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CALCULATION OF COMPLEX-CONJUGATE 
PAIRS OF REGGE TRAJECTORIES WITH THE 

SCALAR BETHE-SALPETER EQUATION 
By 
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RESEARCH GROUP FOR THEORETICAL PHYSlCS OF THE HUNCARIAN ACADEMY OF SCIENCES, 

BUDAPEST 

The BETHlg--SALPETER equation of scalar particles is reduced to a form which is tractable 
numerically. This formalism is applied to the numerical caleulation of Regge trajectories. 
Particular attention is paid to the level mixing effects of the mass difference leading to comp- 
lex-conjugate pairs of trajectories. The ealculations include the imaginary part of the total 
energy at real values of the angular momenta. 

I. Introducfion 

Considerable interest  has recen t ly  been a t tached  to the propert ies  of  the  
relat ivist ie Bethe-Salpeter  (BS) equat ions  [1, 2] in the  ladder  approximat ion.  
The  numerical  p rogram ini t ia ted by  ScnWARTZ [3] and SCHWARTZ and ZE~AC~ 
[4] demons t ra t ed  t ha t  the  classie work  of  WIcK [5] and  CUTKOSKr [6] m a y  be  
ex tended  b y  using convent ional  computa t iona l  techniques.  Following the  f irs t  
ealculations,  m a n y  results have been obta ined bo th  in the  bound [7] and 
scat ter ing regions [8]. This deve lopment  has been exploi ted in detai led nume-  
rieal ealculations of  Regge t ra jector ies  for spinless particles [9-10]. CUTKOSK• 
and DEO [9] found surprising collision phenomena  among the  t rajectories  
which indicate  the existence of eomplex  branches  in par t icu la r  unequal  mass 
situations.  

The  calculat ions of CUTKOSKY and D~o ate l imited to real angular  mo- 
me n t a  at  real values of  s (s is the squared  energy). This ta lk  is concerned with 
extonding the  numerical  caleulations to complex energies. The explieit  compu- 
ta t ions were done below elastie threshold  at  real  angular  momenta .  A detai led 
r epor t  of this work wfll be published elsewhere [11]. 

II. Reduction of the BS equation 

We consider the homogeneous BS equat ion of two sealar particles with 
masses m 1 and m 2 whieh in te rae t  vŸ the  exchange of  a th i rd  sealar part iele  
with nonzero mass x. The BS wave funct ion ~ satisfies the differential  equa- 
t ion [4] 

( L - - ~ V )  y = O, (1) 
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where 2 is the coupling s t rcngth  and V denotes the ladder  approximat ion  o f  
the interact ion.  In the center-of-mass system the Wick- ro ta ted  operators  L and 
17 a r e  

L I~+2~l~~~x, ~~s+m~lI~ 2~~~--~x~ ~~s+m2~ 21 ,2, 
4y. 

V -- KI (~R) ,  (3) 
R 

4 02 [ 4 i 1/2 
[ ]  = . ~ " - - ,  R = [~X'x~] (4) 

where s = E -~ E is the to ta l  c.m. energy, the x i' s (i -~ 1, 2 . . . . .  4) denote  the  
components  of the relat ive coordinate ,  and the parameters  #1 and/% are cons- 
t ra ined b y  the condit ion #1 + q = 1- For  the K x funct ion we used an approxi-  
mat ion  proposed by  VOSKO [12]: 

y K l ( y  ) = (1 + y)e-Y +a(1 + 2 y )  e--oy 
, a := 0.66746. (5) 

l + a  

We can make  the usual separat ion 

v,0 = ~ t  ~ ~J~t ( R ,  0) Y l m ( v a ,  cp), (6) 

where the  angles 0, va, ~ are defined by  

x l = R s i n 0 s i n v  a s ino ,  x 2 = R s i n 0 s i n v a c o s ~ o ,  x a = R  s in0cosva ,  
x 4 : R cos 0. 

Our s tar t ing  point  is the expansion of ~ot in te rms of the normalized four-  
dimensional  spherical harmonic  functions Yntm(O, zg, cp): 

~, = ~ . ~  aqa qV,qh, (7) 
q=0 h=0  

~.,q,, =fiq~(R) Y~+q, ~m(0, 0, ~o). (8) 

SCnWARTZ [3] suggested the following basis funct ions:  

ft@(R) = R l+q+~ e -~'R, (9) 

where ~ is a nonlinear scale parameter .  
Ins tead of the functions qlq¡ CUTKOSKY and D~o used basis funct ions  
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p q'tq¡ of the  fo rm 

~gŸ ~- ~lqh e' 'R COS 0 (10 )  

where the  p a r a m e t e r  ? = ?(E)  was chosen to incorpora te  the  differences in the 
a s y m p t o t i c  b e h a v i o u r  of  the  solution when cos 0 = • 1. On the  o ther  hand,  
ir should be no ted  t h a t  the  redef ini t ion 

#1 ---+ #1 -~ 5, #2 --+ # 2 - -  {~ (11) 

produces  the t r an s fo rm a t i on  

7~._ ~ ~p e~eR r o (12) 

in the  wave  funct ion of  the BS equa t ion  (1)-(2), bu t  the  e igenvalue 2 is inde- 
penden t  of  �91 Thus ,  the  use of  the  f ac to r  exp [?R cos 0] (see Er I. (10))  m a y  be 
avoided b y  a t r a n s f o r m a t i o n  of the  p a r a m e t e r s / z  1 and  #2" I n  the  p resen t  cal- 
culat ions we choose the  convent ion  #1 = #2 : 1/2 and a mass  scale in which 
the  ex te rna l  masses  are 

m i =  1 - k - A ,  m 2 =  1 - - A .  (13) 

I t  is convcn ien t  to in t roduce  a second set  of  bas is - funct ions  )~lpR" 

Ztpk = gtpk(R) Y't+p. ira( O, ~, ~)" (14) 

In  par t icular ,  we m a y  choose 

gtp,,(R) = R t+p+k e-PR. (15) 

We now can fo rmu la t e  the BS p rob lem (1)-(2) in the  space of s ta tes  def ined b y  
the  basis funct ions  ~lg¡ and  Ztgk- Onc obta ins  the  following sy s t em of inhomo-  
geneous l inear  cquat ions  

for 

Q H 1 
..~ ,~  .~~ <Z,palD~~- 2V~v I ~glqh> aq~ v =-0  (16) 
q=0 h=O v=0 

p = 0 ,  1 . . . . .  Q, k = 0 ,  1 . . . . .  H ,  # = 0 ,  1, (17) 

and  Q --* ~ ,  H -+ ~ .  The m a t r i x  e lements  can be wr i t t en  as 

~2~ * 

d O s i n 2 O j : d z ~ s i n O J o  d~vztpkB~v,q h, (18) 
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Voo=--Vn= V, Vol=Vlo='O, (19) 

[ {- ]~ D 0 0 = - - D u = - - [ ~ + I + A  2 -  (u~--v ~) --(u ~ v 2 ) - - - - -  

--4Au---~---~ - - (4A2+ 1 u2v 2) 
Ox 4 4 

[ 2 1  ] D01 = Dl0 = uv -- [] + I + A  - - - ~  (u2 -v  2) +2uv - -  

with 

1 
u =  1 / 2 ( E + E * )  v =  - -  ( E - - E * ) .  

2i 
In addition, we have 

aa~£ @(a@@a'~h), a@l= ~i (aq¡241 

8 2 

8x~ (20) 

02 0 
+4Av - - ,  (21) 

Ox~. 8x a 

(22) 

(23) 

where the aqh'S are the coefficients in decomposition (7). The explicit evaluatio,l 
of the matrix elements is included in [11]. 

Equations (16)-(17) can be continued in the angular momentum plane, 
the Regge trajectories correspond to the nontrivial solutions. Approximate 
solutions of this problem may be calculated by setting finite values of Q and H 
in Eqs. (16)-(17). The corresponding secular equation is 

D e t [ D - - 2 V  I ~-- O, (24) 

where, of course, the matrix elements 

<Zzp~ID~,, ---2 Ve, , ]~tqh> 

depend on l, u and v. The solutions of this problem result in the Rayleigh-Ritz 
approximations [3] by requiring Zlpk = ~tpk- On the other hand, we obtain 
the method of moments if g,pk # ~lpk [13--14]. We emphasize that  in these 
methods unpleasant difficulties may be encountered because the unequal-mass 
BS problem involves nonhermitean or nondefinite matrices. Our calculations 
have been carried out by using a generalized least-squares technique. Details 
of this method can be found in [11]. 

I I I .  R e s u l t s  a n d  d i s c u s s i o n  

We computed some Regge trajectories in the region -- 4 ~ Res ~ 3.5, 
- -  0.5 < l ~ 1.5 (l = l*). AH calculations were done for exchanged mass 

= 1 and the coupling strength was adjusted as ~-----16.38 to place the 
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h i g h e s t - l y i n g  ( p a r e n t )  t r a j e c t o r y  of  a h  e q u a l - m a s s  s y s t e m  (zl = 0) t h r o u g h  

l = 1 a t  zero  e n e r g y .  T h e  t r a j e c t o r i e s  w e r e  c a l c u l a t e d  b y  u s i n g  14 ba s i s  f u n c -  

t i o n s  ~%qh" F ig s .  1 - 3  do  n o t  i n c l u d e  r e s u l t s  n e a r  t h e  t h r e s h o l d  a n d  s o m e  

t u r n i n g  p o i n t s  w h e r e  t h e  c o n v e r g e n c e  o f  t h e  r e s u h s  is s e e n  to  b e  poor .  
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Fig. I. Regge trajectories for equal-mass systems. The parameters ate A ~ 0, ), ~ 16.38, 
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Fig. 2. Effect of the mass difference. The Regge trajectories were obtained for zl = 0.3, Ÿ = 
= 16.38, ~ = 1. Solid lines represent real trajectories at real squared energies. Dashed curves 

ate the complex branches 
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Fig.  1 shows the  equa l -mass  s i tua t ion  (zJ = 0). We  observe  two inter-  
sec t ing  t ra jec to r ies  wh ich  c o r r e s p o n d  to  exc i t ed  s t a t es  wi th  oppos i te  t ime-  

pa r i t y .  T h e  effects o f  the  mass  difference are s u m m a r i z e d  in Figs.  2 -3  b y  

choos ing  zJ = 0.3. Consider  f i r s t  t he  region where  t r a jec to r ies  o f  the  equa l -mass  

s y s t e m  a te  seen to  cross (s ~ 0.75, I ~ 0.03). Since the  co r r e spond ing  s ta tes  
h a v e  oppos i t e  t ime  pa r i t y ,  t he  mix ing  effect  o f  t he  a n t i - H e r m i t e a n  o p e r a t o r  

4AuO/Ox 4 (see Eq .  (20) )  leads  to  a c o m p l e x - c o n j u g a t e  pa i r  o f  t ra jec tor ies  wh ich  
c o n n e c t  two  col l iding real  b r a n c h e s  acco rd ing  to  p rev ious  p e r t u r b a t i o n  a rgu-  

men t s .  Fig.  3 shows the  deta i ls  o f  this  c o m p l e x  b r a n c h  inc lud ing  the  imagi -  

n a r y  p a r t  o f  the  energy .  I n  add i t ion ,  Fig.  2 inc ludes  two  o the r  c o m p l e x  b r a n c h e s  
o f  the  t y p e  a l r eady  seen. 

10 z / 

O.O 2.0 4.7 79 
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0 n r 
0.2 0.6 u2 t'O 1.d�91 
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c~ 
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Fig. 3. Details of the first complex branch of Fig. 2 (Lt = 0.3, Ÿ = 16.38, x = 1) 

W e  conc lude  t h a t  t he  slopes o f  Regge  t r a j ec to r i e s  are  v e r y  mode l  depend -  
en t  and  de ta i led  n u m e r i c a l  ca lcu la t ions  a te  neces sa ry  before  a n y  conc lus ion  
can  be  d r awn .  
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PACqET I-(OMFIJIEt(CHO-COFIPfl)t(EHttblX HAP TPAEt(TOPHI-'t PE~Dt~E C 
l-lOMOlllblO CKAYI~PHOFO YPABHEHHfl BETE--COJ1FIHTEPA 

i-(..FIA,I3,A H H 

Pe3[oMe 

YpaBHeHHe BeTe--CoJ]nriTepa ~~~ cKaJI~pHbIX qaCTHI~ npHBe~eHO K yrIp0LKeHHOMy 
BH~y, ~onycKatomeMy qHC~leH~0e pememm. ~TOT dp0pMaJm~M npHMetieH I< pacqeTy TpaeKTOpHfi 
P e ~ e .  Oco6oe BHHMaHHe y~eaetio 9~qbeKTaM cMemHBaHH~I yp0BHe~ nprl pa3~nqm,ix Maccax, 
IapHB0~~5[mHM K KOMIIJIeKCH0 C0np~>KeHHbIM napaM TpaeKT0pH~. T a K ~ e  paccqHTaHa MHHMa~I 
qacT/~ IIO.IIH0~ 3HepI'HH FIpH BeII~eCTBeHHb/X 3HaqeHH~lX yrJ~0B0r0 MOMeHTa. 
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