) : Cy, a)  one-parameter  expression : -x  
b) two-parameter  expression : G(x ~) = C l y  + C2yz. 

In bo th  cases the caleulation of the integrals is equiva]ent to the deter- 
minat ion of  the mean values ~, z 2, x 2, y2. These, however,  can be readily found 
in the l i terature  for the ground state  of HeH ~+ [4]. 

In the following Table the average molar suseeptibflities 

Zmol - -  Zxx -~- Zyy -~ ~,zz N 
3 

are to be found (N is Avogadro 's  number),  namely  separately the so-ealled 
L Langev in  t e rm Z mol : 

N e  ~ (" 
Z~o,= 6-~c~ JV'o r~ V'o dr, 

HF t he  high-frequency te rm Zmol 

u v  4 i e N  (" 

and the sum of bo th :  

V'o dr  27f 
L /-/F 

~mo! ~--- ~mol  -~  Ÿ 
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in e lec t romagnet ic  units.  (The quant i t ies  calculated wi th  the one -pa ramete r  
funet ion t-xr and the two-paramete r  funct ion G (o)x are deno ted  by  ZmclHF(a),Zmol(a) 

~,HP(£ ~,(O) resp.) and Zmol ~,mol 

Table 

R 
i n  a .  u .  

/ m L o l  - 1 0 '  
i n  e. m .  u .  

xHF(a) 10 6 
m o l  
i n  e .  m .  u .  

z ( m a ) t -  10 6 

in  e.  m .  u .  

--0,263 

zHFCb) 10  6 
m o l  

i l l  e .  m .  u .  

+0,000 

)~(mb)ol �9 10  6 

in  e .  m .  u .  

--0,263 0,0 --0,263 +0,000 

0,5 --0,399 +0,015 ---0,384 +0,016 ---0,383 

1,0 ---0,551 +0,025 --0,526 +0,031 --0,520 

2,0 ---0,620 +0,006 ---0,614 +0,009 --0,611 

3,0 ---0,600 +0,001 ~0,599 +0,002 --0,598 

4,0 ---0,595 i +0,000 ---0,595 +0,000 --0,595 

5,0 --0,593 +0,000 ---0,593 +0,000 ----0,593 

co --0,593 +0,000 ---0,593 +0,000 ---0,593 

I f  therefore  the nueleus H + approaehes  He + f rom the infinite,  then  
L H F  f i rst  of  all the  t e r m  Z~o] begins to inerease (from R = 4), la ter  also Xmol 

increases (from R = 2) and f rom R = 1,5 (about  the threefo ld  Bohr radius 
of  He +) Zmol is a l ready  smaller  t han  the  susceptibi l i ty of  He +. For  R = 0, 
of  course, Z~ol agrees with the suscept ibi l i ty  of  Li 2+. 

I t  is well known tha t  the suscept ibi l i ty  of  some d iamagnet ic  substances 
(for instance water)  Ÿ suddenly  at  the melt ing po in t  and then  increases 
slowly with increasing t empe ra tu r e  (in absolute value).  This can be inter-  
p re ted  according to wha t  has been said before in the following way : 

Owing to the increasing disorder and the the rma l  expans ion  the distance 
between the groups per tu rb ing  each o ther  increases,  Zm£237 decreases and thus  
~mol increases. 
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