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A n  ana ly s i s  is p r e s e n t e d  for  l s m i n a r  r ad i a l  f low due  to a l inea r  source  b e t w e e n  two  

para l le l  s t a t i o n a r y  i n f i n i t e  d isks .  T h e  source  s t r e n g t h  va rŸ accord ing  to  Q - -  Qo (v_~~) ( t  > 0) 
% 

a n d  t h e  so lu t ion  is  in  t h e  f o r m  of  ah  in f in i t e  ser ies  in  t e r m s  of  a r e d u c e d  R e y n o l d s  n u m b e r  
[ ~ / (  r ~ ( v t  

R ~  --~ . . - - . - - ~  | ~ - ~ - , / | - ~ - ~ .  T h e  r e su l t s  a te  va l id  for  sma l l  v a l u e s  o f  R ~  a n d  t|----..-~-~[" T h e  ef fec t  o f  

t h e  p a r a m e t e r  R *  on  t h e  rad ia l  ve loc i ty  d i s t r i b u t i o n ,  p re s su re  d i s t r i b u t i o n ,  s h e a r  suress a t  
t h e  u p p e r  d i sk  a t  d i f f e r en t  t i m e s  is  d i seussed .  

N o m e n e l a t u r e  

h = h a l l  d i s t a n c e  b e t w e e n  d i sks  
r = rad ia l  c o o r d i n a t e  

r 
r ~ - - -  = d i m e n s i o n l e s s  r ad ia l  e o o r d i n a t e  

h 
z --~ ax ia l  c o o r d i n a t e  

z 
z = -  = d i mens i on l e s s  ax ia l  c o o r d i n a t e  

h 
t ---- t i m e  

vt 
r --~ ~ - ~ d i m e n s i o n l e s s  t i m e  

R - - - -d imens ion less  r ad ia l  coo rd i na t e  o f  a c ross - sec t ion  in  t h e  f low d o m a i n  
u ~ r ad i a l  v e l o c i t y  

h u  
u = - -  = d i mens i on l e s s  r ad ia l  v e l o e i t y  

v 
v ~- ax ia l  v e l o c i t y  

hv  
v - - - - - - - - -~  d i m e n s i o n l e s s  ax ia l  ve l oc i t y  

v 
p = p r e s s u r e  

p ---- PhZ ---- d i mens i on l e s s  p r e s su re  
~v  2 

Q = i n s t a n t a n e o u s  source  s t r e n g t h  
Q0 = g r a d i e n t  o f  souree  s t r e n g t h  

(?o Ra ---- 4~vh ~ g r a d i e n t  o f  source  R e y n o l d s  n u m b e r  

R~-~ Ra ~ - - g r a d i e n t  o f  r e d u e e d  R e y n o l d s  n u m b e r  

--~ d e n s i t y  
p = v i s eos i t y  

v ---~ P--- = k i n e m a •  v i s eos i t y  
Q 

Igx ~ s h e a r  s t r e s s  a t  t h e  u p p e r  d i sk  /(~Oo) ~I ~--" ~I  ~ - - - -d imensionless  s h e a r  s t r e s s  a t  t h e  u p p e r  d i sk  
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1. Introduction 

Unsteady  flow is of praetieal  impor tan te  in m a n y  arcas of engineering, 
e. g. acoustics, biomedical engineering and lubrieation.  Oseillating radial  flow 
is of p r imary  iuterest  in the  design of th rus t  bearings and radial  diffusers. 

A system whieh has reeeived considerable a t ten t ion  is t ha t  of uns t eady  
flow in circular tubes, e. g. UCHIDA [ l ] .  Recent ly  ELKOUH [2] has given an 
analysis f o r a  system in whieh the flow ta te  varies sinusoidally about  a zero- 
mean value.  His solution is valid for small values of the reduced Reynolds  
number  and aH values of  the  frequency Reynolds  number .  

In  this paper an analysis is presented for laminar  flow due to a linear 
source between two parallel s ta t ionary  infini te  disks. The solution obta ined 
for the motion of the l iquid is in the form of an inf ini te  series expansion in 
terms of a reduced Reynolds number ,  R*, which signifies the effect of con- 
vect ive inertia.  The results ate valid for small values of R* and t. 

2. Basic equations and their solution 

Consider the uns teady  axial ly symmetr ic  flow of a viscous l iquid bet- 
ween two parallel s ta t ionary  inf ini te  disks, which lŸ in the planes z = -- h 
and  z = q- h (Fig. 1). The flow through the sys tem shown in Fig. 1 is due 
to a source, a t  r = 0, whose s t rength varies according to 

Q--Qo(r-~-2}, ( t > O ) .  (2.1) 

In  terms of the dimensionless variables def ined,  see nomenelature ,  the 
Navier-Stokes equations are 

_ _  0u 0u 0p (0Zu 1 0u u 0~u I Ou -4- u -  A- v - -  - -  -1- + -4- (2.2) 

_ _  0v 0v 0p /0~r~ 2 1 0v 0_~) 0v A- u A- v - -  -- q- -~ - -  A- , (2.3) 
Ot Or Oz Oz r Of 

~':h 

~. : O. : 0.o ( ~h-~Z ) 

T 
~ 

Ftg. 1. Flow system and coordinates 
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LINEAR RADIAL FLOW OF A VISCOUS LIQUID 97  

and the equat ion of cont inui ty  is 

0__~_u -4- u + 0v = 0 .  (2.4) 
Or r Oz 

The bounda ry  conditions for the  f low system under  consideration are 

Q0 
where Ra ~ 4~vh 

u =  0, v =  0 at z =  ~ 1, 

+i 2Ra 
u dz : t ,  (t > 0) (2.5) 

_ /" 

- -  is the gradient  of  the source Reynolds number .  

The following expansions which are valid for small values of t h e  reduced 

Reynolds number  Ra* = ( ~ }  and away  from the source at  r = 0 are assumed 

for u, v and p :  

~~f~o (~o} ~~~/~~~~'t'+ I ~26, u = r '(z, t) -4- -~ -  fŸ t) + [ r 2 ] 

[ ( ~ ] 2 f l ( z , t )  a / R a ]  a ] v = 2 -4- [ rZ] fz(z, t)  A - . . .  , (2.7) 

h~(z,  t)  . . .  2 . 8 )  p = h(z, t) + Ra ho(Z, t) log r + 7 

where the  primes denote part ial  differentiat ion with respect  to z. 
The boundary  conditions on the  functions fn(Z, t) and thei r  derivat ives 

a t e  

a n d  

' §  = fn( 1, t) 0, n = 0 , 1 , 2  . . . .  

f n ( •  1, t) ----- O, n = 1, 2, . . . . .  

lo( l ,  t) --  f0(- -  1, t) ---- 2t, (t > 0) 
(2.9) 

which upon choosing 

~ i v e 8  

fo( - -1 ,  t) = --  t 

fo(1, t) = t. 

The expressions for the  veloci ty components  (2.6) and (2.7) sat isfy the  
cont inui ty  equat ion.  Subst i tut ing (2.6), (2.7) and (2.8) in (2.2) and (2.3) and 
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equating eoefficients of equal powers in r reduces the  Navier-Stokes equations 
to an in•177 set of systems of simultaneous linear partial differential equa- 
tions. For the sake of brevity we record only the first two systems below: 

System I 

0afo 0~fo _ ho(z ' t ) ,  (2.10) 
Oz 3 0t Oz 

0h~ = 0 ,  i . e .  ho(z, t)  = ho(t ) -4- constant. 
Oz 

The partial differential equation for h(z, t) is 

oh - - :  O, i . e .  h ( z , t )  = h ( t ) ,  ( 2 . 1 1 )  
Oz 

where h(t) is determined f r o m a  known pressure at a point in the flow domain. 

System I I  
o~ 
Oz 3 

~ h l  

Oz 

~~fl -- 2hi(z, t ) -  [ ~f~ 
O--~~z = ~ Oz J ' 

= 0 ,  i . e .  hi(z,  t) = hl( t  ) -4- c o n s t a n t .  

(2.12) 

The solution of (2.10) subject to the boundary conditions (2.9) represents 

the limiting case when - ~  -+ 0. The linearity of (2.10) and the form of the 

boundary eonditions suggest a solution of the form 

fo(Z, t) = Fo(z ) + Go(z)t, (2.13) 
and 

ho(t) = Ho -4- Po t. (2.14) 

Substituting (2.13) and (2.14) in (2.10), we get 

and 
G~ ---- Po,  (2.15) 

F£  G~ = H 0. (2.16) 

The boundary conditions on F o and G 0 and their derivatives ate 

Fo(+  1)---=0, F£ 1 ) = 0 , ]  

and OJ  (2.17) 
G o ( + l ) = + l ,  CŸ 
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LINEAR RADIAL FLOW OF A YISCOUS LIQUID 9 9  

a t e  

Thus 

The solutions of  (2.15) and (2.16) under  the hounda ry  condit ions (2.17) 

Fo(z ) = _ (z - -  2z 3 + zz) ,  (2.18) 
4O 

1 (3z - z3). Go(Z) =~ (2.19) 

(z 2z 3 + r  ] 
fo(Z, t) = --  -4- ~ (3z - -  z 3) t ,  

4O 2 
(2.20) 

6 
ho(t ) . . . .  3t.  (2.21) 

5 

Subs t i tu t ing  for [ ~ z ]  f rom (2.20) into the  r ight-hand side of  (2.12) 

will cont r ibute  t ime- independent  t e rms  and terms wi th  t ~and t ~. Taking into 
aecount  these circumstances we can express the  solution of  Sys tem I I  in 
the  forro 

f l (z ,  t ) =  Fs(z) -4- Fi(z) t  A-Gl(z) t  ~ , (2.22) 

and 

hi(t) = l i s  -4- Hl t  -4- Pl t  ~. (2.23) 

[0f~ 12 from (2.20) in (2.12) ,we get Subs t i tu t ing  (2.22), (2.23) and I Oz ] 

,, 9 (1 - -  2z 2 A- z~), (2.24) G1 = - - 2 P 1 - - ~ -  

3 (1 - -  7z 2 ~- l l z  4 - -  5z 6) (2.25) FŸ --  2GŸ = --  2 H  1-4- ~-~ 

1 
Fs" --  F Ÿ  ---- --  2Hs - -  (1 --  12z ~ + 46z 4 - -  60z e A- 25zS). (2.26) 

1600 

The b o u n d a r y  condit ions on Fs, FI '  GI and their  der ivat ives  ate 

Fs(•  1) = 0 ,  F ; ( •  1) = 0,  I 

FI(_+ 1 ) = 0 ,  F Ÿ 1 7 7  1 ) = 0  

c~(+ 1) = 0 ,  oŸ 1) = 0 

(2.27) 

Atta Phydr Academias Sdmtiarum Huntgarir 40, 1976 



lO0  S.N. DUBE 

The solutions of (2.24), (2.25) and (2.26) subjec t  to  the bounda ry  condi- 
t ions (2.27) are 

8633 479 53 
F s ( z )  = . z z ~ + - -  

19404000 388080 42000 

23 1 1 
- -  s T A- z 9 - -  z 11 , (2.28) 
36750 5600 39600 

97 191 23 3 1 Fl(z  ) - -  - - z - 4 - - - z  3 - - z S A -  ~ - - - - ~ ,  (2.29) 
11200 8400 1120 400 960 

Gl(z ) 3 33 3 3 = z --  - -  z a -4- ...... z 5 --  - -  zT, (2.30) 
56 280 40 280 

and 

38 4 27 
hi(t) = - -  -4- t --  t ~ . (2.31) 

40425 175 35 

3. Results  and diseussion 

(a) Radial  velocity distribution 

We now define a dimensionless radial veloei ty  such tha t  

u * =  "--~-~. (3.1) 
Ro 

Subs t i tu t ing  for f0(z, t) and li(z,  t) from (2.13) and (2.22) into (2.6) and 
negleet ing higher order terms,  we get 

U ti [ _  ( 1 -  6z~40 + 5z4) + 3 ( 1  - -zZ) t ]  

[{ 8633 479 z2A_ 53 z4 23 ze_4 - 9 zS 
+ R* 19404000 129360-- 8400 525~ 5600 

1 / ( 9 7  191 23 21 3 1 z lo -4- - -  -t- z 2 -  - - z ~ - 4  - z e -  - z 8 t 
3600 11200 2800 224 400 320 

(3 99~~+3z4 3jl - -  - -  - z 6 t ~  . ( 3 . 2 )  

+ 56 280 8 4O 
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LINEAR RADIAL FLOW OF A VISCOUS LIQUID 101 

The f i rs t  t e rm  On the  r igh t -hand  side of (3 .2 ) rep resen t s  the  r ad i a l  ve ,  
loci ty  for R* ---- 0, i. e. as r tends to  inf in i ty ,  while the  second t e rm  represents  
the effect  of  the  nonl inear  inert ia.  The  nonl inear- iner t ia  con t r ibu t ion  is in the  
forra of  s t eady  and uns t eady  s t reamings .  

The  ins tan taneous  radial  ve loc i ty  d i s t ¡  for  t ---- 2, 3, 6 and  for 
R* ~- 0 and R* -~ 0.5 ate shown in Fig. 2. The magni tudes  of  the  nonl inear  

1 Jt ! 
~ , ~  RO. --0 - - - - - - -  

,�91 ~,,X 
2 '  ,- t':" ",x',,, 

,/,, ~ ,,,x,,, 
/ ~ ',,\ 

<o-o :~  ' - o ' . , - X ~  o.o o.~ o., o.~ ,.o 

Fig. 2. V a r i a t i o n  o f  u *  w i t h  z a t  d i f f e r e n t  t i m e s  

iner t ia  cont r ibut ions  to  the  ve loc i ty  dis t r ibut ions ate v e r y  small  up to  abou t  
t = 2 ~ z e ( - - 1 ,  1). F ig .2  also shows t h a t  u* is m a x i m u m  at  z ----- 0 and i t  decreas- 
es monotonica l ly  as we m o r e  towards  the  solid boundar ies .  

(b) Pressure distribution 

Using (2.11) and negleeting t e rms  of  higher  order  t h an  R*, the pressure 
dis t r ibut ion is of  the  form 

p ---- h(t) q- Ra[ho(t ) log r -k hi(t) Ra], (3.3) 

where h(t) is de te rmined  f rom a k n o w n  pressure at some cross-section in the  
low domain.  Assuming t h a t  the pressure  is known at  r --~ R and using (2.21) 

f 
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102 S.N. DUBE 

and (2.31), the expression for the pressure distr ibution is 

p ,  = p(,, ,) - p(R, ,) 
Ra 

___ {_~+,,),o,(~) + . .  {,__;_) [ , ~ + ,  
40425 175 

t - -  2735 t~]" (3 :4 )  

T 
p* 

l& 

~3 ,., 

11 s /  

L, S R~ =0 .... 
7 / /  R~--�89 
6 / 

3 

2 

1 

I I I I I I 
2 3 4 5 6 7 

r 1 Fig. 3. Variation of p* with time �9 -~ = ~- 

r 
The variation of p* with t ime for -~- = 0.5, R* = 0 and R* = 0.5 is 

shown in Fig. 3. F rom this Figure it is elear tha t  the effeet of the nonlinear 
inertia is insignificant up to about t = 2 .  F o r  R *  ~-- 0, the pressure also varies 
linearly with time. 

(e) Skin friction 

The shear stress at the upper disk is given by 

s=h  z= l  

Thus 

606375 

pQo R*fŸ t)] 4=h~r [f£ t) + 

6 

175 

,2) 
- - t  + - ~  t' . (3.5) 
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14 

13 / 
J 

12 / 
/ 

I 
11 i ~o.~ / S  
6 / ~ 

5 r  ~ .  1 

3 

2 

1 
t �9 

I I f I 

2 .,,,~ �91 '= 

Fig. 4. Variation of T 1 with time 

The variat ion of  31 with t ime for Ra* ---- 0 and Ra* ---- 0.5 is presented in 
Fig. 4. This Figure indicates that  the effeet of  the nonlinear-inertia is negligib]e 
up to about t -~ 2. For Ra* = 0, the  shear stress at the  upper disk also varies 

]inear]y with time. 
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