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Several me thods  for the de te rmina t ion  of the trace of the p roduc t  of an a rb i t r a ry  num-  
ber  of Pauli mat r ices  are established.  Fo rmulae  are derived lar  the eva lua t ion  of var ious  types  
of p roduc t s  of two traces when terms ~~f theŸ a i l a i 2 . . .  ~in occur in b o t h o f  them.  Express ions  
are found for the p roduc t  of two different  t races and the square  of the t race of an a rb i t r a ry  
n u m b e r  of Pauli  matr ices .  Similar formulae  are obta ined  when Dirac mat r ices  occurr ing as 

,~x~ 9,iAiare considered instead o fPau l i  matr ices.  F r o m  this all previous  resul ts  in which ~~5 has 
i_l 
been considered separa te ly  ate recovered. A useful ident i ty  lar t races involving ei ther Pauli  of 
Dirac matr ices  is given. 

Introduct ion 

ar te  of the  purposes  of this p a p e r  is to reduce the p rob lem of the calcula- 
t ion of the  t race  of  t he  p roduc t  of any  odd or even n u m b e r  of Paul i  matr ices ,  
to one involving a smaller  n u m b e r  - -  in the f inal  s tage,  two of three  - -  of 
Paul i  matr ices .  F i r s t  the  fo rmulae  lar  the  de te rmina t ion  of var ious  types  of 
p roducts  of two t races  when a , ~ a , 2 . - "  ai~ occur in bo th  t races  ( summat ion  
ayer  the d u m m y  suffixes i~ is implied) are der ived and  then  expressions for 
the  p roduc t  of  two different  t races  and the square  of the t race  of  an a rb i t r a ry  

n u m b e r  of  Paul i  matr ices .  Next ,  the  f ive Dirac mat r ices  7i, 7_0, y~, 7~ and  7~ 
are considered s imul taneous ly  ins tead  of the  Paul i  mat r ices  and  similar expres-  
sions are obta ined .  More explici t ly,  the  Dirac mat r ices  occur in the t race  as 

5 
p roduc t  of  an a r b i t r a r y  n u m b e r  of  e lements  l i k e ~ ,  AiT;. F r o m  the resul ts  

i=1 
ob ta ined  in this second stage all the  resul ts  of the au tho r ' s  previous  pape r  [1], 

4 
in which Dirac  mat r ices  occur in the  fo rm ~ Aiy i and ~~ m a y  occur  separa te ly ,  

i= l  
can be reproduced .  An iden t i ty  for t races  involving ei ther  Paul i  or Dirac  
mat r ices  has been establ ished.  This  is found to be useful in the  reduct ion  of 
the  formulae  and  in demons t r a t i ng  the  equivalence  of some of the resul ts  in 
our deduct ion.  In  this connect ion i t  should be men t ioned  t h a t  CHISHOLM [2] 

3 3 
has eva lua ted  the  sums ~ a ~ a a a ~ . . .  ~da~ and ~ , . . .  ~ ~ . . .  Sp(~~~~~~...~r#). 

r=i r=i 
C~ISHOLM [2] has  also solved the same p rob lem for Dirac  matr ices .  CAIANIELLO 
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and FUBINI [3] and KAHANE [4] have inves t iga ted  various aspeets of  the  
problem of  evaluat ing the t race  of the p roduc t  of  Dirac matrices.  The calcula- 
ti0ns are set out  in three sections: Section I deals wi th  the Paul i  mat r ices  
whereas Seetions I I  and I I I  wi th  Dirae matrices.  I have  generally followed 
the no ta t ion  and method  of  [1]. 

All the  formulae der ived here ate based on the  following algebraic pro- 
pert ies of  Pauli  matrices:  

(Yi (Yj "Al- {T/ f f  i = 2 6 i j ,  (1) 

~i ay = E/jk ~k + ~ij, (2) 

where Eijk is the Levi  Civita tensor  of the th i rd  rank.  Le t  us use the abbrev ia t ed  
no ta t ion  

trace ( A I A 2 A 3  . . . A h )  = ( A I A 2 A 3  . . . A h ) ,  (3) 

A = A l  ~ i ,  (4) 

A . B = A i B i . (5) 

Summat ion  over  i = 1, 2, 3 is to be done. (Throughou t  this paper  summat ion  
is implied whenever  repea ted  suffixes occur.) 

Le t  us denote  ( A 1 A 2 A  3 . . . A h )  by  S, i.e. 

S = ( A 1 A 2 A 3 . . .  A . ) .  (6) 

When  n is even we already know the result  

S = . ~  ( 1)i A1" A i ( A 2 A  3 . . . A i _ l  A i + l  . . . A h ) .  

i = 2  

(7) 

For  n odd we shall develop o ther  methods  for the  evaluat ion of S, some of  which 
m a y  be applicable for even n also. 

We can write 

S = . ~  A ,  A , j  (cri ~rj A 3 . . .  A , )  = 
t ,J 

= A 1 �9 A 2 ( A 3 A  4 . . .  A ~ )  q- iEijk A l i  A 2 j  (~rk A 3  A~ . . .  A ~ )  = 

= A 1 . A 2 ( A 3 A , . . .  A h )  - -  _ _ I ) r ( A 1 A 2 A r )  
.~ r>3  

This formula  is valid when n is odd. 

(8) 

( A n A  ~ . . .  A ~ _  1 A r +  1 . . .  A ~ ) .  
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S can also be wrir ten in the forro 

S = 2 A 1 i  A2jA3, ~ (r  A 5 . . .  A h ) .  
i , j ,  k 

The summat ion  here can be split up in the following manner :  

2 = ~ ' + _ Y + 2 + 2 + 2  

353 

(9) 

(10) 
i , j ,k i # j # k  i=j=/=k i = k # j  i=~j=k i = j = k  

Applieat ion of  Eq.  (10) provides the th i rd  formula for S, whieh is val id for 
any  n, even of odd:  

S = A," A2(A:,A 4 . . . .  4n) + A... A3(A1A ~ . . .  A,,) --  

1 ( A I A 2 A 3 ) ( A 4 A  5 A h ) .  (11) - A I .  A 3 ( A 2 A  4 . . .  A h )  + ~ -  . . .  

Let  us now diseuss some relat ions involving the p roduc t  of  two traees.  We have  

/7 

(#t A , A 2  . . . A~)((ri  A'~ A'2 . . . A ' , , )  = ~ '  ( - -  1)i+1 ( A L A 2 . . .  A i _ l  A i + l  . . " A h  ) . 

i = 1  

�9 ( A  i A Ÿ  A ' , , ) .  (12) 

Here  n is odd and m may  be ei ther  even or odd. Knowing t h a t  

(13) ~ :2+_Y.  
I,j t = j  i # j  

We obtain  with the  help of Eqs.  (1) and (2) 

= 3 (A~A,  . . . . .  A , ) (A~  A ~ . .  AL) - - 2  (~k A~A,, . .  A,~~wak~~~., �9 . a ' A '  . A~).' (14) 

By repea ted  appl icat ion of Eq.  (14) we get 

Ta : (~i ~ j  (rk A L A . , . . . .  A n ) ( a i  a} ak AŸ A~ . . .  A~) = (15) 

: - -  6 ( A , A 2 . . .  An)(A'~ A ~ . . .  Aro) + 7(~; A L A 2 . . .  A n ) ( a  i A Ÿ  A ' . . .  A 'm).  

In  general,  i f  we write 

Tm+ 1 = ( a q  (~i2 . . .  (~im+l A 1 A 2  . . . A h )  " (~i1~i2 . . .  ~ im+lAŸ243  Aro) = 

= x m ( A ~ A ~  , . . A ~ )  ( A Ÿ  A£ . . . Am)+t~m((r+ A ~ A 2  . . . A n )  (a+ A Ÿ  A,; . . . A m )  (16) 

then  
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and we easily obtain 

and 

~m+l = 3/3m, q = ~~ 2/3m, (17) 

m - - 2  

~~ = ~ ( 3 )  ~ - 2 ( - 3 )  m-t (18) 
r ~ 0  

~~ = 1 - q (19) 

In Eqs.  (14), (15) and (16) bo th  n and m can be ei ther  even or odd. Wi th  the  
help of Eq.  (i2) we obtain 

(~~ aj A L A . , . . . .  An) (a i  ay A Ÿ  A.', . . . A ~ )  = 3 ( A I A . ,  . . . ) ( A …  A.; . . . ) - -  

- -  2 ~ ~  ( - -  1)~+S(A~A.,. . . )" [(A~ As  A Ÿ  A ' .  . . ) - -  A~ A s ( A Ÿ  A~ . . . )1. 
r > s  

(20) 

Here n must  be even bu t  m can be ei ther even of odd. 
In Eq.  (20) the no ta t ion  of double primes over  the t race  ( A L A 2 . . . ) "  

implies t ha t  the two unpr imed  Pauli  matr ices (in this case A r  and As) which 
are now present  in the o ther  te rm,  are now absent  from the t race ( A l A  2 . . .). 

This no ta t ion  in the general form, with any n u m b er  of primes over  the no ta t ion  
of t race,  will be widely used in this paper.  

Comparing Eqs. (14) and (20) we have 

( ~ i A , A 2 . . .  A n ) ( ~ i A Ÿ 2 4 3  A~n ) = ~ ( - I ) r + s ( A I A . , . . . ) " X  
r .> 3 

• [(Ar As AŸ A ; . . . )  -- Ar. As (AŸ A,; . . . ) ] .  
(21) 

When n and m a r e  both  even, Eq.  (12) is not  applicable and must  be replaced 
by  Eq.  (21). 

A par t icu lar  case of Eq.  (21) is 

(~r i . 41A2) (~r iAŸ  A~) = 2(A~ A z A Ÿ  A'm) 2 A 1 . A z ( A Ÿ  A~). (22)  

I f  we use the relat ion (7) in the left  hand  side of Eq.  (22), taking m to be odd, 
we obta in  Eq.  (8) for de te rmining  S. With  the help of Eq.  (1) we can wri te  

n - - I  

( A 1 A 2 . . . A n ) = 2 , a ~  ( 1 ) i A ~ . A i ( A ~ A 3 . . . A i _ I A i + ~ . . . A n ) _ _  
i = 2  

- -  ( A 2 A 3 . . .  A 1 A n )  

wherc n is odd. 
F rom Eq. (23) wc obta in  the iden t i ty  

(23) 

n 

~ ( - - 1 ) i A 1 . A t ( A . , A 3  A ~ _ , A i + I  A , )  = O. 
i = 2  

(24) 
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This ident i ty  proves to be very useful in reducing the number  of terms oecurring 
in the expansion of some traces. 

Through successive application of Eq. (12) we can write 

(ai a j a  k A~ A.~ . . .  A~) (a~ aj al, A Ÿ A 2 . . . .  4~,) = 7(~r,- 4~4., . . .  Ah) 
(25) 

(~r; 4 Ÿ  4 ~ . . .  A~,) + ~~  (--1) ;~j+~" ( A , A 2 . . .  A,,)" . ~  6pP(4i4jAa.AŸ A'~). 
i > j > k  P 

In Eq. (25) and elsewhere, P is any permuta t ion  of the suffixes (in this case 
i, j and k), and 5v = • 1 depending on whether  P is an even or odd permuta-  
tion. The nota t ion  .~ '  denotes summat ion  over all the possible permutat ions.  

P 

Now ir can be shown tha t  

.~, £ P(4~ A}Ak AŸ A" . . . ) = 
v (26) 

= 6 ([Az Aj Al,-- A~. A / A , +  Az. A~. Aj--.4]. A~~ A~] A~ A~. . .  ). 

Eq. (25) combined with Eq. (15) enables us to establish t h a t  

1 
- -  ( _ 1 )~+ i  k ( A , A 2 .  . .  A , , ) ' .  ( A 1 4 2 "  " ' 4 n ) ( 4 Ÿ  4 2 " ' "  A r o )  6 i>}~k 

. , ~ 6 p P ( 4 q 2 3 7  A. ' , . . .  A'~). 
P 

(27) 

With  the help of Eqs. (27) and (26), and taking n = 3 and m a s  either even 
or odd, we obtain formula (11) for the determinat ion of S. 

Eq. (27) can also be rewrit ten in the following al ternat ive forro: 

(AaA2. . .A,~)(AŸ A~. . .A'~,)=- . ~  ( -1 ) '+J+k(A1A2. . .Ah)"  �9 
i>j :~k  

�9 . ~  (--  1) rs(Ai .  Ar" Aj. A" s - -4 } .  4 r 4 ,  "A;)(4,,: 4Ÿ  4.',. .. Aro)""... 
r>s 

= - -  .~~' (--1)i+i+";(A,A2...Ah)"" 
i > j > k  

. ~  (--1)"~s+t(4Ÿ237 ~~'6pP[A~'A' ,Aj .4s4 , , .A;] .  
r > s > t  P 

(28) 

(29) 

The general relation (29) leads to the part icular  relations 

(A1A2A3)(A;A'. . .  A~,) = 

=-- 2 ~~ (-- 1)r+s+, ~,  ,~pp [43" 4;4,~. 4"~A1" A;](4Ÿ 4;~)', 
r>s>t  P 

(30) 
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(A~A2Aa)(A;A~AŸ 4~6eP[A3.AŸ 
P 

(31) 

( A ~ A 2 .  . .A , , )  2 =  ,~~ ( - 1 ) i + J + k ( A ~ A 2 .  . . A h ) "  . 
i>j>k (32) 

( I ) r + s + t ~ 6 e P [ A ~ ' A r A y ' A s A a . ' A , ] ( A ~ A 2 . . . A n ) ' .  
r > s > t  P 

In Eqs. (29)--(32) permutation P of the suffixes r, s and t is implied. 
By putting Al, A 2, A a = al, a_o, a3 in relation (30) we get another formula 

for the determination of S: 

1 
( A L A 2 . . . A h ) = - -  .,~ ( - - 1 ) r ' s + t ( A t A s A r ) ( A ~ A 2 . . . A , , ) " .  

2 r > s > t  
(33) 

In Eqs. (28)--(33), both n and m must be odd. 
We have now established four equations (7), (8), (11) ana (33) for deter- 

mining ( A l A  2 . . . Ah ) .  

For n = 5, using identi ty (24), we get according to both Eqs. (8) and (11) 

S~ = ( A 1 A 2 A 3 A 4 A s ) =  A 1 �9 A 2 ( A 3 A 4 A s )  +- A 2 �9 A 3 ( A I A 4 A s ) - -  

- - A  l " A a ( A 2 A 4 A  5) -}- A 4 �9 A s ( A I A 2 A 3 ) .  

(34) 

Eq. (33) gives 10 terms for So, which can be reduced to four terms with the 
help of the identity given by Eq. (24). For other odd values of n, Eqs. (8) 
and (33) give more terms than Eq. (11). 

Sn for even values of n are found from Eqs. (7) and (11). For n = 6 
we get from Eq. (11) 

S o = ( A I A . , _ A ~ A 4 A s A o ) =  A ,  �9 A 2 ( A ~ A 4 A s A s )  -f- A ~  �9 A 3 ( A 1 A 4 A s A o )  - -  (35) 
1 

A 1 �9 A 3 ( A , , A ~ A s A o )  --]- ~ - ( A I A 2 A ~ ) ( A 4 A s A 6 ) .  

Eq. (11) gives as expression for S n shorter than that  of Eq. (7) and is thus 
most convenient for determining Sn for both odd and even values of n. 

II 

The notation and method of Section I are mostly followed in Sections 
II  and I I I  also. For Dirac matrices, the anticommutation relation (1) is 
replaced by 

7i 7 y + T j T i  = 2 ~q, (36) 
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where the suffixes o f ~  matriees can be 1, 2, 3 ,4  and 5. We use the abbreviated 
notat ion given by  Eq. (3), except t ha t  here 

A = A i y i ,  (37) 

A . B = Ai  Bi ,  (38) 

~'s = ~~ Y2 Y~ Y~ �9 (39) 

Summat ion  over i --~ 1, 2, 3, 4 and 5 is to be done. 
With  the help of relation (10) we can write 

i,j,k, 

= Aa . A z ( A a A 4 . . . )  + A , , . A 3 ( A 1 A 4 . . . 1 - - A ~ . A 3 ( A 2 A 4 . . . )  - -  

1 

2 Eij~t,~ A~i A2/A~~. (y~ 7m A~ A a . . .  A~) ,  

(40) 

where Eijktm is a Levi Civita tensor. 
I t  can be easily shown tha t  the last term of Eq. (40) is 

1 
4 "~( - -1 ) r+s (A~A2A3A~As) (A4A5" ' "  A , ) " .  

8>1" 

This is the Si#jck  par t  of Si,j, k and can be rewrit ten in the form (as in [1]) 

Now 

ff~" -~ ff~" AliA2jA31, A4I (y iT /V~7 tAsA  8 . . . A . ) =  
i @j#k i ~ j # k  

= 2 ~ + 2 ~ + 2 + 2  
i # j # k # l  i:/:j#k i # j # k  i ~ j # k  

l=i Ll=j l=k 

(41) 

, ~  = EijktrnAliA2jA3kA4t(~mA5A 6 . . .  Arz ). (42) 
i ~ j # k # l  

With the help Of Eqs. (41) and (42) we obtain the seeond formula for S:  

S = ([A 1 �9 A2AaA ~ - - A  1 �9 A3A2A ~ + A 2 �9 A3AtA,  4 + 

+ A 1 �9 A4A2A 3 -  A2 .A4A1A 3 �91 A 3 �9 A~A1A2] 

A S A 6 . . .  Ah) 1 (A1A2A3A4)" ( A s A s . . .  Ar,) --  
(43) 

I 

1 
~,, ( 1)1.(A1A2AaA4Ar)(AsA~ . . .  Ar_IAr+I . . .A ,~) .  

4 r~5 

Proeeeding in a way similar to t ha t  used in deriving Eq. (41), we obtain 

= ~ + ~~  + ~ + ,a~ + ~ (44) i-~i:~k#l i~ j~ek# l#m i~j~:k#l  i # j # k # l  i:~j:/:k#l i~-j~k#l  
m=i m = j  m=k m=l 
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Applying re]ations (44) and (10) we have the third formula for S:  

S = A l i A 2 j A 3 k A 4 I A s m  ( ~ i ~ j ~ k ~ l ~ m ~ 4 6 A 7  " �9 �9 A n )  = 

= ([AI"A~A3A 4 - - A 1 . A 3 A 2 A  4 -1- A z . A z A 1 A  4 --~ A 1 . A 4 A 2 A 3 - -  

- -  A2. A ~A1A a q- A3. A 4AIA2] AsA e . . .) 

--  ~ (AaA2A3A 4)(AsA6 . .  .) -t- ( I - - A l ' A 5  {AzA3A ,} + (45) 
4 

+ -42.A~ {A~-4~A,}---4~.-45 {-4,-4~a,} + -4,'-4~ {A,-4,A3/I • 
1 

• A n A T . . . )  + - ~ - ( - 4 1 A 2 A ~ A 4 A ~ ) ( A 6 A , . . . ) .  

In this equation terms of  the type  {-4z-43A4} s tand for 

{-42-43A,} ~- - 4 z A 3 A a - -  Az  " A3-44 + A2 " A , - 4 3 - -  -43 " Aa-42. (46) 

Using relation (10) we arrive at the following result  for the p rodue t  of  two 
traces:  

(~~ ~, ~~ Al ~._.. .  -4,) (~; yj y~-4Ÿ A;,) = 

-~ 3 (7i 7j A,  A 2 . . .  A~,)(7i 7 jAŸ  A2 . . .  AŸ + (47) 

+ ~3(r; A,A~. . .  A,,)(~~-4~ A~. . .  A;,)-- 15 (A~A~... -4,). 

�9 ( A ~ A ~ . . .  A;.).  

B y  repeatedly applying Eq.  (47) we obtain  

(~,~ 7j T~y~ -4, -42 . . .  _4.) (~,~ ),j ~,~ y~ A~ -4~ . . .  _4",,) = 

_~ 22 (~'i)'j A~ -42 . . .  -4,,) (7/)'j AŸ -4~ . . .  Aro) -+- (48) 

+ 2 4 ( 7 i A , _ 4 2 . . .  -4,,) ( Y i A Ÿ  Am) - -45 (A ,  A 2 . . .  A , ) .  

(-4~ A~ . . .  A;,). 

(~; rj y~ ~, y~ A~ A2 . . .  A,)(e; ej 7kY, Y~ A~ -4~.. .  A;,) = 

= 90 (y~ ~ i - 4 1 A ~ . . .  -4.) (~~ ~j AŸ A~ . . .  -4;.) + 

q- 241(7~A~ A 2 . . .  A , ) . ( 7 ~ A Ÿ 2 3 7  A~,) -- (49) 

- -  330 ( A ~ A z . . .  A , , ) ( A Ÿ  A~) . 

In general, proceeding in this way  we can evaluate  

(~. ~ ' , 2  . - - ~ ' , ~  - 4 ,  A . , . . . )  (7;t ~,,~ . _ . ~,i,, -4~ A," . . .  ). 
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For odd values of n we have a relation similar to Eq. (12): 

(~,; A, A , . . .  A~) (~,; A~ A ~ . . .  A~,) = 
/7 

= ~_~~' ( - - ] ) i + I ( A I A 2 . . .  A i - a  A i + 1 . . .  A , , ) ( A i  A ;  A ; . . .  Aro) .  
i = I  

Corresponding to Eqs. (20) and (25) we have the relations 

(50) 

and 

(~}i ~j ~ I  A2  . . . Ah)  (Vi ~j A Ÿ  A2  . . . z~tnl) = 

= 5 ( A z A . > . . .  A , , )  (AŸ A ; . . .  A~) -- 2 . ~  (--  I);+J(AzA2... A,,)" • 
i > j  

(51) 
x [(& Aj AŸ A~... Am)-A~" A,(AŸ A ; . . .  AŸ 

(~'~ ~'j ?k A~ A ~ . . .  A~) (~,i ~,j ~'k AŸ A ~ . . .  A~,) = 

= 13 (~,;AxA2.. .  Ah) (~,;AŸ A ~ . . .  A~) + (52) 

-4- .f~" ( - 1 ) i + J + k ( A i A 2 .  . . A h ) "  . . ~  8p P ( A i A } A  k A Ÿ  A Ÿ  . . . A ' m ) .  
i>j>R P 

From Eqs. (52) and (47) we have for odd values of n and m 

(~;~jAIA~ . . .  Ah) (r, ~JAŸ A ~ . . .  A;,) = (53) 

1 
= y . ~  (I) ;+I+k(AIA2. . .A, , ) '~~~OpP(AiAyAkAŸ 

i>j>k p 

-4- 5(A~A2. . .An)  ( A ~ A 2 . . . A ~ ) .  

Relation (51) can be applied when either n or mis  even. In a similar manner 
we obtain 

(7~ 7j  ?k 7~ A ~  A 2 . . . A h )  (~i ~j  ~"1< ~t A Ÿ  A~. . . . A ' , , )  = 

= 44~(--I)i+i(AIA2...An)"([A~Aj Ai. Aj]AŸ A~)+ 
i>j  

d- ..~ ( 1)i+i+k+t(A1A2...An)""x (54) 
i>j>k>l 

• . ~  o,. P (A; Aj A~ A, A;_a~ . . .  A;,) + 
P 

+ 65 (A I A 2 . . .  Ah) (AŸ A ~ . . .  A~) 

and 
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(Y~ 7j 7~ 7~ 7m A~ A 2 �9 �9 �9 Ah) (~i ~j 7k 71 ~m A Ÿ  A ~ . . .  A'm) = 

= 24 ( T i 7 j A a A 2 . . .  A n ) ( T i 7 ] A Ÿ  A ~ )  + 

+ 241 ( T i A 1 A 2 . . . A , , ) O ,  i A Ÿ  • 

•  . . .  A'~) + 22 

X 

X 

y ( 1 ) i+J+k(A iA2 . . .An ) "  X 
i>j>k 

. ~  6 p P  ( A i A j  Ak A Ÿ  A~ . . . A'm) --  
P 

~%~ ( - - l )  i+j+k+l+m ( A L A 2 . . .  A n )  .... X .,Ÿ 
i>j>k>l>m 

2 @ P ( A i A j A  k A ' A , .  AŸ  A~ . . . A'm) �9 
P 

(55) 

Compar ing  Eqs.  (48) and  (54), we have  for even values  of n and  m the  r e s u h  

(7', A~ & . .  &)  (7, A~ A l . . .  A;,) = 

1 
= . ~ ( - 1 ) i + J + k + ' ( A 1 A 2 . . . A . )  .... X 

24 i>j>k>l 

• ~ ~~ P (A, Aj A,,. A, AŸ A ' . . .  A; , ) .  
P 

(56) 

Fo r  th is  case where n and  m are b o t h  even re la t ion  (50) is no t  a p p l i c a b l e  
In  Eqs .  (52), (54) and  (55) p e r m u t a t i o n  P of the  suffixes i, j ,  k, l and  m is 

implied.  
Similar ly f rom Eqs.  (49) and  (55) we ob ta in  for odd values of  n and  m 

(& & . . .  A,,) (AŸ A~. . .  A;~) = 

1 
= - -  - -  2 ( - -1) i+J+k+'+m(A1A2. . .  A,,) ..... • 

120 i>j>k>l>m 

• . ~  6p P (Ai  Ay Ak Al  Aro A Ÿ  A~ . . .  Aro) . 
P 

(57) 

P u t t i n g  n = m and AŸ = A i we can ob ta in  f rom Eq.  (57) a re la t ion  for 

(Al,  A 2 . . . A n )  [2]: 
T a k i n g  A 1, A 2, A 3, A 4, A 5 = Yl, 72, 73, 74, 75 and  n = 5, we ob ta in  f rom 

Eq.  (57) 

S = ( A q  = 

1 
- . 2  

4 i>j>k>l>m 

(58) 

( - -  1)i+i+k+t+m( A i A j A k A t A m ) (  A1A2.  . . Ah) ..... . 
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In a manne r  given in Seetion I,  tak ing  n = 3 and m even, we obtain f rom 
Eqs. (52) and (47) the first  relat ion (40) for S. Similarly, tak ing  n = 4, m odd 
in Eqs.  (54), (48) and n = 5, m a rb i t r a ry  in Eqs. (55) and (49) we derive the 
second and th i rd  relations (43) and (45), respect ively,  for  S. 

Eqs.  (40) and (43) bo th  give the same number  of terms in the expansion 
of S for n = 7 and 9. On the other  hand,  (45) gives 11 terms for n = 7. Bu t  
these can be reduced  to 9 terms by  using the iden t i ty  (24), which is also valid 

5 

when A stands for ,~" A i y  i. For  all values of n > 13 Eq.  (45) gives the smal- 
lest number  o f t e rms ,  i=' 

I I I  

F rom the  results of Section I I  we shall now go on to derive similar 
4 

results to those obta ined  in [1], in which A stands for ~ A i y  i and the d u m m y  
suffixes in t e rms  like i=1 

(~;~ yi~ �9 �9 �9 ei,, A l  A z . . .  ) (~;~ ei~ �9 �9 �9 ~;,, A~ A.; . . .  ) 

ate res t r ic ted to the values 1, 2, 3 and 4. To do this we split  the  summat ion  
over the d u m m y  suffixes occurring in Section I I  in the  following manner :  

5 4 

~~~ = ~"  § terms corresponding to i = 5 only. 
i ~ l  i = 1  

By following this preseript ion we obtain f rom Eq.  (40), taking .41 = Ya 

S ' =  (7~ A o A ~ . . .  A~) = A,, . A~ (es A, & . . .  A, )  --  
1 (59) 

"~ ( -  1)~+~(7~AoA~A~A3 ( A ~ A ~ . . .  A~)" .  
4 ~Ÿ 

Assuming tha t  in Eq.  (43) A~ only involves 7~ we can have  the relat ion 

S '  = (ys[A~ �9 A 2 A  3 - -  A~ �9 A 3 A  2 4- A,, �9 A3A , ]  A ~ A  5 . . .) 

1 (60) 
+ ~ - ~ ~  ( - - 1 ) ' ( ~ ~ A ~ A o A ~ A ; ) ( A ~ A ~ . . .  A~_~ A ~ + ~ . . . ) .  

4 i~4 

Similarly, assuming tha t  in Eqs.  (43) and (45) A~ only involves ~5, we obta in  
third formula  for S ' :  

S '  = ( y ~ [ A I " A 2 A 3 A  4 - -  A 1 "A3A2A4 + A 1 " A 4 A z A 3  + 

+ A 2 " A 3 A 1 A ~  - -  A 2 �9 A ~ A 1 A  3 + A3 �9 A~A1A2]  • 

1 (AIA2AaA4) (7~AsA 6 . . )  + • A S A 6 " " ) - - 4  

1 
+ - - ( ~ s A a A z A 3 A 4 ) ( A s A 6 . . . ) .  

4 

(61) 
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Taking n and m to be even and odd successively, we get from Eq. (47) 

and 

@5 v; 7 :A1  A2 � 9  A , )  @5 7; 7j AŸ A ~ . . .  Aro) = 

= 4 ( 7 ~  A 1 A 2  . . . ) (75 A~ A~ . . . ) - -  4 ( A ~ A 2  . . . ) ( A Ÿ  A..', . . . ) §  (62) 

+ (vi 7j A~ A~ . . . )  (7i 7j AŸ A~ . . . ) ,  

(v~Tjv~ A~ A~ . . .  A,) (ViTj 7~ AŸ A2 . . .  AŸ = 

-~ 6 ( 7 5 7 i A ~ A 2 . . - )  (757 ;AŸ -F (63) 

-~ 10 ( ~ i A 1 ~ 4 2 " - - )  ( v i A Ÿ  ~4~ . . . ) .  

Similarly from Eq. (48) we obtain 

(?i?yVkTt A1 A2 --- Ah) (7iTyVkTtAŸ �9 �9 �9 A~,) = 

= 10(7/? jA1 A 2 . . . )  (7 /v}A~A£ + (64) 

+ 6 (757ivjA1A 2 . . . )  ( V J / v j A Ÿ  A," . . . )  
and 

(vsv;TjTk A1A2.. .  A,,)(VsViTjk AŸ A~) = 

-- 10 ( 7 5 7 i A 1 A z . . . ) 0 ' 5 7 i A ' , , A Ÿ  + (65) 

-4- 6 (vi  A 1 A , ,  . . . ) (vg A Ÿ  A',, . . . ) . 

In an identical  manner  Eq.  (49) yields 

(Vs7~ 72~"k ?t A 1 A z  . . .  A h )  (Vs V~ Vj Vk 7~ A Ÿ  A~ . . . A'm) = 

= 40 (75 A L A 2 " ' "  )(75 A Ÿ  A ~ . . .  ) - 40(A~ A~ . . . ) (AŸ A ' . . .  ) + (66) 

§ 16 ( 7 ; v / A ~ A 2 . . . ) ( V t v 2 A Ÿ  
and, 

(7iV}Vk7tVm A~A 2 . . . )  (ViVjVk7tVmAŸ A ~ . . . )  = 

= 120 ( 7 5 7 1 A 1 A 2 . . . ) ( V s 7 ;  AŸ A ~ . . . )  �91 (67) 

§ 136 ( T i A ~ A 2 - . . )  (7;A~A2 . . . ) .  
In  general 

( V i 1 7 i 2  " ' "  Vin A1 A 2  . . . )  (VitVi2 - �9 �9 7in A Ÿ  A' ,  . .  ") 
and 

(75 Vil Vi2 " " " Vin--1 A 1  A 2  . �9 �9 ) (Vs Vil Vi2 �9 �9 �9 Y i n - 1  A Ÿ  A 2  . . . ) 

can be easily evaluated,  in a similar way, from the expression for 

( 7 ,  7;~ �9 �9 �9 v;~ A~ A ,  . . . )  (7~~ V,2 �9 �9 �9 Vi~ AŸ A ~ . . . )  

in which case A's and summat ion  over d u m m y  suffixes ate defined in the 
manner  of Section II .  
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T¡ general results an not  t rea ted  in [1]. 
Relation (50) of Section I I  remains unaltered in this Section. Eq. (51) yields 

(7 ;7]A~A2-- . ) (7 ;71A~A.~. . . )  = 4 ( A  t _ , 4 2 . . . ) ( A Ÿ  (68) 
-- 2 ~ ( -1) i+J(A~A2. . . )"  [ (A i  A j A Ÿ  A~.  . . ) - - A  t �9 A ] ( A Ÿ  A ~ .  . .)].  

i> j  

From Eq. (53) the following relation is obtained: 

(7.~ 7i A ,  A., . . . ) (ya 7i A Ÿ  A2 . . . ) = 

1 
= _ _  _~" (-1)~+~+'(A1A . . . .  ) ' " a ~ 6 p P ( A ~ A ~ A t A Ÿ  

6 r > s > t  " P 

(69)  

Eq. (56) leads to 

(75 A 1 A 2  . . . A n ) ( T s A Ÿ  A ~ .  . .)  = .~" ( - 1 ) i + J + k - ~ ' ( A i A 2 . . . )  .... • 

i:..j>k>t (70) 

• . ~  t I -~,'w+s+t+UlA'A', 1 ' 2 . . . )  .... X . ~ . ~ b p P [ A  i ' A ' r A j ' A ' ~ A k ' A ; A , ' A ' u ] .  
r>s> / ' : - t t  P 

In Eqs. (69) and (70), permuta t ion  P of the suffixes r, s, t and u is implied. 
Pu t t ing  n = 4 and A 1, A,_, A•, A 4 = Vi, Y2, 73, 74 in Eq. (70), we obtain 

1 
S '  = ( 7 5 A 1 A 2 . . . )  = - -  "~ 

4 i > j > k > l  

(--1)i+J+~+t(y 5 A  i A } A ~  A I ) ( A I A  2 . . . )  .... . (71) 

Taking AŸ = A i and n = m, we can obtain from Eq. (70) an expression for 
the square of S' .  5 

In iden t i ty  (24), where in general A = __~" A i 7  i for Dirac matrices, if we 
i = I  

assume tha t  A n only involves 7~, then Eq. (24) reduces to the following 
ident i ty :  

s  _1) i  A1 " A i ( A 2 A  a . . .  A i - 1 A i + l  . . .  Ah  75) = 0. (72) 
i = 2  

In this Section all the relations except tha t  given by Eqs. (59) and (67) 
rea derived in [1] in a different manner.  I t  is found tha t  among the various 
formulae for determining S' ,  t ha t  given by Eq. (61) is the most  convenient  
for n > 8 .  
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O C.rIE~E FIPOH3BE,/~EHHft MATPEII.{ HAYJIH H ~EIPAt(A 

c. CAPI~AP 

Pe3~oMe 

FIpe~~o~eno HeCI(0JIb[(O MeTO~OB ~Jlfl onpe~eJleHHfl c3ie2~a npott3Be~ReHttyl JI]O‰ qnc~a 
MaTpuU Hay:ro. ,/~aHbl ~0pMyJlbl ~Jlfl BblqJlCJleHnfl npo~3Be~eHniŸ ~syx c~e~o~ pa3Jmqnoro 
Trilla B CJ3yqae, KOFjIa B O~OI.tX ttMeIOTC~ qJleHbl TttHa r (Ii~ . . . . . .  ~Yin" BbIBe~I.eHbl BblpaM~eHlt~t 
~~~~ nponane~ennfi ~Byx c3]e~oB n KBa/tpaTa c~e~a n c~yqae npoI43BO~bnoro qnc~a MaTpnL~ 

5 
FIay~n. FIo~lo£ ~bopMy~bl no~yqeHbl n /tnn MaTpnR ~npaKa, nOCTpOeHHbl KaKi~_~ 7 i A i  aMe- 

CTO MaTpnR FIaynH. EI3 nnx TalOKe MOCHO noJJyqttTb Bce HaIlIll npe)~bi;Iyultle pe3yJlbTaTbl, 
KOF~l,a )~e 7~, 6btJlt! paccMoTpenbl B "OT~eJlbHOCTtl. 

BblBe;I, eHO 0qeHb r~oJle3Hoe TO)K3,eCTBO XJlfl cne/toB, coJ{ep~Kaulux nn60 MaTpttIIbI Flay.rltl, 
ah60 MaTpriRb[ ,ZlHpaKa. 
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