
Acta Physica Academiae Scientiarum Hungaricae, Tomus 31 (1-3) ,  pp. 75-84 (1972) 

SCALE INVARIANCE, GOLDSTONE BOSONS 
AND THE f' TRAJECTORY* 

By 

Y. FUJII  

]NSTITUTE OF PHYSICS,  COLLEGE OF G E N E R A L  EDUCATION, U N I V E R S I T Y  OF TOKYO,  TOKYO,  JAPAN 

We propose that the f '  trajeetory at uf. = 0 van serve the tole of a Go]dstone boson for 
cale invariance and discuss experimenta[ cortsequences that follow from such ah association. 

Introduction 

One of  the  mos t  i m p o r t a n t  quest ions on scale invar iance  in e l emen ta ry  
par t ie le  physics  is how good this invar iance  is in the  real  world.  In  this connec- 
t ion GrLL-MAnr~ [1] emphas ized  t h a t  there  ate  two ways  in which scale in- 
v a r i a n t e  mani fes t s  itself. In  one w a y  ( i )  the  masses  of  all the  part icles will be 
massless in the  l imi t  of  scale invar iance .  The invar iance  is v io la ted  to the ex- 
t en t  t h a t  the  nucleon mass,  for example ,  has a va lue  ~v l  GeV. In  ano the r  w a y  
( i i ) ,  the  par t ic les  m a y  be mass ive  even in the  l imit  of  scale invar iance  p rov ided  

there  is a • a m b u - - G o l d s t o n e  boson,  i.e. a massless scalar  meson.  A measu re  of  
viola t ion of scale invar ianr  would be given b y  how much  mass ive  this  Gold- 
s tone boson is in the  actual  world. The  a rgumen t s  on these points  will be  re- 
v iewed br ie f ly  in the  following. 

As ah i l lus t ra t ion considcr the  m a t r i x  e lement  of  the s t ress -energy-mo-  
m e n t u m  tensor  0,, be tween  the  s ta tes  of  a spinless par t ic le .  Using Loren tz  
covar iance ,  p a r i t y  conservat ion ,  t ime- reversa l  invar iance ,  one can wri te  the  
mos t  general  fo rm given b y  [1] 

(p'[O~~lp) = ~ [2P. P~ F(k2)@(k 2 ~gv--ksk~) G(kZ)] , 
2E 

(1) 

p 
where p , ,  p~ are the  m o m e n t a  of  the par t ic le  in the  ini t ial  and  final s ta tes ,  and 

1 r ! 

= 2 ( P ~ + P " ) '  k~ = p ~ - p ~ .  

* Enlarged version of the paper by C. B. Chiu, Y. Fujii, and W. W. Wada, Lett. 
Nuovo Cimento, 1, 110, 1971. 
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One can check tha t  the  forro (1) is consistent  wi th  the  conservat ion law 0~0~, -~ 
= 0. The  first  form fac tor  F(k 2) is normalized as 

F(0)---- I. (2), 

One now uses the fact  t h a t  0~, is traceless in the l imit  of scale invar iance ;  

0 . .  = 0.  ( 3 )  

This is der ived from the geometr ical  considerat ion.  The only quest ion is how to  
modi fy  the  usual def ini t ioa of  the  "canon ica l "  s t r e s s - e n e r g y - m o m e n t u m  ten -  
sor der ived from the field theore t ic  Lagrangian.  See the  papers  by  STaATHOEr 
and TAKAHASHI [2], and b y  GELL-MAr~r~ [1]. 

Imposing the condit ion (3) onto (1) one obtains 

' 0 1 [2P  2 F(k2)~-3k2G(k2)], 0 = <p I ~~IP> = - ~ -  (4), 

which gives a const ra int  on two forro factors  F(k  2) and G(k2). Par t icu la r ly  in- 
teres t ing is their  behavior  for  k z ~ 0. Not ing  p2 ~ p2 ~ __m ~ in this l imi t  
one finds two cases: I f  G(k 2) is f ini te  at  k z = 0, Eq.  (4) giyes 

--2m2F(0)  = 0, 

which combined with (2) gives 

m 2 =  0. 

This corresponds to the case (i) ment ioned above.  On the other  hand,  o n e  
ma y  assume tha t  G(k 2) has a pole at  k 2 = 0. Eq.  (4) is then satisfied b y  

2 m 2 
c ( k ~ )  - (5)  

3 k 2 

This pole can be in te rpre ted  as the emergence of  a massless scalar boson ( the  
N a m b u - G o l d s t o n e  boson) which will be hereaf te r  called the 0 h meson. 

The  ma t r ix  e lement  (1) is the " fo rm  f ac to r "  of  a coupling of the par t ic le  
to the gravi ton,  since 0~~ is a source of the gravi ton.  Eq.  (5) will corres- 
pond to the  fact  t ha t  the diagram (a) of Fig. 1 contains a par t  whieh is domi- 
na tcd  by  the exchange of the  0 has  i l lustrated b y  the diagram (b). One realizes 
a close analogy to the pion dominance in the weak  coupling of a hadron  to  
the leptons.  
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In  the  d iagram (b) the  cons tan t  for  the gravi ton--0~ junc t ion  is denoted  
by  fo (times the  gravi ta t ional  cons tant )  while the coupling of  a hadron labeled 
by  i to  0~ is denoted  by  foii" The  ampl i tude  corresponding to the diagram (b) 
is then  given by  

G ( t ) -  fofoii , (6) 
- - - t  

where t---- - - k  2. Comparing this wi th  (5) one obtains the relat ion 

3 
li  m2 = - ~ f o f r  ( Ÿ  

which is the exac t  analogue of the Goldberger -Tre iman  relation. 

/ k 
~ k  / 

/ / 

(o) (b) 

Fig. 1. Diagrams for (p']Og~Ip> 

Now the  quest ion is whether  there  is a scalar meson which is l ight enough 
to  be considered as ah approx imate  Goldstone boson. The meson should be 
isoscalar as far  as the e lect romagnet ic  mass differences ate neglected.  There  
are some candida tes  like ~ (750 ~-~ 900 MeV) or S* (1070 MeV). They  are, how- 
ever,  a lmost  as heavy  as the nucleon of the  Q meson, etc. This would mean  tha t  
there  is no preference of  the  second mechanism (the emergence of the  Gold- 
s tone  boson) over  the  f irs t  one in which finite masses of  the  ord inary  part icles 
a te  the  mani fes ta t ion  of the  violat ion of  scale invariance.  

I r  would be here worthwhile  to recall t h a t  our  concept  of the part icles 
had been changed drast ical ly in the  last  decade. We have  now the Regge pole 
theory .  W h a t  we ate going to do in this paper  is to t r y  to app ly  this new con- 
cep t  to  the  Goldstone boson so t h a t  one m ay  consider the  real world to be 
v e r y  close to  the  l imit  of scale invariance.  

Being mo t iva t ed  in this way  one can look at  the Chew-Frau t sch i  plot  
to f ind immedia te ly  t ha t  there  is a t r a j ec to ry  which goes v e ry  close to the  ori- 
gin. I t  is the (exchange degenerate)  Ÿ - -  f '  t r a jec tory .  The  value of t o for  which 
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this t r a j ec to ry  passes t h rough  the abscissa, is the order  of •  2. One migh t  
say t h a t  there  is some spinless, isoscalar object  having the squared mass t e. 
Of  course, no such part icle  has been observed exper imenta l ly .  One usua l ly  
appeals to  the so-called ghost  killing mechanism.  The  simplest of  such is t he  
choosing nonsense mechanism by  which the sca t te r ing  ampl i tude  correspond-  
ing to the exchange of  this t r a j ec to ry  contains a numera to r  which behaves  
like ~ ~(t) so t ha t  the pole behavior  at  ~(t) ---- 0 is cancelled. We ate going to  
see if this "nonsense po in t "  of  the f '  t r a j ec to ry  is identif ied as the Goldstone 
boson we are looking for. 

Consider scat ter ing of the  part icle i and the part icle  j in the  t channel .  
The scat ter ing ampl i tude  will then  be given b y  

T(t) ~.~ ~(t) (8) 
sin ~~(t) 

The F e y n m a n  ampli tude,  on the  other  hand,  corresponding to the exchange o f  
a meson 0 4 whose mass is assumed to be exac t ly  zero jus t  for s implici ty is 
given by  

T(t ) - .~  fe,~ fojj (9) 
t 

Comparing (8) and (9), and accept ing the l inear  t ra jec tory ,  one realizes t h a t  
the  coupling s t rength  f0ii cannot  be a cons tant ,  b u t  should be propor t iona l  to  

/rt; 
foi~(t) = I/7 g0ii, (10) 

where geii is a constant ,  or at  least  f inite at  t = 0. This is, no m a t t e r  how s t range 
i-t m a y  appear,  an inevi table  conclusion f rom the  choosing nonsense mecha-  
i tsm and the  factor izabi l i ty  of the residue funct ions.  Note also t h a t  the Ve- 
nez iano- -Love lace  ampl i tude  gives the same result .  Subs t i tu t ing  (10) into (6) 
one obtains 

G(t) - -  foge~i ~r~ 
- - t  

The second te rm of (4) then  vanishes for t -~ 0 i f f o  is f ini te at  t = 0. The only  
way  in which the second t e rm survives so t h a t  the  nonsense poin t  of the fr 
t r a j ec to ry  serves a s a  Goldstone boson is t ha t  f0 is inversely propor t ional  to Vt; 

1 F ,  lo(t) = -~-  0 (11) 

where F 0 is a eonstant ,  or at  least  finite at t = 0. One may  argue at  this point  
if  a singular form (11) may  cause any serious diff iculty.  Before answering this  
que~tion, we discuss wha t  the  part icle p ic ture  of our  0 4 will look like. 
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The  behav ior  as given by  Eq.  (10) is supposed to  be t rue  for  every  hadron ,  
so tha t  the pole t -1  is always cancelled in any ampl i tude  of the  hadron inter- 
actions. This means t ha t  the  0 4 can never  be observed a s a  part icle  as long as 
one is looking at  the  s trong in teract ions  of hadrons.  The  same would be t rue 
also for the  in terac t ions  of hadrons  and photons  if the  photons  ate absorbed 
of emi t t ed  always th rough  r e c t o r  mesons. The s i tua t ion is not  clear for  the 
weak in terac t ion .  I t  is r a the r  l ikely t h a t  the pole t -1 appears  in the ampli tudes  
involving gravi tons.  The 0 h is then  a real  part icle which m a y  decay into a 
number  of gravi tons of be produced  th rough  the g rav i ton-hadron  collision, 
for example.  In  the  following we dis.cuss other  questions which will arise from 
our approach.  

I. Graviton--Oz mixing 

Prac t ica l ly  one does not  have  to worry  about  the singular behavior  (11), 
since in the lowest  order  terms in the ex t remely  small gravi ta t ional  coupl ing 
cons tant  the f ac to r  1/Vt is so designed as to be cancelled b y  another  factor  
Vt in (10). In  principle,  however,  one can invest igate  the  effect of the higher 
order terms.  We are par t icu lar ly  in teres ted  in the infini te  sum of  the diagrams 
like those in Fig. 2. This mixing problem between the 0~ and gravi ton can be 

- - - - - - X ~  X - - - - - -  

. . . .  X ~ ~ ~ . ~ . X  - - - -  - X ~ ~ v ~ .  • -- -- -- 
Fig. 2. Examples of diagrams due t o  the mixing between the graviton and the 0~. 

solved basically. At  this moment ,  however ,  we can repor t  only the results o f  
ah exercise - -  the  mixing problem between a massless vec to r  meson and a 
scalar meson, 0 h. The  mixing in terac t ion  is given b y  k ,e , fo( t ) ,  where % is the  
polar izat ion r e c t o r  and fo(t) will have the forro (11). After  solving the Dyson 
equat ion in the ma t r ix  form, one obtains the resuhs  summarized  as follows: 

( i )  The vec tor  meson remains massless af ter  the  mixing is tu rned  on. 
( i i )  The squared mass t o is changed to i0 by  the am o u n t  which is second 

order  in the gravi ta t ional  coupling constant .  
( i i i )  The fields V~ and ~ are re la ted  to the diagonalized fields V~ and 

a~ follows: 
V~ = b11V. A V b12O,q, 

= b21~,~, + b,2(~. 
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The  eonstants  are de te rmined  as 

bll = 1, b12 ~Jo(fo),  

b21 ~ 0,  b22 ~ 1.  

The  result  of b12 shows t ha t  an inf ini ty  can be avoided if  

~0~  O. 

These qual i ta t ive  results  ate expected  to remain  the same i f  one replaees 
the  vec to r  meson b y  the  gravi ton.  The analogue of  the f irs t  poin t  ( i )  will 
say  t h a t  main features  of Einstein 's  gravi ta t ion  theory  remain  unal tered.  
I t i s  clear, however,  t h a t  the  second order  tensor  field which describes the 
grav i ton  is no longer traceless.  I f  the spinless pa r t  eorresponding to this t race  
turns  out  to be massless, the  resulting modif ica t ion of Einstein 's  t h eo ry  m a y  
be somewhat  similar to DICKE's theory  [3]. 

II .  S U  3 t r a n s f o r m a t i o n  p r o p e r t y  o f  O~ 

I t  is well-known tha t  ~o and f '  ate v e r y  close to the " idea l "  mixing of 
SU 3 so t h a t  t hey  t r ans fo rm like XX in te rms of  quarks.  I t  is na tu ra l  to expec t  
t h a t  our  0 h also t ransforms in this way. I f  one appeals to the s imple-minded 
quark  count ing model,  one immedia te ly  obtains 

go,l.~. _ 4 (12) 

goK~ 3 

where % represents  the pure ly  oetet  ~ meson. Combining (12) with (7), o n e  

gets the  mass relat ions 

2 0 ,  mn2 4 

which are consistent  wi th  GMO mass formula.  I f  one applies the  same proce- 
dure  to the  nonet  r e c t o r  and tensor  mesons, one obtains the familiar  equal 
spacing law, bu t  with 

2 ~ O, m 2 ~ 0 m~ A, , 

since the  Q as well as the  A 2 do not  contain the  s trange quarks.  One realizes 
t h a t  we need something else to give the masses of these lowest  levels. I r  is 
no t  ye t  clear which of the  mechanisms (i)  and (i i)  is responsible for  these 
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masses. (See, however, the following Section I-V). Foeusing our attention 
to the SU 3 breaking part at present, we modify the previous formula (7) to 
the form 

3 E 6m~ = - - ~  egeii, (13) 

where we have replaeed lo and foit by F o and g0n, respectively, by using (10) 
and (11). 

Similar calculations can also be carried out for the fermions. Correspond- 
ing to (13) one obtains the result, 

~mi = 3Fo goii" (14) 

Again the 0 h gives no contribution to the nonstrange baryons like N of A. Con- 
trary to the squared mass formula (13) for the mesons, one obtains the linear 
mass formula (14) for the baryons. Again using the simple quark eounting for 
the estimate of the coupling constants, one obtains the equal spacing law for 
the baryon masses (neglecting the mass difference between A and 2:). For the 
later use, we quote one of the results 

gOK~ 2m~ 

~~~ m~--mN 
(15) 

whieh is easily obtained from (13) and (14). 

IH. Broken chiral symmetry 

Aecording to our seheme, we find that  the Hamiltonian (~- --044 ) con- 
tains a part  which is dominated by the 0~. This part elearly transforms like 22. 
On the other hand, GMOR Hamiltonian 

H' .-- u o + c u s ,  

whieh violates ehiral SUz X SU 3 has the similar SU 3 transf£ property. 

In fact, the eonstant c was found to be very e]ose to --~f-2. In the approxima- 

tion in which the pion mass is neg]eeted, c is exaet]y equal to - -  V2 so tha t  the 
whole H'  transforms like ~~. One may speculate that  the part of the Hamilto- 
nian which is dominated by 0 his identical with the GMOR Hamiltonian. I f  
this is rea]ly the case, the SU 3 X SU 3 violating Hami]tonian is almost invariant 
under seale transformation, contrary to GELL-MANN'S conjeeture that  GMOR 
Hamiltonian a]so violates scale invariance [1]. 
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IV. Exotic nature of the O s 

As was emphasized in Seetion II, we need something whieh lifts up 
the SUz multiplets other than pseudoscalar octet. The violation of scale in- 
variance associated with this might be of the type ( i )  without the Goldstone 
boson. I t  seems still worthwhile to explore the possibility that  there is another 
Goldstone boson, which will be called O S. We expect tha t  there is another uni- 
ta ry  singlet trajectory whieh is almost degenerate with the f '  trajectory. 
This trajectory will couple to the hadrons other than pairs of octet pseudo- 
scalar mesons. This suggests that  the new trajectory is exotic in a sense tha t  
it  does not allow simple quark counting. 

We also noticed tha t  the GMOR Hamiltonian is the part dominated by 
the 0 x. On the otller hand, we know that  there must be the part of the Hamil- 
tonian which violates chiral U 3 x U  3 but conserves SU3• 3 [4]. The term 
having this property must also be exotic in a sense tha t  it eannot be represented 
by the forro ~/q. I t  seems therefore natural to speculate that  this is the part  
whieh is dominated by the O s. 

In this connection it is also interesting to note that  AR•OLD [5] proposed 
reeently tha t  there is an exotic, and Pomeron-like trajectory which has the 
unit intercept and the "normal"  slope. Our O s may belong to a daughter of 
ARr~OLD'S trajeetory. 

V. An experimental test 

I f  we make a full use of the simple-minded quark eounting, we can pre- 
dict results whieh can be tested in ordinary high energy physies. Noting tha t  
the f (1250) eontains only non-strange quarks, one obtains, for example, 

gfKK 1 gVKK 

gf ~ 2 gf' 2:~ 

where the factor 2 in the denominator of the right-hand side comes from the 
fact tha t  the 2~ § for example, contains two proton quarks, while it contains 
only one lamda quark. By assuming some smoothness eondition along the 
trajectory, the right-hand side can be replaced by (1/2) (goK~,/gozYr), for which 
one can use Eq. (15). Further  using the SU z argument, one arrives at the re- 
lation 

gr~+~- 4 m 2 

gfp~ 3 m~--mN 

In order to test this new relation, we eonsider the ratio 

R ~ - -  ~r '~N'f , ( ~ (16) 
O~T(NN)f 
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where aT(~N), for example, is the par t  of  the ~N total  cross section dominatecl 
by  the exchange of the f. One m a y  be able to extraer such a par t  from the high 

energy 7rN total  cross section by  subt rac t ing  the asympto t i c  cross section, 

Wi th  the aid of  the optieal theorem,  the rat io (16) is put  into the forro 

R~ _ m 
1 ImF(~rN)f  

2m N I m F ( N N ) f  

where F(~N)f, which is the ~N forward scattering ampli tude domina ted  by 

the exchanged f, is proport ional  to gf==gf~N, while F(NN)f is propor t ional  to 

(gfNN) 2. One finally obtains 

R~ - -  1 gro+n- 2 m~ :'~ 0 .69.  (17) 
2mN g~p~ 3 mN(mz- -  roN) 

In  the same way  one obtains 

RK - a r (KN)f  _ 1 R = N O . 3 5 .  ' 1 8 )  
aT(NN)f 2 

The exper imental  data  are shown in Table I. Since the asymptot ic  values 
for ~N and NN cross sections have  Iarge uncertaint ies ,  we have used two sets 

of numbers  [6-8].  Al though it seems p rematu re  to draw any  definite conclusion, 

the agreement  is at  least encouraging.  

Table I 

Experimental data (from 6 to 20 GeV/c) for R= and R K 

R~ 

Rs~ 

Case 1 Case 2 

0.39-0.45 

0.19-0.22 

0.84-1.10 
0.2~-0.40 
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8. The a s y m p t o t i c  cross sections, a~, used are (See [6] and [7]) 
a ( K N ) |  : 17.0 mb,  
a(~]N)~ = 20.5 mb and o(NN)|  = 34.8 mb  for Case 1, 
a(~N)~ = 18.1 mb and  r174 = 38.9 mb  for Case 2. 

I~AJ-IHBPOBOLIHA~I H H B A P H A H T H O C T b ,  B O 3 O H b l  FOJ Ib~CTOYHA,  
H TPAEKTOPH~I  f '  

Pe3mMe 

l-[pe]~~o>i<eHa Hn, eg, corJIaCHO KOT0p0~ ,~Ji~ c0xpaHeHH~ Ka.qH6pOB0qHO~ HHBapHaHT- 
H0CTH TpaeKT0pH~ f '  npH ct$, = 0 M0>KeT HrpaTb po~b 6030Ha FOJ1b~CT0yHa. ,I~HCKyTHpyIo'rc~ 
:~KcHepHMeHTaflbHLIe CJIe~CTBHg, BbITeKaIOmHe H3 TaKo~ aCCOI~HaI~HH. 
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