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Ah equivalent circuir of a medium pressure column is derived at low current and 
stability behaviour is considered on this basis. 

Studies of the dynamic  behaviour of discharges [1], [2] have shown tha t  
it  is possible to derive quant i ta t ive  informat ion about  the efficiency of  va¡  
e lementary  processes (direct ionization, stepwise ionization) in the discharge 
mechanism. This possibility is of par t icular  importanee in ins tantes  when 
single e lementary  processes (e.g. triple collisions) have but  a small effect on 
the statie characteristics of a discharge, bu t  a signifieant influence on the 
dynamic  behaviour.  From investigations of the dynamic  behaviour  it  was 
found tha t  t en ta t ive  suggestions about  the s tabi l i ty  of the discharge [3], [4] 
could be made, a l though in order to get easily surveyable s tabi l i ty  criteria ir 
was necessary t6 derive ah equivalent  circuit of the discharge [5]. The positive 
low-pressure columns at  weak currents have already been invest igated in this 
direction. The object  of this paper is first  to derive an equivalent  circuit of a po- 
sitive medium-pressure column at low current  and then to consider stabili- 
t y  on this  basis. 

1. Equivalent cireuit of a medium-pressure eo lumn at low current 

The differential  equat ion for the impedance behaviour of the positi- 
ve column of  a medium-pressure column, which is necessary to build up a 
suitable equivalent  circuit, m a y  be derived satisfactorily from the following 
system of  initial equations [2]: 

ONe/Ot + Ne/~e - -  Pe - -  0, 

oMIOt ~- Ml~m - -  Pro - 0, (1) 

OR/ot ~- R/~r - -  Pr = 0, 
j _  2 rteor~NebeE = O, 

where P e / N  2, P m / N  2 etc. are used as defined in [2]. 
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278 H. DEUTSCH 

Since plasma parameters E,  Ne,  M and R ate to be subjected to varia- 
tions whenever a disturbance 5I o is impressed on the discharge current lo and 
only minor disturbances will be permitted 

{~Io ~ 6E .1), 
lo 1' ~ - o  ~:~~ 

taking the above expressions with 

E = = E o ( l + x l ) = E o +  u, 

Ne = Neo(1 + x~), 

M = Mo(1 + x3), 

R = Ro(1 + x4), 

I =  Io( l §  Io -4 - i ,  

(2) 

we get the following system of equations: 

$x2 
0t 

-- bl lx  1 + b12x2 -~ bl3x 3 -~ b14x s , 

~X 3 
St - -  b21Xl -~- b22x2 -}- b23x3 -~ b24x4 '  (3) 

~X 4 
St --  bslxl -+- b32x2 -}- b33x3 -~ bsix4'  

x 5 = b41x 1 -+- x 4. 

The b~k and aik defined in [2] or b i, respectively, show the correlations 

= fF~/N / 
b l l  - - N a l l '  b31 : - - -  N [ R / N  J al1> 

b12 : - - N b l ,  

= fNelN I bla - - N a l 3 '  b32 . . . .  N [--R~�9 1 a42, 
hi4 = - - N a 1 4  ~ 

I Ne/N I ( N"INI b2, = - -Nt~ �9  b33 = - Ni R-~�9 1a43, 

_ _ ~~ f ~ e / N I  { N e / ~  / 
b22 t MIN ]a22 '  b3, =-= - -  N .RIN I b3' 

( N e l N  I 
b2,~ : - -  N [ MIN I b2, b41 : a31, 

(4) 

[ N e / N  ] 
b24 =-- - -  N [M/�9 a24" 
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The wanted  differential equat ion for the dynamie  behaviour  of a positive 

column which has been subjected to a minor  disturbanee is obta ined by  step- 

wise elimination of  x2, x 3 and x 4 th rough  repeated differentiat ion of Eqs. (3): 

C o d 3 i _~ c 1 d 2 i + c 2 d i  + c3_ i = 

a o d t  3 a o d t  2 a o d t  a o 

d3 u -~- a l  d2 u -4- a2 d u  + a a 
. . . . . .  U .  

d t  3 a o d t  2 a o d t  a o 

(5) 

The state of the p lasma is character ized by  the coefficients Co, c 1 . . .  a0, al, 
where combinat ions of  the bik occur. Wi th  referenee to the three inertial 
factors which show a s a  t ime derivat ion in the  balance equat ion we get a linear 

homogeneous equat ion of th i rd  order. 
In  earlier experimental  and theoret ical  investigations (Fig. 1) it was 

discovered tha t  a marked resonance effect among  others could be formed for 
the impedance condition,  which suggests tha t  a corresponding equivalent  

circuit  (Fig. 2) is possible for weak-current  discharges at  medium pressures. 

Wi th  referente to the three inertial factors which are reflected as t ime deriva- 
tions in the balance equat ions three reaetances were taken into consideration 

in the equivalent  circuir. 
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Fig.  1. Caicu]ated and measured impedance characteristics of a neon discharge [2]. 
[poro = 60 torr cm; r o = 1 cm; i/r o = 1.5 �9 10-3 A/cm]. C) theory; �9 experiment. 

Numerical values refer to the eorresponding redueed frequencies in cps/torr 

o 

R !  C !  R 3  

F i g  2. Equivalent circuit of the positive column of a low-current medium-pressure glow- 
discharge ( . . .  taking the three intertial factors into consideration) 
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The  different ia l  equa t ion  for  this a t  f i rs t  empi r ica l ly  in t roduced  equi- 
va len t  c i rcui t  is: 

d3i ^ d2i di d3u A d-2u B du 
+ + ~i -- + -4- + Cu, (6) 

dt 3 ~ -dt ( + ~' d t  dt 3 dt ~ dt 

where coefficients ~r fl . . . .  are combina t ions  of  the  quant i t i es  R r,  R1, R2, 

R 3 , L  1 , L  2 a n d C  1. 
Eqs .  (5) and (6) ate i somorphic ;  so t h a t  wi th  due regard  to the p l a sma  

p a r a m e t e r s  ref lected in the  bik i t  is immed ia t e ly  possible to calculate  the  
resis tances,  induc tances  and capaci t ies  b y  compar ing  coefficients.  In  the  cal- 
culat ions p re sen ta t ion  of  the  quan t i t i e s  of  the  equiva len t  circuit  in a s imi la r i ty  
scheme was a b a n d o n e d  f rom the  f i rs t  bo th  because  a h igher  pressure  had to be  
expec ted  w i th  grea ter  tr iple collision des t ruc t ion  in the  med ium-pressu re  dis- 
charge and  because  this process does not  conforto wi th  the  B- inva r i an t  s imilar-  
i ty  law [6]. 

F r o m  the  compar ison  of  coefficients  a sys t em of  seven equat ions  wi th  
seven u n k n o w n  quant i t ies  is ob ta ined .  The  solution of  the  equa t ion  s y s t e m  
is here res t r i c ted  to real  - -  and  hence physica l ly  sugges t ive  - -  values  for  
reac tances :  the  solution was carr ied  out  graphical ly  and  numer ica l ly .  

The  quant i t ies  of  the  equ iva len t  circuir were  ca lcu la ted  b y  using the  
charac te r i s t ic  quant i t ies  of  the  homogeneous  med ium-pres su re  neon co lumn 
for  a given case of  dischaige [2] (Po = 60 tor r ;  lo : 1 ,5"  10 -3 A; r o = 
1 cm). The  deta i led calcula t ion yie lded the  following resul ts :  

L 1 : 1.55 H e n r y  

L 2 : 1 �9 10-3 H e n r y  

C 1 = 2.67 �9 10-9 F a r a d  

R 3 : 1.30 �9 102 O h m  

R 2 - -  - - 1 . 74  " 104 Ohm 

R r - -  + 1 . 6 0  �9 104 Ohm 

R 1 = -1-2.90" 104 Ohm 

The ca lcu la ted  values were t e s t ed  b y  subs t i tu t ing  t h e m  into the  following 
re la t ion for  the  impedance  of  the  equ iva len t  circuit :  

'l / } R 1 
R1R,- + ~ + J RIr176 -- 2 ~ R3floL2 

z = R r  + + - -  . ( 7 )  

R 1 - - [ - R 2 + j ( t o L ~ - - ~ )  Ra -[- JmL2 

The eheck d e m o n s t r a t e d  t h a t  the  las t  t e r m  on the r .h.s ,  of  the  re la t ion  (7) 
con t r ibu tes  only  ve ry  l i t t le  to Z, hence  the  impedance  b e h a v i o u r  of  the  pos i t ive  
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column of a medium-pressure discharge is essentially determined by the first 
two terms, i.e. by the equivalent circuit of Fig. 3. 

m T , , ii 
R1 Cl 

Fig. 3. "Reduced" equivalent circuir 

2. Stability considerations 

The following considerations refer only to discharges with a long positive 
column, the dynamic behaviour of which is essentially characterized by that  
of the positive column and ate based on a procedure for establishing stability 
criteria outlined by GRA~OWSKI [3], except that  the differential characteristic 
of a discharge in an equivalent circuit representation is used as the starting 
point instead of a differential characteristic derived immediately from the 
balance equation. 

In the case investigated here the differential characteristic of the gase- 
ous space in the equivalent circuit scheme is: 

A " d 2 i  + B * - - d i  - } - D * i = A "  d2u  + B " d U - + u ,  (8) 
dt 2 dt dt 2 dt 

where 
A *  --- RTCIL  1 -}- R1C1L1, 

B*  = R I R T C  1 -+- R2RTC 1 -}- RO.R1C 1 -~ L 1, 

D * - -  RT  + Ro, 

A "  = C1L 1, 

B "  = R I C  1 A- R2CI. 

For the further derivation of stability criteria we need a differential character- 
istic of the outer circuit in a general form (Fig. 4) which is taken over from 
an earlier work [41 (cf. also [31): 

C R L  do.i + L di  CR  du 
dto. d t -  + R i  = --  dt u . 

(9) 

The general approach in investigating stationarity problems is to permit 
a small disturbance of a given state and to find out the time changes. I f  the 
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disturbance recedes after a eertain lapse of time the discharge is a stationary 
one, if not, it is non-stationary. As the differential equations (8) and (9) are 
linear in i and u, the following forro is used for the disturbances of current 
and voltage: 

i = io e't, (10) 

u = u o e~ ' t ,  

where i0 refers to the initial deviation of the current from the stationary value 
I o, and u o refers to the initial voltage deviation (i o and to are generally com~ 
plex quantities). 

R 

C= 

L 

Fig.  4. Electrieal circuir for the general case: U = vohage aeross the tube, E = vohage 
gradient, l = length of the positive column 

With (10), by evaluating the differential characteristics of the gaseous 
space (8) and of the outer r (9), the following equation for calculating 
co is obtained: 

g4 c04 -~- g3 coa ~- g2 c02 -~ g l  c9 ~- g0 = 0 (11) 
with 

g0 = R A- RA, 

gr -- L + LI +CRRA~- RRICI + RR2CI + R1RTCI + R2RTCI + R2R1C 1 , 

g2 = LCR �91 LC I {R I + R2} + L1C , {Rr + R I + R } +  

+ CCIR {RIRr + R2RT + R2RI + LIC1}, 

g3 = C C 1 L R  {R1 ~- R2} ~- C,LLt + CCIL1R {R1 + Rr},  

g4 = RCC1LLI" 

R A = :  R T -~- R 2 is the differential resistance at zero lrequency. The behaviour 
is evidently stationary when the real parts of all roots of Eq. (11) are negative. 
According to the theorem of HVRWITZ [7], the necessary and sufficient condi- 
tion for this is: 

DI = gl > 0 ; g2l > 0 

2a ~l go 0 
gl > 0; D 4 =  a g2 gl 

0 0 

gr g0 
D3 = g3 g2 

0 g4 

0 

go > 0  
g4 

(12) 
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where g0 > 0. This s t a t iona r i ty  eondi t ion requires t ha t  all coeffieients gg 
(v = 0 . . . 4) of  the  character is t ic  equa t ion  should be posi t ive in sign. In  the  
following we shall res t r ic t  ourselves to a discussion of  the necessary  condit ions 
g~ (v = 0 . . .  4) > 0, because it is r a t he r  difficult  to deal in a complex  discus- 
sion wi th  s t a t i o n a r i t y  condit ions in the  general  fo rm (12). 

F rom the above  necessary condit ions one immedia t e ly  obta ins  the well- 

known K a u f m a n n  cri ter ia  
R -~- _R A > O, (13) 

L + CRRA > 0, (14) 

when there  is a res t r ie t ion to the  s ta t ic  eharacter is t ies ,  i.e. when L 1, C 1 and R 1 
are made  ident ical  wi th  zero. In  the  general  case, howevcr ,  one has to make  
full use of  all the  cr i ter ia  for  s tabi l i ty  tes ts .  

As p resumed  b y  K a u f m a n n  one canno t  change the  first  s t ab i l i ty  cri ter ion 
(13) jus t  b y  t ak ing  into account  the  d y n a m i c  behaviour ,  while in the  second 
cr i ter ion ir is necessary  to add  the  induc tanee  L 1 of  the discharge once to the  
induc tance  L of the  outer  space (cf. [4]); fu r the rmore ,  addi t ional  t e rms ,  which 
are supplied b y  the  se l f -capaci ty  of  the  discharge C 1 with the  resis tances R r, 

R1, R 2 or R, respect ive ly ,  will occur  for the  second condit ion.  A p a r t  f rom 
these " e x t e n d e d "  K a u f m a n n  condit ions three  more condit ions will occur  which 
are accounted  for only  b y  the  considera t ion  of the  dynamic  b e h a v i o u r  of the  
discharge.  Consequent ly ,  these condit ions beeome effective when the  dynamie  
b e h a v i o u r  of  the  circuit  is co-de te rmined  b y  the discharge.  
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HMHE~AHC, 3KBHBA~EHTHAfl CXEMAH CTABH~bHOCTbPA3Pfl~A CPE~HEFO 
~AB~EHHfl  

F.~oflq 

Pe3~Me 

Onpe~eneHa 3KBHBa~eHTHa~ cxeMa CTO~6a Ma~oMO~HOFO pa3p~~a cpeAHevo ~aB~eHHfl 
H paCCMOTpeHM yC~0BH~ CTa~H~bHOCTH. 
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