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An equivalent circuit of a medium pressure column is derived at low current and
stability behaviour is considered on this basis.

Studies of the dynamic behaviour of discharges [1], [2] have shown that
it is possible to derive quantitative information about the efficiency of various
elementary processes (direct ionization, stepwise ionization) in the discharge
mechanism. This possibility is of particular importance in instances when
single elementary processes (e.g. triple collisions) have but a small effect on
the static characteristics of a discharge, but a significant influence on the
dynamic behaviour. From investigations of the dynamic behaviour it was
found that tentative suggestions about the stability of the discharge [3], [4]
could be made, although in order to get easily surveyable stability criteria it
was necessary to derive an equivalent circuit of the discharge [5]. The positive
low-pressure columns at weak currents have already been investigated in this
direction. The object of this paper is first to derive an equivalent circuit of a po-
sitive medium-pressure column at low current and then to consider stabili-
ty on this basis.

1. Equivalent circuit of a medium-pressure column at low current

The differential equation for the impedance behaviour of the positi-

ve column of a medium-pressure column, which is necessary to build up a
suitable equivalent circuit, may be derived satisfactorily from the following
system of initial equations [2]:

aNe/at + Ne/Te _ Pe = 0,

oM/at + M[tm — Pp = 0, 1)

oR/ot + R|tv, — P, =0,

J _— ﬂeoriNebeE — 0,

where P/N?, Pp,/N? etc. are used as defined in [2].
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Since plasma parameters E, Ne, M and R are to be subjected to varia-
tions whenever a disturbance 61, is impressed on the discharge current I, and
only minor disturbances will be permitted

taking the above expressions with

we get the following system of equations:

The b,, and a,, defined in [2] or b;, respectively, show the correlations

ox

o1,
IO

\

<L g <1

E=E(l+=x)=E,+ u,
Ne = Neo(l + x4),

M = M1 + =3),

R =R,1 + x,),
I=T1(1+4x)=1,+1,

=2 bx, -+ biaxy + biaxs + byyx,,

ot

x5 = byx; + x4

by, = —Nay,,
by, = — Nby,
b, = —Na,,
b,, = —Na,,,
Ne/N
byy = — N|[——|ay,
21 M|N 21
. Ne/N
byy = — N 'ﬁ/ﬁ sy,
Ne|N
b21 =—N *ﬁ b27
Ne/N
by == — N M_//N_ ®2y-
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The wanted differential equation for the dynamic behaviour of a positive
column which has been subjected to a minor disturbance is obtained by step-
wise elimination of x,, x3 and x, through repeated differentiation of Egs. (3):

G EE o & o A e
a, dr? a, di’ a, dt a, (5)
_ @ e du  oa du e |
di? a, di? a, dt a,

The state of the plasma is characterized by the coefficients ¢, ¢, ... a,, a,
where combinations of the b;, occur. With reference to the three inertial
factors which show as a time derivation in the balance equation we get a linear
homogeneous equation of third order.

In earlier experimental and theoretical investigations (Fig. 1) it was
discovered that a marked resonance effect among others could be formed for
the impedance condition, which suggests that a corresponding equivalent
circuit (Fig. 2) is possible for weak-current discharges at medium pressures.
With reference to the three inertial factors which are reflected as time deriva-
tions in the balance equations three reactances were taken into consideration
in the equivalent circuit.
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Fig. 1. Calculated and measured impedance characteristics of a neon discharge [2].

[poro = 60 torr ecm; ro =1 em; i/r, = 1.5 - 1073 Ajem]. O theory; @ experiment.
Numerical values refer to the corresponding reduced frequencies in cps/torr
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Fig. 2. Equivalent circuit of the positive column of a low-current medium-pressure glow-
discharge (... taking the three intertial factors into consideration)
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The differential equation for this at first empirically introduced equi-
valent circuit is:
d?u

d3 di di diu du
- ——- — +4+di=—-+A4A—+B— + Cu, o
“dt3+'8dt2+ydt+l dtf‘Jr dt2+ dt+ “ (6)

where coefficients «, f,... are combinations of the quantities Ry, R;, R,,
R;, L,, L, and C,.

Eqgs. (5) and (6) are isomorphic; so that with due regard to the plasma
parameters reflected in the b, it is immediately possible to calculate the
resistances, inductances and capacities by comparing coefficients. In the cal-
culations presentation of the quantities of the equivalent circuit in a similarity
scheme was abandoned from the first both because a higher pressure had to be
expected with greater triple collision destruction in the medium-pressure dis-
charge and because this process does not conform with the B-invariant similar-
ity law [6].

From the comparison of coefficients a system of seven equations with
seven unknown quantities is obtained. The solution of the equation system
is here restricted to real — and hence physically suggestive — values for
reactances: the solution was carried out graphically and numerically.

The quantities of the equivalent circuit were calculated by using the
characteristic quantities of the homogeneous medium-pressure neon column
for a given case of discharge [2] (p, = 60 torr; I, = 1,5- 10-% A; r, =
1 cm). The detailed calculation yielded the following results:

L, = 1.55 Henry Ry = —1.74 - 10* Ohm
L,=1-10-% Henry Ry = +1.60 - 10* Ohm
C, = 2.67 - 10-° Farad R, = +2.90 - 10 Ohm
R; =1.30 - 10> Ohm

The calculated values were tested by substituting them into the following
relation for the impedance of the equivalent circuit:

L 1
RR,+ L1+ j[RoL, — R,
e +]( 1 *wq) RyjoL,

Z=Rrt— 1 1 R, + joL,
R1+R2—|-j(wL1__CJ s+ joL,

0l

(7)

The check demonstrated that the last term on the r.h.s. of the relation (7)
contributes only very little to Z, hence the impedance behaviour of the positive
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column of a medium-pressure discharge is essentially determined by the first
two terms, i.e. by the equivalent circuit of Fig. 3.

R2 L,

o——| 0o

Rt
I._‘
Ry C

Fig. 3. “Reduced” equivalent circuit

2. Stability considerations

The following considerations refer only to discharges with a long positive
column, the dynamic behaviour of which is essentially characterized by that
of the positive column and are based on a procedure for establishing stability
criteria outlined by GRANOWSKI [3], except that the differential characteristic
of a discharge in an equivalent circuit representation is used as the starting
point instead of a differential characteristic derived immediately from the
balance equation.

In the case investigated here the differential characteristic of the gase-
ous space in the equivalent circuit scheme is:

A% pe B py g ER gl (8)
di? dt di? dt
where

A* = R:C,L, + R,C,L,,
B* = R,R{C, + R,R{C, + R,R,C, + L,
D* = Ry + R,,
A" = CL,,
B'" = R,C, 4 R,C,.
For the further derivation of stability criteria we need a differential character-

istic of the outer circuit in a general form (Fig. 4) which is taken over from
an earlier work [4] (cf. also [3]):

dzi

di?

4L % L Ri—— R . )
dt dt

CRL

The general approach in investigating stationarity problems is to permit
a small disturbance of a given state and to find out the time changes. If the
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disturbance recedes after a certain lapse of time the discharge is a stationary
one, if not, it is non-stationary. As the differential equations (8) and (9) are
linear in i and u, the following form is used for the disturbances of current
and voltage:
i = 1i,e", (10)
u = uge,
where i, refers to the initial deviation of the current from the stationary value
I, and u, refers to the initial voltage deviation (i, and w are generally com-
plex quantities).

R L
000 ]
C== U=IE

Fig. 4. Electrical circuit for the general case: U = voltage across the tube, E = voltage
gradient, [ = length of the positive column

With (10), by evaluating the differential characteristics of the gaseous
space (8) and of the outer circuit (9), the following equation for calculating
@ is obtained:

840" + g30® + gow® + gy + g, =0 (11)
with
8o = R + RA ’
g1 =L+ L,+CRRs+RR,C,4+RR,C,+R,R+C,+R,R;C,+R,R C, |
g2 = LCR + LC, {R, + R} + L,C, {Rr + R, + R} +
+ CC.R{R.R; + R,R; + RyR, + L,C},
g3 = CC,LR {Rl + R,} + C,LL, + CC,L\R {R, + RT},

g = RCC,LL,.

R, == R; -+ R, is the differential resistance at zero trequency. The behaviour
is evidently stationary when the real parts of all roots of Eq. (11) are negative.
According to the theorem of HurwiTz [7], the necessary and sufficient condi-
tion for this is:

D — ~ 0 : D . gl gO ' ~> 0
1 81 -~ 2 gs g2| .
& & O & & 0 0 (12)
D= |gs g &, >0 D,=g; 82 81 8| >0
‘0 84 83 0 0 0 84
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where g, > 0. This stationarity condition requires that all coefficients g,
(v = 0...4) of the characteristic equation should be positive in sign. In the
following we shall restrict ourselves tc a discussion of the necessary conditions
g, (v=10...4) > 0, because it is rather difficult to deal in a complex discus-
sion with stationarity conditions in the general form (12).

From the above necessary conditions one immediately obtains the well-
known Kaufmann criteria

R+ Ra >0, (13)
L + CRR4 >0, (14)

when there is a restriction to the static characteristics, i.e. when L,, C; and R,
are made identical with zero. In the general case, however, one has to make
full use of all the criteria for stability tests.

As presumed by Kaufmann one cannot change the first stability criterion
(13) just by taking into account the dynamic behaviour, while in the second
criterion it is necessary to add the inductance L, of the discharge once to the
inductance L of the outer space (cf. [4]); furthermore, additional terms, which
are supplied by the self-capacity of the discharge C, with the resistances R,
R,, R, or R, respectively, will occur for the second condition. Apart from
these “extended’” Kaufmann conditions three more conditions will occur which
are accounted for only by the consideration of the dynamic behaviour of the
discharge. Consequently, these conditions become effective when the dynamie
behaviour of the circuit is co-determined by the discharge.
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HUMITEJAHC, 3KBUBAJIEHTHAS CXEMA U CTABHUJIbHOCTb PA3PSAIA CPEIHEIO
JABJIEHUA

r. 1oy
Pe3iome

OnpejeneHa 3KBUBAJEHTHAs CXeMa CT0J10a ManOMOLIHOIO pas3psijia CPeiHero JaieHust
H PacCMOTpPeHb! YCNOBHSI CTaGHJIBHOCTH.
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