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ON T H E  OFF-MASS-SHELL CONTINUATION 
OF T H E  V E N E Z I A N O  MODEL 

By 

F. CSIKOR* 
JOINT INSTITUTE FOR NUCLEAR RESEARCH, DUBNA, USSR 

The problem of incorporation of currents into the Veneziano model is studied. The case 
of axial rector current is treated in detail on the example of the off-shell ~~ ~ ztzt, Agu -~ ~rJr 
ah d Ag~z ~- Agu processes. 

Introduction 

Recent ly  some interest has been devoted to the incorporat ion of currents 
into the Veneziano model. The case of vector  currents  has b e e n  extensively 

studied by  BROWER and WE/S and others [1] in the f ramework  of the generaliz- 

ed Veneziano model. At  the present  stage of development  of this theory  it is 

not  ye t  possible to s tudy  axial currents  in this f ramework.  Therefore, as we 
want  to s tudy  axial currents, we shall confine ourselves to four-point  functions 

only. Thus our t r ea tmen t  will be more physical  in the sense t h a t  the particles 

(external and leading t ra jec tory  particles) will have their  physical  masses. 
A s a  par t icu lar ly  simple example we shall s tudy  the  scat ter ing ampli tudes 

of the A~,u --~ A~u, A , u  -+ u~, u~ -+ ~~ processes. The reasons for choosing 

these processes ate:  
a) The related on-shell processes have very simple Veneziano amplitudes 

as only a single t ra jec tory  contr ibutes  and the problems of external particle 

spin can also be solved (at least to leading t ra jec tory  level) in this case. 
b) These processes form a relat ively closed subsys tem in the boots t rap  

scheme of all processes. 
c) Using the soft pion method,  one may  ext rac t  informat ion on the pion 

electromagnetic  forro factor.  
We first list some fundamenta l  properties of our model which we believe 

mean an improvemen t  compared  with numerous  other  a t t empts .  In  a Veneziano 

model with linear trajectories and daughters  it is na tura l  to assume tha t  the 

axial r e c t o r  cur rent  is sa tura ted  not  only by  the ~ and A 1 mesons, therefore 
we take  into account  the higher mass ~ and A 1 mesons (Fig. 1), too. Fur ther -  

more, we have carefully carried out  the off-shell cont inuat ion  in the momen-  
tum of one final u in the A~~ --~ ~ru, ~u -+ ~ru ampli tudes  and also in the 

* On  leave  of  absence  f rom R o l a n d  E 6 t v ~ s  U n i v e r s i t y ,  B u d a p e s t .  
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I ,, 

Fig. 1 
/ / ----~ t 

m o m e n t u m  of one of the  initial pions in the  x~  --~ ~x ampli tude.  This is 
necessary,  ir one wants  to compare  the Veneziano model  with cur ren t  a lgebra  
and divergenee algebra (e.g., it is essential in the de te rmina t ion  of the pion 
form factor ,  too.) 

Final ly,  we have to realize tha t  at  present  we m ay  hope to cons t ruc t  a 
model  which is sa t i s fac tory  on the leading t r a j e c to ry  level only. One reason 
for this is t ha t  ir is the case for the Aln --~ Al~ ampl i tude  (which is re la ted  to  
the  y/r A,rr  ampli tude) ;  ano ther  reason will be ment ioned below. 

Preliminaries 

The  definit ions of  our  ampli tudes are the  following: 

T v I" ilj? ] =fa' xe -ipx (~q'jlT(A~(x)An~(O))12rqi>, 
(qpq kJ 

T [qPq(iljn' k } ] = i f  d~xe-i'vx(zcq'J'lT(AL(x)O'A"(O))12tqi>' (1) 

T ( ilJ 7 ] = f d "  xe -ipx (ztq'J'lT(O" Al(x)~" A"(O))]z~qi>, 
[qpq kl, 

where _d, is the axial vec to r  current ,  i, l, j ,  n are isospin indices, q, p ,  q', k ate 
momeBta.  

The  ampli tudes are connected by  the PCAC equations:  

,, F~(t) 
T, ,k"= T~-i(OitO]n OinOu)(q+q ) t ~ ~ '  (2) 

T p~ = T + i  ~ t ,  (t), (3) 

where F=(t) is the pion electromagnet ic  form fac tor  and St"(t) is the a-term: 

Zt"(t) = -- i J" d 4 xO(Xo) e-iP x <rrq'jl[Ato(X), O" A"(0)] I~qi>. (3') 

The residues of T~v at  the appropr ia te  values o f p  2 and k 2 ate propor t ional  
to the  A~(x*)~ -+ A**(~r**)~ ampli tudes,  where the stars denote  the  higher  

Acta Physica Ar Scientiarum Hungaricae 31, 1972 



OFF-MASS-SHELL CONTINUATION 141 

mass A 1 (or ~) particles. Similarly T~, is connected to the  AŸ --+ 7r**7r and 
T to the x * ~ - +  .-r**~ ampli tudes.  

In cons t ruc t ing  the model,  we shall proceed in the  order  T -~ T,  --+ T,,. 
The number  of independent  invar ian t  functions (using all the  crossing and 
isospin constraints)  is 2 for the ampl i tude  T, 6 for T ,  and 20 for T~~. Thus,  
for the sake of b rev i ty ,  we shall deal here  only with the I~ --  2 ampli tudes and 
shall not  write down all the formulas.  We refer the reader  for details and comp- 
lete formulas to the original papers.  

The ampli tude T 

The first  task  is to cons t ruc t  the ~*~ --+ Jr**~ ampl i tude.  This is given by  
the same expression as the ~~ -+ ~~ ampl i tude.  E.g., the  Is ~- 2 ampli tude is, 

as it is well kuown:  
~ f o ' B ( t , u ) ( 1  ~ ( t ) - ~ ( u ) ) ,  (4) 

where 
I" (1 a ( t ) ) F ( 1 - - ~ ( u ) )  1 B(t, u ) =  ; a(t) = - -  -+- b(t-  m 2) 

F(2 - - a ( t ) -  ~(u)) 2 

and b is the universal  t r a j ec to ry  slope. As LOVELACE [2] pointed out,  this 
expression is a good candidate  for the  off-shell ampli tude,  as ir satisfies the  
Adler condit ion.  La te r  on SUURA [3], OSBORN [4] and CSIKOR [5] pointed out  
the necessi ty of including the higher  mass pion poles. So the off-shell ampl i tude  
is obta ined by  the  replacements :  

where 
- +  o ' - + f ( k - ' )  L f(p-), f~ 

f(p2) = F [  1 _ ~(p2)),f(p2) 

and f(p2) has no poles at all. The  a rgument  of the /" funct ion is --~~(p'-'), 
which yields the expected pole s t ruc ture .  

As poin ted  out  by  CSIKOR [5] and ELLIS and OSBORN [6], the daugh te r  
s t ructure  of this ampli tude is far f rom being realistic. In raer, ah infinite num- 
ber of satellite te rms are needed to correct  this. So we conten t  ourselves by  
saying tha t  the above ampli tude is correct  only to the leading t ra jec to ry  levcl. 

The above ideas can be ex tended  to o ther  processes, such as K~ and K K  
scat ter ing [4, 7]. This off-shell Veneziano model is in reasonable agreement  
with the chiral s y m m e t r y  breaking model of GELL-MAN~, OAKES and REI~NER.* 

* In the literature there has been some debate about this statement. We want to 
emphasize that all the diseases can be cured by taking into account explicit momentum depend- 
ence of the type described above and satellites. We refer to the recent paper by YONEYA 
et al. [8], which illustrates this point. 
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The amplitude T~ 

A number  of a t t empt s  have been made  to cons t ruc t  the ampl i tude  T~ 
a l ready in the early t imes of Veneziano theory  [9]. However ,  all these a t t empt s  
keep the  final s ta te  pions on the  mass-she11 (and take  into account  only  the 
lowest ~ and A 1 poles). An ampl i tude  whieh is off  the mass-shell in bo th  
Pu and k~ has been given in [10]. This ampl i tude  is b y  no means sa t i s fac tory  as 
it contains an unphysical  pole at  p2 ~ 0. A model  which avoids this diff icul ty  
has been given in [11] and we shall now explain the main ideas of  this work. 

Before s tar t ing wi th  the  construct ion,  it is convenient  to s ta te  two 
simple theorems.  

a) I f  a concrete model for T, T u satisfies the  PCAC Eq.  (3) (for all m o m en ta  
Pu, k~), exhibits  the correct  pole s t rueture  and satisfies the crossing condit ions,  
t hen  the  expression of Tu taken  at k,  ---- 0 will be au tomat ica l ly  t ransversal .  

b) I f  in addit ion to the  conditions of theorem a), the ampl i tude  T satisfies 
the  Adler-Weissberger  condit ion,  then  F,~(t), as de termined  from T~ in 
the soft pion limit,  has the correct  normal izat ion.  

So in the const ruct ion  we have to concen t ra te  only on the condit ions of 
these theorems.* We assume tha t  T,  is a sum of  three  terms:  

7' ~ qp0x0) ~ qp(oxo)A_t ~, ~~ -r  ~~ _ .~, (5) 

where _~T0X~ only to the on-shell ampl i tudes  A ~ ~ - +  7r**~, T(~ ~176 
cont r ibutes  only to the on-shell ampli tudes n*~--~ n**~,  and t, does not  
con t r ibu te  to the ampl i tudes  on the mass-shell, t u ensures tha t  the  PCAC Eq.  
(3) is fulfilled. 

The  A*~r ~ zt**~ scat ter ing ampl i tude  is given by  the well known 
GO~BEL, BLACKMO~, WALI expression [13], e.g. the  Is = 2 ampl i tude  is: 

f~[#(k~(2:r -- zr -- 1) -- (q + q')#(X ~(t))) 
(6) 

-2~' (k. + (q + q')~)] B (t, u), 
# ' ,  # correspond to the s and d wave-coupling constants  of A~ --* ~zt decay,  
# ' ,  # ate free parameters .  

T(, l~~ is obta ined from the expression (6) b y  the  following replacements :  

L ~f(k~), 
{ F,(:) .(o) / .V, 

# . l , - - *  g , z # ( p  2) - p,  pz pe (7) 

~ t ( p 2 ) - -  ~ ' ( 0 )  

/~"l~--+ ( g"~/*'(p2) - p~p~" p2 ) "I~' 

* These theorems underline the importance of a careful continuation in the momentum 
k.. In fact, in s [3, 12] this continuation was not carried out carefully, which led to difficulties . ~  . �9 . 
in the determlnatlon of the pion forro factor, namely at the kinematics kt~ = 0 Tg turned out 
to have a longitudinal component, too. 
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where Ir is an arbitrary momentum. The function f(k 2) is the same as before, 
and 

with ~(p2)a  nonsingular function {~- ~(p2)=--XA,(p2)l. 

Similarly, T(~ ~176 is obtained from the ~*~ --+ zt**~ amplitude given in 
Eq. (5) by the following replacements: 

f e - +  f(p2) f(O) P~, f £ (8) 
p2 

The above construction ensures that  on the mass-shell T~ lx~ and T~ ~176 
contribute only to the relevant amplitudes. Moreover p~'(T~ lx~ + T(~ ~176 
- -  T -- i Zln(t) has no singularity in the variable p2, so we have a chance that  
t~ (which is determined from the PCAC Eq. (3)) is also nonsingular in p2. 

The determination of ti, is a little tricky.* For details we refer to [11]; 
here we note only that  non-Veneziano type  terms necessarily occur. To see this 
let us write down the PCAC equation (T i denote the invariant functions of 
T,): 

T~.p2-+ T, 2 s+u--2m2 +Tj s- u _ T(s,t,u, p2, k2)_T(m~,t, m2,0, t)" (9) 
2 2 

The last term is the a te rm,  which has clearly non-Veneziano forro, and genera- 
tes a non-Veneziano type term in t,, too. These non-Veneziano type terms 
exhibit fixed power behaviour for large s. 

Using the soft pion method one gets the following expression for the 
pion electromagnetic forro factor: 

F~(t) = const. {(#(t) /~(0)) (1 ~(t))+2(p'(t)  #'(0)) -- 

- 4t(~(t)-- ~(t, O) ) +bf(O) F { ~  -- ~(O)] + 

+ f(O) F � 9 1  o~(O)l b {9{-~) -~v(-~ -~(t)) )} "B(m~,t), 

(lo) 

* Our main guide is that we have to avoid unphysical p o l e s .  
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where W(x)= I " ( x ) / I ' ( x )  is the logarithmie derivative of the q funetion, 
~(t), ~(t, 0) are unknown, nonsingular functions (which come from the nonuni- 
queness of ta). The pole structure of this expression is as expeeted. The lesson to 
be drawn from this complicated expression is, that  without additional 
assumptions one cannot make any definite prediction for F~(t). 

T h e  T~, amplitude 

The T~~ amplitude can be construeted from the relevant on-shell amplitu- 
des using very similar ideas. Of course, the calculations are rather lengthy 
(we have 20 independent invariant functions). So we point out here only the 
special difficulties. For details we refer to [14]. 

The first diffieult point is the on-shell AI~ --* AI:r amplitude. The new 
features are of course conneeted with the non-zero spin of the external particles. 
Furthermore, we have now non-trivial factorization conditions, as illustrated in 

l r  

[ A ' I " (A/~  ) , ,  

I 

!r 11 'Ir fr 

Fig. 2 

Fig. 2. AII these questions are treated in detail in [15] and [16]. We have 
essentially aecepted the solution of LASLEY and CARRUTItERS with some modi- 
fications.* A s a  result we have g o t a  u n i q u e  three-parameter ( +  s coupling 
constants) solution. 

This solution can be extended with some effort to the A ~ ~ - ,  A**~ 
amplitudes. As one of the invariant funetions vanishes if A~ and A** is the 
~ame particle, the extension for A~ =~ A~'* yields nontrivial information. 

As in the case of T~, T~,,, will be built up a s a  sum of several terms: 

T(lXl) ~_ T(lxo) ~ T(OXl) 2~_ T(OXO) T , ,  = - , . v  t -~o - - - t , v  - - -  ~,u + t ~ , , .  

The meaning of the various terms should be clear from the diseussion of the 
Tg amplitude. Only the construction of T (lx0 gives rise to new difficulties, 
as not all parameters appear in product form in the on-shell amplitudes (e.g. 

* F i r s t  the  Adle r  eond i t i on  is i mposed  inco r r ec t l y  in [15]; seeondly ,  we h a v e  r e m o v e d  
one  o f  t he  cond i t ions  o f  [15], w h i c h  m e a n s  a r e s t r i e t i on  on  t h e  s i g n a t u r e  o f  a d a u g h t e r  t ra jee-  
t o ry ;  t h i r d  we h a v e  k e p t  m 2 ~= 0 t h r o u g h o u t  t h e  ea leu la t ion .  De ta i l s  of  th i s  as well  as e o m m e n t s  
on  WHIPP~aA~I's p a p e r  are  g i ven  in  [17]. 
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the  coupl ing cons tan t s  of  the  A[A[*Q v e r t e x  do not) .  Clearly some addi t ional  
assuinpt ions a te  needed here which,  of  course, increase the  arb i t ra r iness  of  the  
procedure .  

We w a n t  to  no te  t h a t  the  fac tor iza t ion  condi t ion ( i l lustrated in Fig. 2) 
is not  sat isf ied a u t o ˜  for  our  aInpl i tude.  So we have  to impose  this,  
which severe ly  res t r ic ts  the  a rb i t ra r iness  of  t~,. 

A f inal  r e ina rk  concerns the  FVmNI--DAsHEN--G~LL-MANN sum 
rule [18]. Our  a inpl i tude  does not  sa t i s fy  this sum rule autoinat icaUy.  I f  we 
iinpose ir, we get  severe res t r ic t ions  for  the  pion e lect roinagnet ic  forin fac tor  
F~,(t). Ainong others ,  this res t r ic t ion f ixes the  ra t io  of  the  two  coupling cons- 
t an t s  of  A~ --+ Q~r decay,  na inely  (using the  no ta t ion  of  [19]) we g e t / G r q  
= 0 . 9 0 ~ 1 . 1 .  The  exper imen ta l  nu inber  is [20] 0 .65-4-0 .25 .  While this  is 
quite appeal ing ,  for ]arge t the  res t r ic ted  F=(t) behaves  only as Itl -~~2 log bit[. So 
we prefer  to say  t h a t  onr  a inpl i tude  does not  sa t is fy  the  F D G M  suin rule. 

Coneluding r emarks  

The  p rocedure  for the  cons t ruc t ion  of cur rent  a inpl i tudes  out l ined above  
is clearly appl icable  to o ther  processes,  too. The  Inain diff icul ty  is t h a t  unt i l  
now we have  no rea]ly reliable on-shell  a inpl i tudes  for  the  phys ica l ly  mos t  
in teres t ing cases [21], e.g. for the  case of  a p ro ton  t a rge t .  An interes t ing a t t e m p t  
in this direct ion has  been made  b y  Kor~rTscnNY and M,~JrROTTO [22], a l though 
the on-shell  a inpl i tudes  and also the  cont inua t ion  a te  v e r y  crude ye t .  Clearly, 
a real  progress  in the  cons t ruc t ion  of on-shell a inpl i tudes  would induce a 
progress  in the  cons t ruc t ion  of  cur ren t  ainpli tudes,  too.* 
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O FIPO~OJI)at(EHHH MO,/~EMH BEHE3HAHO BHE MACCOBO171 HOBEPXHOCTH 

PealoMe 

I/I3yqeHa npo6JmMa BKJIIOqeHH~I TOKOB B MO,2leJIb BeHe3HaHO. ,lleTaJ]bHO pacCMaTpHBaeTcfl 
cJ~yYafi aKCHaJIhHOFO BeKT0pHOFO TOKa Ha npHMepe r~poueccoB BHe MaCC0B0!~ II0BepxHOCTH 
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