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SOME REMARKS ON "ENERGY-DEPENDENT" 
REPRESENTATIONS 

By 
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After explaining the meaning of energy dependent representation, we sketeh how it 
can be obtained for the case of the SL(2, C) group. Some physical applications ate also treated. 

S o m e  t i m e  ago we e x a m i n e d  t h e  p r o b l e m  h o w  one can  e x p a n d  a genera l  
t w o - p a r t i c l e - - t w o - p a r t i c l e  s c a t t e r i n g  a m p l i t u d e  in t e r m s  of  L o r e n t z  g roup  
r e p r e s e n t a t i o n s  a t  a n y  s a n d  t v a l u e s  [1]. T o  do this ,  f i r s t  one  h a s  to  def ine  t h e  
s c a t t e r i n g  a m p l i t u d e  a s a  f u n c t i o n  on t h e  g roup  in ques t ion .  As we no t i eed  
in [1], a poss ib le  a n d  in some  sense  des i r ab le  w a y  is t he  fo l lowing:  

fzlz2z3z,(s, t) = <pis121, p2s222 q p3s3~3, p4s4R4> = (1) 

< P  = / ~ ~ - k P 2 , / ~ ~ - P 2 ,  81~'1S2~2 lA TI ~ ' "  " : " PlP3 - P , ,  ss~ss4~4> : f~ (A)  
where  

; m I - -  m 2 - 

P :  I 2 ~m~-~lm~ § ~' s-- (ml-- m~)~, O, O, 2V~~m~ 1/~-(ml+m~)~) = 

i f  s > (ml~-m2) 2 

ml--m 2 i - -  ( ml-~-ml  ~' (m~+m2)-- s, O, O, 2V~hm2 V(m~ - m2) 2 - - s  
(2 Vm--~2 

ir  s < (m 1 --m2) 2. 

A i s  a L o r e n t z  t r a n s f o r m a t i o n  ae t i ng  on t w o - p a r t i c l e  s t a t e s ,  i ts  de t a i l ed  for ro  
t o g e t h e r  w i th  /51--~2 , /53--/~ 4 can  b e  f o u n d  in [1], P '  -~- P (1  ~-~ 3, 2 ~-~ 4). 
I f  we n o w  p e r f o r m  t h e  e x p a n s i o n  us ing  the  o r d i n a r y  Ijoajm > basis* of  t h e  
L o r e n t z  g roup ,  we  ge t  

f . ( A )  ~ ~ 0 ~ . ,  A T s , "  
= Jmlrn'( ) . (  Jo "" ")" (2) 

F o r  c o n t i n u o u s  v a r i a b l e s ,  l ike a,  i n t e g r a t i o n  is m e a n t  in  E q .  (2). T h e  e x p a n s i o n  
eoeff ic ients ,  i.e. t h e  T f u n e t i o n s  in E q .  (2) are  qu i t e  c o m p l i c a t e d  due  to  
<~P . . . .  / joajm . . . .  > t y p e  coef f ic ien ts  in it. T h e  m a i n  p r o b l e m  w i t h  t h e  

* In the I joojm > basis, J0 anda  characterize ah irreducible representations. To label the 
vectors of a representation space one chooses a subgroup of the Lorentz group; gr it is 
the rotation group. The [jm > states are representations of the rotation group. For further 
details, see, e.g. [3]. 
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l a t t e r  is t ha t  the l i t t le group of P i s  different  f rom th a t  chosen to label veetors  
in irreducible Loren tz  represen ta t ion  spaces. To simplify the  expansion we 
have  to  make the two groups identical.  Since the l i t t le group is given, this is 
wha t  we want  to in t roduce  as "basis  label l ing" group.  This problem,  toge ther  
with f inding the represen ta t ion  mat r ix  elements,  was solved in [2]. 

As the first  step, le t  us write P in the  following way:  

then  p 2 =  s : f 2 ( s ) v .  Comparing Eq.  (3) wi th  Eq.  (2): 

f (s)  : [(m 1 A- m2) ~rS ( m i - m 2 )  2 -4- (mi - -  m2) Vs - (mq  ]212 V~~m2 (4) 

if s > (mi �91 m2)2 

a n d a  similar expression below the pseudothreshold ,  hence 

v = s / p O )  (5) 
is a nice funct ion of s. 

Le t  M i and N i be the generators  of  the Lorentz  group commut ing  a s 

[M i, Mil = ieijkMk, [Mi, Nj l  = i~iykNk, [Ni, Ny] = - - i~ i jkM k. 

Here  M i generates the  rota t ions ,  N / t h e  boosts,  h is not  hard  to f ind  out  t ha t  
the l i t t le group of P i s  genera ted  by  

l + v  1 - -v  1-Fv 1 v 
31 - -  M 2 + Nx, $2- -  - -  M1 + N2 

2 2 2 2 

commut ing  as 
3 3  ~ M 3 

(6) 

[S1,  32 ]  = i'u33, [ 3  l ,  3 3 ]  = - - i 3 2 ,  [32  , 3 3 ]  = i31.  (7) 

The  Casimir opera tor  of this subgroup, wha t  we call sometimes in te rpola t ing  
group,  IG, is S~ + $22 ~ vS~. The s t ruc ture  of this in terpola t ing group and 
the  corresponding algebra as well as its basis depend on the  p a r am e te r  v 
which is propor t ional  to s. One can cheek t h a t  in the s > 0 region i t  is iso- 
morphic  to SU(2), at  s = 0 to E(2), in the  s < 0 region to SU( l ,  1) - -  if the  
masses ate unequal .  As s and, together  wi th  ir, v vary ,  this group interpol-  
ates between them smoothly .  

However ,  if the  masses are equal,  v = s/Is ], hence going to s = 0 from 
above,  we always have  SU(2), and coming f rom below always SU( l ,  1). Now, 
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since at  s = 0 bo th  SU(2) and SU(l ,  1) are little groups, their  minima] exten- 
sion is a l i t t le group too, which is SL(2, C). This fact is well-known, bu t  i t  is 
amusing to recover ir in this way.  

I f  we choose the interpolat ing group as basis labelling group, then  the 
basis of the Lorentz  group will also depend on s, as well as its representations;  
and in this sense we shall work with energy-dependent  representations.  
The need for energy dependent  representat ions appears not  only in this case. 
Examina t ion  of the dynamical  symmetr ies  of a eharged spinless harmonic 
oscillator in a constant  magnetic field presents a similar problem [4]. Sueh 
representat ions are also useful when t rea t ing  the H-a tom problem [5]. 

In the following, we shall br ief ly sketch how one can f ind  the explicit 
basis functions.  The details can be found in [2]. We s tar t  wi th  the basic formula 
for SL(2, C) representat ion [6]: 

u~ ~(z) = (~z+~)J0+O-, (~z+~) _j.+o_l ~ 1 ~z+~  ] t ~ -~~- j  ' (8) 

where ~ (z) are inf ini tely differentiable functions of one complex variable, 

[ ~ ~ ]  ~SL(2, C), ~~ -- /~7 = 1. 
g =  76 

Relation (8) does not  speeify the functions ~b(z). To do this, we can set ad- 
ditional equations.  

First  of all we derive from Eq. (8) the form of the generators as differen- 
tial operators act ing on q~(z). I f  we form out of them the  operators M i N  ~ and 
M 2 - - N  2, we get simple numbers,  so the function space of q~ is irreducible. 

To define basis funetions we form the S i operators and set 

(S~ + S~ + vS~) el) -~ vj(j  + 1) q~, S3~b ---- me .  (9) 

I f  we require t h a t  q~ should be one valued and regular at  z = 0, we obtain q~ 
uniquely. F rom Eq. (9) we can learn t h a t  the ~ funetions serve not  only as 
basis functions for SL(2, C) representat ions,  bu t  at  the  same t ime t h e y  ate 
representat ion functions of the interpolat ing group. 

F rom our basic relation it is no t  hard  to see tha t  ir we restrict ourselves 
to the SU(l ,  1) subgroup of the Lorentz group, the z plane breaks up to two 
disjoint regions since 

Iz'[ > 1 if Izl > 1 and iz' I < 1 if  lz[ < 1,  

/~z+~~z+/~ ,~-,~1 (10~ Z t - - -  ( ~ -  C SU(1,1) c S L ( 2 , C ) .  

This means t ha t  the SU(l ,  1) type  basis will appear with mult ipl ici ty two. 
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We do not  th ink  ir is necessary to g i re  here the detailed form of the  
funct ions,  as they  ate r a the r  complicated.  The inquirer  can found it  in [2]. 
B u t  we emphasize again t h a t  though the s t ruc tu re  of the algebra changes 
radical ly  with v, the r funct ions change smooth ly ,  wi thout  the appear ing of  
any  t ype  of singularities. 

One ma y  ask whe the r  our representa t ion  is un i t a ry  or not.  This depends 
on whether  one can or one cannot  in t roduce a scalar product  into the space of 
the  funct ions.  I t  tu rns  out  t ha t  i t i s  possible only  for special J0 a n d a  values;  
for  the  others,  the  posi t ive definiteness condi t ion cannot  be main ta ined;  hence 
we have  to work with some generalizat ion of  the  scalar p roduc t  wha t  is called 
invar ian t  bilinear funct ional  [6]. Using this,  we were able to caleulate  the 
normal iza t ion  of  the basis, the  finite group representa t ion  mat r ix  elements  and 
over lap functions be tween different  bases [2]. 

Fivishing our discussion we make some remarks  about  the applicat ion of 
this formalism for generalized part ial  wave analysis.  

I f  in the  expansion of the scat ter ing ampl i tude  we use energy dependen t  
representa t ions  instead of Ijdrjm > basis, the T functions of Eq.  (2) will be 
simple reduced mat r ix  elements,  which, beeause of  the W i g n e r - - E c k a r t  theorem 
depend only on the Casimirians. As the sca t te r ing  ampli tude is expanded  in 
t e rms  of  Lorentz  representa t ions ,  one tends  to write Lorentz  Casimirians iuto 
T. However ,  the sca t te r ing  ampli tude has a larger s y m m e t r y  group,  the Poin- 
cat›  one, and our  group is its subgroup. Hence  the  reduced ma t r ix  elements 
depend  only on Poincar›  Casimirians, e.g. on s and Ir/2. 

Since T does not  depend on J0 and a, we can perform the summat ion  on 
i t  in Eq.  (2); in this way  we get an expansion of  the scat ter ing ampl i tude  in 
t e rms  of  the in terpola t ing  group. This result  sectas to be trivial,  bu t  the  whole 
procedure  is not  useless. 

We can conclude t h a t  the general izat ion of  the ord inary  par t ia l  wave 
analysis  is not  singular a t  s --~ 0,  whereas in the  unequal  case the old fashioned 
one is; consequent ly ,  the  in t roduct ion  of Toller  or Lorentz  poles is no t  the  
only  theoret ical  way-out .  Secondly,  as the  reduced mat r ix  elements  do not  
depend On the SL(2, C) Casimirians in general,  the in t roduct ion  of Lorentz  
poles is a bi t  artificial.  However ,  as general ly at  s = 0 a large number  of Regge 
pol.es cont r ibute  with a lmost  equal weight,  the  SL(2, C) expansion can be useful 
to  handle  them since it  can correlate them,  at  least  in some sense. The detai led 
descr ipt ion of these and fur ther  results will be published elsewhere [ lb ,  7]. 
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H E K O T O P b l E  3 A M E q A H H H  O T H O C H T E J l b H O  
3ABIAC~]I~HX OT DHEPVI/IH 

K. CEF]~ H K. TOT 

r lP  E,i~CTAB.rlEH HIel 

PeamMe 

I-Ioc.iie O‰ HOH~ITItYl ~r 3aBHC~IHee OT 3HepFHH�87 paccMaTp~- 
aaeTc~, KaK 0H0 M0>~eT 6btTb nonyqeno ~~~ c~yqa~ rpynn  SL (2, C). OnHcb, BaIOTC~ HeKOTOp~e 
qbH3HqecKHe rlpHMeHeHH~I. 
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