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A use of ab initio calculations that seems to have been largely overlooked becausc of 
its simplicity is the construction and analysis of simple models of the chemical bond. Such 
models may tender enormous services both in clarifying previously known results and in sug- 
gesting new ones, and in making possible a detailed discussion of interpretation schemes and 
approximations. Treatments using the LCAO scheme over the valence electrons may be se- 
riously at fault when effects like inter-sheli orthogonalization ate neglected. Such effects ate 
consequences of the approximations used; nevertheless, they may be physically significant 
because the coxresponding approximations may be essential in order to reach ah understand- 
ing of the molecular reality. They include changes of the AO's with molecular geometry. The 
realization that a certain type of modification of the AO basis is important must be followed 
by a very careful analysis of the way in which such a correction should be introduced in order 
to preserve simplicity and physical significance. 

The  p r e s e n t  a r t ic le  is p a r t  of a d i scuss ion  of t he  t h e o r y  of molecules  

s t a r t e d  severa l  yea r s  ago wi th  a s t u d y  of the  c o n n e c t i o n  b e t w e e n  h y b r i d i z a t i o n  

a n d  loca l i za t ion  [1] and  c o n t i n u e d  l a t e r  in  va r ious  d i ree t ions .  The  a t t e m p t  

will  be m a d e  here  to d r aw  a t t e n t i o n  on  some more  p o i n t s  r e g a r d i n g  the  use 

a n d  l i m i t a t i o n s  of t he  m o l e c u l a r  o rb i t a l  m e t h o d ,  in  its s imple  LCAO vers ions ,  

as a tool  of t h e o r e t i c a l  phys ics  r a t h e r  t h a n  as an  i n t e r p o l a t i o n  t e c h n i q u e  useful  

for chemica l  p rob l ems .  

The  fac t  t h a t  such p ioneers  as MULUKEN [2], PAULING [3], GOMB•S [4] 

h a v e  devo ted  m u c h  work  to  s ing le -pa r t i c l e  t r e a t m e n t s  a nd  r e l a t e d  aspec ts  

of the  q u a n t u m  t h e o r y  of molecules  is su f f i c ien t  i n d i c a t i o n  of the  i m p o r t a n c e  

of our  sub jec t .  Never the le s s ,  we recall  some of the  cons ide ra t i ons  t h a t  j u s t i f y  

a r enewed  i n t e r e s t  in  m e t h o d s  a v o w e d ! y  i n c a p a b l e  of g iv ing  exac t  n u m e r i c a l  

resul ts .  

One can expec t  two k inds  of i n f o r m a t i o n  f rom a theore t i ca ]  t r e a t m e n t :  

v e r y  good q u a n t i t a t i v e  p red ic t ions  a n d / o r  an  e x p l a n a t i o n  of facts  in  the  sense 

of a co r re l a t ion  of va r i ous  deta i ls  in a gene ra l  scheme.  C o n t r a r y  to w h a t  was 

once the  case, t he  d o m a i n s  where  the  two uses of the  t h e o r y  do n o t  exc lude  

each o the r  a te  n o w a d a y s  v e r y  rare.  This  is because  the  e q u a t i o n s  t h a t  gove rn  

the  b e h a v i o u r  of mos t  sys t ems  are v e r y  compl i ca t ed ,  a n d  v e r y  accu ra t e  t r e a t -  

m e n t s  are se ldom a m e n a b l e  to a c lear  phys i ca l  i n t e r p r e t a t i o n .  I n  fact ,  qua l i -  
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ta t ive  and even semi-quant i ta t ive  unders tanding  is often reached b y  simple 
schemes connecting the phenomena  to be in te rpre ted  with some specially 
significant features of the general theory  o fma t t e r ;  such in the  case, for instance,  
with the  in te rpre ta t ion  of the  exci ta t ion potent ia ls  of conjugated molecules 
in te rms of the allowed energies of a single part icle  confined in a l imited 
region of space. 

Various reasons, among which the  adven t  of large computers  is v e ry  
impor tan t ,  have  led to much emphasis on the quan t i t a t ive  side, so t h a t  ah 
enormous effort  has been made to obtain be t t e r  and be t t e r  solutions of the  
(electronic) Schr/~dinger equat ions for larger and larger molecules. I t  is curious 
tha t ,  instead of insisting on the undeniable impor tance  of such calculations 
for tes t ing and reference purposes,  many  authors  have  defended t h a t  effort  
by  claiming t ha t  no a t t e m p t  should be made  to unders tand  molecular  pheno- 
mena  unless ve ry  aceurate  wavefunct ions are available.  To m an y  a physicist ,  
this claim rnust sound a s a  condemnat ion  of most  of theoret ical  physics,  bo th  
pure and applied; suffice ir to th ink of problems like part icle scat ter ing or 
t r anspor t  phenomena  in solids to realize wha t  b road  fields are based on com- 
pa ra t ive ly  rough approximat ions  of the ' r igorous '  equations.  

I.  Correlation and the MO--LCAO method  in a simple mode l  
calculat ion 

In  a first par t  of the  present  article, we sball consider the above questions 
in some more detail,  the  reason being t h a t  one must  somehow know where 
ore  s tands wben one tries to use an approx imat ion  for s t r ic t ly  theoret ical  
purposes.  There are two kinds of objections p u t  for th  against  physical  con- 
siderations on molecules based on single-particle (i.e., orbital) methods .  One 
regards the fact  t ha t  such methods  are usual ly approximate  versions of the  
ideal one-electron t r e a t m e n t  given by  the  H a r t r e e - - F o c k  equat ions;  the  
other  is more direct ly  concerned with the  shortcomings of the one-electron 
seheme. We shall consider f i rs t  the la t te r  point ,  which goes under  the  name 
of " t h e  correlat ion p rob l em"  [5]. 

Although there  is a growing suspicion t h a t  this problem m ay  have  been 
overemphasized by  some authors ,  there  is no doub t  t h a t  ir has a per fec t ly  
sound origin. Any independent -par t ic le  t r e a t m e n t  of a many-e lec t ron  system 
mus t  involve averages over  all the  electrons b u t  one, thus replacing them by  
charge clouds. As has been known f o r a  long t ime,  this contradicts  the  inherent  
dualism in the na ture  of ah electron, whose interact ions ate all to be described 
by  point-par t ic le  potentials .  The  corrections t h a t  should be in t roduced  in 
order  to take into aecount  the eorpuscular  na tu re  of all the  electrons are the 
so-called correlat ion correet ions;  evident ly ,  t h ey  must  be s tudied and thei r  
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importance assessed before accepting even qualitative conclusions drawn from 
treatments neglecting them. Now, an examination of the available data sug- 
gests tha t  the correlation correction to the energy of a molecule is indeed very 
small; however, it is comparable with the dissociation energies of ordinary 
chemical bonds. Therefore, the argument runs, the independent-particle model 
is not reliable in connection with molecular physics. Of course, there is a weak 
point in the last part  of the above considerations, b› the fact that  disso- 
ciation energies and correlation energies are of the same order of magnitude 
does not imply tha t  one cannot obtain the former without knowing the latter;  
a s a  mat ter  of fact, dissociation energies ate differences, and, in principle, 
can be obtained to a good approximation from (more or less equally) incorrect 
quantities. This remark leads to further arguments in favour and against the 
supporters of correlation, all based on quanti tat ive considerations involving 
mainly the expectation values of the energy. The question is how far such 
quanti tat ive arguments, usually limited to energies, are significant. 

With very few exceptions, highly accurate molecular calculations with 
correlation are not available; moreover, calculations claimed to include corre- 
lation are very complicated, and this is a serious hindrance in discussions of 
aspects other than energy expectation vaIues. 

Attempts to introduce simple Ÿ of the importance of correlation 
for various observables, especially those using the so-called "correlation 
coefficients",  appear to be quite promising [6], but several difficulties have 
still to be overcome especially as regards the application to molecules. The best 
alternative to rough estimates and dubious analyses of complicated situations 
consists in following the traditional approach of theoretical physics, namely 
to have recourse to a model, where the main features of the actual problem 
are present. 

Although much has been done using the hydrogen molecule a s a  model, 
a better  way of simulating very simply an ordinary chemical bond is probably 
to t reat  the states of two electrons in the field of two positive first-row ions (say, 
Li ones) by an LCAO-MO-CI method with a limited basis set [7, 8]. In fact, 
the coefficients of the linear combinations of atomic orbitals used to construct 
the molecular orbitals ate the variational parameters which must be deter- 
mined in order to reach ah "op t imum"  one-electron description, j u s t a s  the 
coefficients of an expansion in a complete set of orthogonal functions can be 
taken as the variational parameters to be determined in order to get the best 
one-electron scheme, namely the Har t r ee - -Fock  orbitals for the given system; 
and the coefficients of the linear combinations of the Slater determinants tha t  
can be constructed from the given molecular orbitals correspond to the coeffi- 
cients of the expansion in a complete set of configurations obtained from the 
Har t ree - -Fock  orbitals, and thus describe correlation. The definition of the 
lat ter  adopted here amounts to the statement that  correlation is whatever 
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cannot  be taken into account  by  a single-configuration t r ea tment  carried out  
within the  given scheme. In  order to use our model for the purpose of assessing 

the impor tance  of correlat ion in the qual i ta t ive description of bonds,  we have 
to compare  results obta ined with and wi thout  single-configuration mixing. 

To illustrate the above considerations, take the  basis set formed b y  the 
2s and 2p orbitals of l i thium, centred on two different nuclei at a distance R 

[8]. Let  us postpone for the moment  a discussion of the impor tance  of the 
existence of the inner core, and assume tha t  the given orbitals depend on R 

only th rough  their  centres;  this is in full accordance with the spirit of the 
simplest M O - - L C A O  method,  as used by  theoret ical  chemists. Then, the  results 

for the  ground-s ta te  energy are those summarized in Table I, where the  single- 

Table I 

Ground-state energies of a two-electron bond between equal nuclei having effective charge 
1.30 when the trial function is: (b) a single determinant over 2s STO's with orbital exponent 
0.65; (c), a single determinant over 2s--2p hybrids with the same orbital exponent and ah 
optimized s-character; (d), a linear combination of the two determinants corresponding to the 
bonding and antibonding MO's formed by the same hybrids. Line (e) is the percent difference 
between (c) and (d). AII the energies ate in a.u.; the distances in a.u. muhiplied by 0.65 are 

given in line (a) 

(a) 2 3 4 5 

(b) 
(e) 
(a) 
(e) 

1.2020 

1.3515 

1.3519 
0.03 

1.0722 
1.1199 

1.1228 
0.26 

0.9613 

0.9768 
0.9912 

1.45 

0.8803 
0.8857 

0.9194 
3.63 

6 

0.8244 

0.8268 
0.8795 

6.00 

de te rminan t  (SC) and conf igurat ion interact ion (CI) approximat ions  are com- 

pared,  the SC funct ion being optimized with respect  to the degree of  hybridi-  
zat ion of  the atomic orbitals,  and the SC funct ion being a linear combinat ion  

of the  two g determinants  cons t ruc ted  with the bonding  and ant ibonding bond 
orbitals resulting from the op t imum hybrids .  

Table I I  shows tha t  the model used leads to the same results as analyses 
of the  hydrogen  molecule and ab initio all-electron calculations. I n  part icular ,  

the internuclear  distance can be divided into three ranges: one, where the cor- 
relation effects are relat ively un impor t an t ;  one, where they  are very  impor t an t ;  

and one where an in termedia te  si tuat ion takes place. The question we are inter- 
ested in is whether  the picture given by  the correlation energies mus t  be 

unders tood  as ah indicat ion t h a t  interpretat ions  of facts based on the SC func- 
t ion are not  reliable. 

There is no doubt  t h a t  the electron densi ty  distr ibution is a more sensi- 

t ive and convenient  q u a n t i t y  for assessing the va l id i ty  of a given description. 
Therefore,  we present  Table I I ,  where, in addi t ion to the actual  changes in 
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Table II  

Analysis of electron densities for the model of Table I 

(~) 2 

(b) .0004 

(c) .o05 

(d) .0001 
(e) --.001 
(f) - . 0001  

(g) .998 

[ .0029 
.203 
.0007 

--.006 
--.0004 

.994 

4 5 

.0144 .0337 

.283 .341 

.0002 .0000 
--.083 --.261 
--.0032 --.0054 

.917 .740 

6 

.0527 

.231 

.0000 
--.401 
--.0043 

.599 

Explanation: 
(a) same as line (a) of Table I; 
(b) 'correlation' energies (line (d)-line(c) of Table I); 
(c) and (d), relative and absolute changes in the electron densities at the nuclei; 
(e) and (f), idem at the centre of the bond of Table I; 
(g) corresponding weights of the ground-state configurations. 

energies, the  changes  in the  one-elect ron densities associa ted wi th  the nuclei 
and  the  centre  of  the  bond  for var ious  in te rnuc lear  dis tances are compared .  
The  changes in dens i ty  at  the  nuclei, even  though  t h e y  are large f ract ions  of  the 
dens i ty  itself,  a te  no t  ve ry  i m p o r t a n t .  The  s i tua t ion  a t  the  cent re  is dif ferent :  
the  corre la t ion correct ion (which tends ,  of  course, to  separa te  the  electrons)  
is lower t h a n  10~o for  in te rnuc lear  dis tances  R lower t h a n  ca. 6.5 a.u.,  bu t  t hen  
increases  rap id ly ,  thus  deepening the  well be tween  the  a toms.  In  Table  I I ,  
therefore ,  the  th ree  regions men t ioned  above  appea r  to be for  R less t h a n  6 

a.u.,  R larger  t h a n  8 a.u.,  R comprised  be tween  6 and 8 a.u.;  this  pa r t i t ion  is 
qui te  clear in the  weights  of  the  SC g round-s t a t e  func t ion  in the  CI funct ions.  

In  shor t ,  Tab le  I I  conf i rms and even emphasizes  the  i m p o r t a n c e  of corre- 
la t ion a t  large in te rnuc lea r  dis tances ,  b u t  indicates t h a t ,  a round  the inter-  
nuclear  equi l ibr ium distance,  t h a t  correc t ion  is re la t ive ly  u n i m p o r t a n t  bo th  on 
energies and  on the  electron densities,  This  conclusion can be general ized to 
m o s t  bonds  in a v e r y  easy  way ,  ir we assume  t h a t  t h e y  can be t r e a t e d  b y  a t  m o s t  
two de t e rminan t s  - -  as is s t rongly  ind ica ted  b y  the  example  of  Li 2 and some 
other  examples .  I n  order  to see this point ,  consider the  secular  equa t ion  asso- 
c ia ted  wi th  the  H a m i l t o n i a n  m a t r i x  over  two conf igurat ions ,  and  suppose t h a t  
the  conf igurat ions  in quest ion are de t e rminan t s  over  bonding  and  an t ibond ing  
orbitals ,  respect ive ly .  I n  the  homonuc l ea r  case, the  energies El ,  E 2 associa ted 
with  the  two conf igura t ions  become equal  when  the  in te rnuc lear  dis tance 
tends  to inf in i ty ,  and,  moreover ,  the  con t r ibu t ion  of hybr id iza t ion  becomes  
v e r y  small.  Now,  when  the  diagonal  e lements  of  a second-order  m a t r i x  are 
near ly  degenerate ,  the  f i rs t  p e r t u r b a t i o n  t e r m  is p ropor t iona l  to the  in terac-  
t ion e lement  B12; moreover ,  the  coefficients of  the  l inear  combina t ion  associat-  
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ed with it become equal each other. On the other hand, for small internuclear 
distanees, the separation between E 1 and E 2 is large (at least if the bond is very 
stable), and the first-order perturbation correction is proportional to B~2 / 
/(E2--E1) and the contribution of the excited-statc configuration is proportion- 
al to B12/(E2--E1). This result is valid for any homonuelear bond, provided the 
differenee E2--E ~ is large eompared with BI2; this is the condition one can 
assume a s a  eondition for the possibility of deseribing a bond by means of ah 
MO pieture [2]. 

The case of heteronuclear bonds involves a number of novel features. 
For instante, ir does not necessarily require configuration mixing as a means 
of ensuring the correct l i m i t a t  large distances. A study of these cases is rather 
eomplicated because simplifications provided by equal nuclear charges ate 
lacking. I t  is very important,  however, tha t  a close similarity can be intro- 
duced between the two cases by taking into account the screening effect of the 
eleetrons: at large internuclear distances, ah electron on atom A tends to see 
B a s a  singly-charged positive ion, and rice versa; therefore, as far as binding 
effects ate concerned, the situation should be very much the same as for the 
homonuclear case (cfr. [9]). Further work on simple models for heteronuclear 
eases is in progress. 

We shall assume from now on tha t  the picture provided by the one- 
electron density associated with ah SC (MO) calculation is sufficient for inter- 
pretation purposes in the vicinity of the equilibrium distance. The fact tha t  
correlation pushes some charge away from the centre of the bond cannot be 
considered very important if the corresponding change is almost negligible 
from a quantitative point of view. The numerical examples given above show, 
on the other hand, tha t  the real shortcoming of MO 'theories' is still in the dis- 
sociation limits, as was pointed out by Morr~TT a long time ago [10]. A very 
urgent task of quantum chemistry seems to be, therefore, that  of combining 
the exceptional simplicity and heuristic power of the single-electron picture 
at distances near the equilibrium ones with some convenient picture of the 
situation when the atoms are far apart; the more so, as already the interac- 
tions between non-bonded atoms in a polyatomie molecule would seem to rail 
in the category of molecular features not describable by an MO theory, at 
least as such theories stand now. 

There have been suggestions that  the two-particle density is a more sig- 
nificant function as regards the importance of correlation. A s a  matter  of fact, 
the ratios between the values of P (1, 2) as obtained from a configuration inter- 
action calculation and the corresponding values for a single-determinant appro- 
ximation are aU very close to uni ty in the case of formaldehyde in the equilib- 
rium configuration [11]; the only important correlation appears to be 'spin' 
or Fermi correlation, which is already included in the single-determinant func- 
tion. 
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II. Choice of the basis and physical significance 
of simple LCAO t rea tments .  Radial distortion 

The br ief  discussion given above m a y  be completed  b y  the  remark  t h a t  
the  ve ry  concept  of  correlat ion implies t ha t  the single-particle descr ipt ion of 
a molecule should be well unders tood  and b rough t  to its ex t reme consequences,  
so t ha t  one m a y  be sure t h a t  cer ta in  facts cannot  be explained wi th in  any  con- 
sistent  orbi ta l  scheme. We shall now t r y  to  indicate some of the  points t h a t  
mus t  still be clarified in t ha t  connect ion on the basis of  v e ry  simple models,  
especially with LCAO ' theor ies '  [18]. 

The in t roduc t ion  of the  la t te r  answers, as was po in ted  out  b y  MULLIKEN 
[2 ], to a need ofs impl ic i ty  and physical  significance of the  in te rpre ta t ion  scheme. 
I t  ma y  seem at  f i rs t  sight t ha t  the  best  orbi tal  scheme is a H a r t r e e - - F o c k  
one, where the  var ia t ional  principle has been used to  obta in  the  best  energy  
compat ible  wi th  a single-particle t r ea tmen t .  I t  is now becoming clearer and 
clearer t ha t  the  word " b e s t "  used in ah ambiguous way  has been the  source of 
m a n y  difficulties. F rom the  point  of  view adopted  in the  present  article, the  
most  impor t an t  funct ion  of a t heo ry  of molecules is to make  possible a complete  
and consistent  i n t e rp re t a t ion  of molecular  propert ies ,  b y  t racing t h em  back  to 
ve ry  few basic s t a tements  and pictures;  this goal is to be reached,  i f  necessary,  
at  the expense of  high accuracy.  Now, among o ther  things,  the  pure  Har t r ee  - -  
Fock  scheme does no t  provide a bui l t - in  reference to the  fact  t h a t  atoms ate 
the building blocks of a molecule; and much less t h a t  bonds  exist  a t  alh so t h a t  
the analysis of its results  requires a large amoun t  of work to  f ind ou t  the way  in 
which atoms and bonds  are concealed in them [12]. This considerat ion is 
sufficient to show t h a t  the choice of a tomic orbitals is a most  impor t an t  point  
in the  progress toward  a consistent  t heo ry  of molecules [13]. The  usual choice 
of an (AO) basis is well-known, and corresponds closely to  t h a t  considered 
above for the Li 2 molecule:  one assumes t h a t  the AO's are f ixed functions of 
the  atoms forming a molecule, and can only adjust  to the  specific s i tuat ion 
th rough  hybr id iza t ion .  This s tar t ing point  is sound as long as the basis is com- 
plete and the t r e a t m e n t  involves all the  electrons;  b u t  we ate in teres ted  pre- 
cisely in the  case when a l imited basis is used and only a few electrons ate t rea t -  
ed, in order  to keep the  results as easy to in te rpre t  as possible. Under  these 
conditions, at  var ious in ternuclear  distances,  as can be seen when one eonsiders 
a specific example  (vide infra), a choice of  AO's adjus ted  in a special way  to 
the molecular  s i tua t ion is required by  s t r ic t ly  physical  considerat ions.  

In short ,  ir simplified schemes are necessary for in te rpre t ing  molecular  
phenomena ,  and ir a l imited-basis MO--LCAO t r ea tm en t  mus t  be t aken  as sueh 
a scheme (thus deserving the name of theory) ,  a careful s t u d y  of the  dependence 
of the basis AO's on molecular  geomet ry  is essential. Of course, it would be 
par t icular ly  sat isfying if  the forms of  the  AO's could be left  invar ian t ;  bu t  the  
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v e r y  example  of hybr id iza t ion  indicates t h a t  this is not  possible. W h a t  we can 
(and should) do in order  to  pu t  some order  in our  analysis is to make  reference 
to some s tandard  AO's to  be in te rpre ted  as the  entities t h a t  represent ,  as ir 
were, the  undis tu rbed  a toms;  and in t roduce correct ions on them,  t ry ing  to 

i n t e r p r e t  them as physical  effects. 
Le t  us come back to  the simple model  (the two-electron model of the Li 2 

molecule) which we have  in t roduced  in order  to  c o n s i d e r a  case where a num- 
ber of  features arising f rom the  use of a compl icated basis is el iminated.  Here,  
the  reference f ixed AO's ate the  2s Slater  orbitals  of l i thium, and a f irst  step 
shows t h a t  hybr id iza t ion  is ve ry  impor t an t  for  obtaining reasonable results.  
F u r t h e r  analysis indieates t h a t  modificat ions of the  radial  parts  of the AO's 
ate necessary - -  st~ll wi th  four  AO's a s a  basis - -  among other  things,  in order  
to ensure or thogonal i ty  to  the  i n n e r  shell [14, 15]. Finally,  var ia t ion  of the 
orbi ta l  exponents  is necessary in order  to sat isfy the virial theorem.  These 
:modifieations ate not  in t roduced  jus t  as improvements  of the calculations;  
: they  mus t  b e  considered as essential features  of ah LCAO calculation,  to be 
added to  those a l ready discussed in [13]. We shall call them radial  d is tor t ion 
(or, sometim› ' p romot ion '  [13]) and 'scaling' ,  respectively.  We emphasize 
t h a t  t h e y  ate in t roduced  with the  tac i t  assumpt ion  t h a t  the unmodif ied  AO 
is of the  S type  (in our  model),  a l though - -  as will be seen present ly  - -  not  
necessari ly a regular  Slater  orbital.  

The  simplest k ind of radial  dis tor t ion in ah a tomic orbi tal  par t ic ipa t ing  
in a bond  orbi tal  is connec ted  with or thogonal iza t ion to the  inner corr The 
necess i ty  of in t roducing this modif ica t ion  in the  basis orbitals was pointed  
ou t  l ong  ago [14],  bu t  has not  been stressed too much  in recent  years ,  because 
i t  arises only  when the  valenee  electrons are t r e a t ed  separately,  and becomes 
rea l ly  evident  when such a t r e a t m e n t  is carr ied out  a t  various distances;  
moreover ,  it  m a y  be v e r y  small when the  inner core has a v e ry  high orbi tal  
exponen t .  T o  emphasize the  impor tance  of the  condi t ion of o r thogona l i ty  to 
the  inner  shell suffice ir to  ment ion  tha t ,  in its absence, the  uni ted  a tom limit 
of bond  orbitals resuhing  f rom two (2s, 2p) hyb r id  AO's would be essential ly 
l s  orbi ta ls  [8] .Therefore ,  in a consistent  orbi ta l  theory ,  the  corresponding 
modif iea t ion  of the  a tomie orbitals should be in t roduced  a s a  s t anda rd  effect 
to  be t r ea t ed  before actual  energy calculations,  as could be done with hybridi-  
za t ion [1, '15], beeause ir is pa r t  of the p repa ra t ion  of the  a tomic orbi ta l  basis. 

The  problems arising in this connect ion are easily i l lustrated in the  model 
a t  hand.  For  simplici ty,  suppose a t r e a t m e n t  using only one s - type  orbi tal  
per  a tom is to be carr ied out  for the  valence electrons.  Then,  or thogonal iza t ion 
to  the  MO to which the  inner  core electrons ate assigned requires the  int roduc-  
t ion  of atomic~orbitals of the  forro 

[2s m > = N ( I  ls  > --m[2s > ) ,  (1) 
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Table  H I  

Analysis of orthogonalization to the inner shell in a two-electron model of the Li 2 molecule 
for three values of the internuclear distance R. 

Column (a) gives the values of Q --~ ~R, with a -~ 0.65 and R in a. u. Columns (b) and (c) 
report the energies obtained from a Slater determinant over pure-s orbitals corresponding to 
Equ. (1) of the text with m = 0 and m such as to ensure orthogonality of the 2ag to the lag 
orbital, respectively. The corresponding values of m ate given in column (d). Column (e) 
contains the values of m ensuring the same orthogonality condition when the Slater 2s orbital 
is replaced by ah s p  3 hybrid, the values for hybrids with a lower p character being inter- 
mediate. Column (f) gives the values of the parameter m' for a pure-p orbital of the 

type of Equ. (6) 

(~) (b) (c) (d) 

I 1.0722 .8165 2.849 
.9613 .7675 2.923 
.8244 .6614 2.941 

i 

�9 (e) (f) 

2.585 .3499 
2.859 .2614 
2.939 .1725 

where N is an app rop r i a t e  normal iza t ion  factor ,  m i s  a pos i t ive  q u a n t i t y  
used for ensur ing o r thogona l i ty  to the  inner  core MO (which is given b y  the  
normal ized  sum of  the  Slater  l s  orbi ta ls  associated with  the  inner  eore of  the  
two a toms,  hav ing  exponen t  2.70). The  two Slater  orbi tals  appea r ing  in (1) 
are assigned the  same  orbi ta l  exponen t ,  say  0.65. Some indicat ions abou t  the  
resul ts  are given in Table  I I I ,  which shows t h a t  the  con t r ibu t ion  of the  l s  
orbi tals  is not  negligible. The  changes in energy  repor ted  in Table  I I I  suppor t  
the  physical  i n t e rp re t a t i on  of o r thogonal iza t ion  a s a  repuls ion tending  to 
increase the  energy  of the  outer  electrons,  especial ly a t  small  in te rnuc lear  
distances [15]. As is well known,  this i n t e rp re t a t i on  can be t r ans l a t ed  into  a 
r igorous m a t h e m a t i c a l  fo rmal i sm b y  in t roduc ing  app rop r i a t e  pseudopoten t ia l s  

[4]. 
The  k ind  of o r thogonal iza t ion  suggested here - -  which corresponds  to 

fo rming  hydrogen- l ike  orbitals  - -  is equ iva len t  to the  usual  Schmid t  or thogo-  
nal izat ion.  A s t u d y  o f such  hydrogen- l ike  orbi tals  in free a toms  has been  carr ied 
out  [16], and has  given resul ts  comparab l e  wi th  those  of the  usual  Sla ter  
orbitals ,  thus  r emov ing  the  only serious object ion to the  use of  hydrogenl ike  
orbitals .  Ofcourse ,  the  ' b e s t - a t o m '  orbi ta l  exponents  are no longer v e r y  close to 
those  given b y  the  Slater  rules. Never theless ,  t h e y  are close enough for mos t  

prac t ica l  calculat ions.  
The  modi f ica t ion  b rough t  abou t  b y  the  addi t ion of l s ,  3 s ,  . . . t e rms  to 

' the Slater  orbi ta l  m a y  be called " p r o m o t i o n " ;  here, a t  va r iance  wi th  [13], we 
use the  t e r m  " r ad i a l  d i s to r t ion"  because  the  word ' p r o m o t i o n '  recalls the  
physica l  i n t e rp re t a t i on  of the  addi t ional  t e rms  as h igher -energy  orbi tals  of  the  
free a tom,  which is not  possible here  (see also [2]). A phys ica l  in t e rp re ta -  
t ion of .this d is tor t ion  can only be founded  on a redef ini t ion of the  reference 
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f ree -a tom orbi tal  and on a discussion of the  way  in which ah analysis of the 
electron densi ty  should be carr ied out.  

We consider now some more aspects of the  quest ion of or thogonal izat ion 
to the  inner  shell. Suppose tha t ,  instead of eonsidering pure-s orbitals,  we wish 
to  consider hybrids.  We are then  faeed with two possibilities. Fi rs t  of all, 
we can write a hybr id  in the  forro 

Ih> = N [ l l s > - - m ( L 2 s >  ~-gI2p > ) ]  (2) 

(where g is a hybr id iza t ion  pa ramete r  and N a normal iza t ion  factor) ,  and tben  
it  is impossible to decide whether ,  by  in t roducing the  ls  cont r ibut ion ,  we have 
modif ied the 2s of the  2p orbital ;  so t b a t  we have  no longer a r ight  to dis- 
t inguish between hybr id iza t ion  and radial  distort ion.  In  o ther  words,  the 
procedure  based on (2) leads to  an m value  which depends bo th  on the inner 
core and on the  degree of hybr id iza t ion ,  but ,  as we have  jus t  said, ir mus t  be 
in t e rp re t ed  as a dis tor t ion of the  s orbital .  This point  of view is per fee t ly  
reasonable,  and should be completed  by  the  decision t h a t  radial  d i s tor t ion  
of the  2p orbi tal  will be in t roduced  only ir or thogonal iza t ion  to orbitals result-  
ing f rom p orbitals is to  be carr ied out,  as would happen  in the  case of, say, the  
Na 2 molecule.  However ,  this leads to ambiguit ies  in the  general case of bond 
orbitals  formed by  hybr id  AO's which mus t  be or thogonal ized to bond  orbitals 
also formed by  hybr id  AO's. We consider here,  therefore ,  the  other  possibili ty,  
namely  t h a t  of or thogonal iz ing separa te ly  the  pure-s orbi ta l  and the  pure-p 
bond  orbi tal  to the  inner  core orbitals,  and then  building the  requi red  hybr ids .  
The  s i tua t ion beeomes par t icu lar ly  in teres t ing when this cr i ter ion is to  be 
appl ied to the  general case. Le t  s 1, s 2, Pi ,  P2 denote  the subsets fo rmed  b y  a 
ls ,  a 2s . . . .  orbi ta l  with the  same orbi tal  exponen t  on a tom 1, same on a tom 
2, and the  subsets formed by  a lp ,  a 2 p , . . .  orbi ta l  on a tom 1, same on a tom 
2, respeet ively.  A molecular  orbi ta l  IZl> wiU be wr i t t en  in terms of a column 
vec to r  C whieh is def ined as follows 

]ZI> ----- 

(sl, s2, pl, P2) C l l  

C21 

C41 

(3) 

and another  orbi tal  IZ2> will be expressed th rough  the same basis set and 
ano the r  column r e c t o r  with subvectors  C12, C22 , e t c .  By  definit ion, a mixing of 
orbitals  of the same subset  is a radial  d is tor t ion or ' p romot ion ' ,  whereas a 
mixing of subsets si and pi is hybr id iza t ion .  Now, the requ i rement  t h a t  IZI> 
and Iz2>be or thogonal  to one another  leaves such a f reedom th a t  we can require 
at  the  same t ime t ha t  only  promot ion  be used to  sat isfy it. Le t  us assume th a t  
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[Zl> is given, and tha t  only ]Z2> must be determined. Let us denote by S n, 
Si2, etc. the overlap matrices associated with the four subsets of the given AO 
basis. Then, the conditions we find on C12, C22, etc., are: 

~~ ci+~ s,j c:1 = 0. (4) 
J 

This equation defines one element of each Ci2, and thus, when there is only 
one inner-shell orbital to which orthogonality must be ensured, the Ci 2 vectors 
need have only two elements. A particular case is tha t  of the pure-s orbitals 
considered above. Another interesting case is that  of pure-p orbitals, where 
the possibility of including the lp  orbitals in the atomie p subset has been 
considered explicitly. We comment briefly on this point because it illustrates 
one of the most delicate aspects of the problem at hand. There ate two ways 
of looking at our new s orbitals. One, as has been mentioned, consists in assum- 
ing tha t  we replace Slater orbitals by strictly hydrogen-like orbitals; the other 
consist in assuming tha t  we have granted a certain degree of flexibility to the 
radial parts of our orbitals, and replaced the factor r of the Slater 2s orbital 
by a more general first-degree polynomial involving one parameter to be used 
for the orthogonality requirements. From the former point of view, the intro- 
duction of a lp  orbital does not appear to be justified; from the latter point 
of view, on the contrary, it would seem reasonable to modify the radial part 
of a p orbital exactly as has been done for its s counterpart. Now, it is important  
to keep in mind tha t  the ls orbital introduced by us in the si subset cannot be 
interpreted as something physically significant by itself, because ir is not one 
of the functions of the basis set actually used for the calculations, but belongs 
to a basis set from whose contraction the final physically significant set is 
obtained; the lp orbital would play the same r~le, and hence it seems advis- 
able to use it. In  short, Equ. (1) can be rewritten as 

[2Sm>= V ct--~-3 N (m) {1-- m ) - ~ Q  e-0, (5) 

where ~ is the orbital exponent, and ~ = ~r is the scaled distance from the 
nucleus; and, so far, ir sectas tha t  the most reasonable p partner of the orbital 
(5) should be 

t/3~3z~ (m'~le-~ (6) [2pm" > = N(m,) 1 -- 

(m' being determined from the condition of orthogonality to the inner core 
MO) rather than a p orbital having in the radial p a r t a  second-degree poly- 
nomial in Q. 
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A simple calculat ion gives the  values of  m'  repor ted  in the  last  line of 
Table  I I I .  These da ta  reveal  t h a t  there  is a weakness in the above reasoning,  
because t h e y  show (as can be p roven  algebraically) t h a t  the  l imit  of the  orbi ta l  
(6) when the  in ternuclear  dis tanee goes to inf in i ty  is a l p  orbi tal  r a the r  t h a n  
the  expec ted  2p orbital .  This  makes a physical  in te rpre ta t ion  of the  orbi ta l  
(6) qui te  diff icuh,  and one m a y  conclude t h a t  inclusion of  a 3p orbi ta l  is a 
be t t e r  choice. 

A point  no t  appa ren t  in our  simple model  is t h a t  or thogonal iza t ion  to 
the  inner  core involves,  in principle,  a doubling of  the  orbitals. In  the  horno- 
nuclear  case, if one had to in t roduce  the an t ibonding  valence MO's one should 
take  care tha t ,  say, the  2s orbitals  par t ic ipa t ing  in the  2au MO be modif ied  so 
as to make  it  or thogonal  to  the  l au  inner-shell  orbital .  This condi t ion is no t  
equiva len t  to t ha t  associated with the  g s y m m e t r y .  More generally,  le t  the  l a  
molecular  orbitals be given as 

l a  ___ (1~~, 1~2) q~l q~2 = l s .  Q(la) (7) 

q21 q2z 

nd  the  2a molecular orbitals  are given as 

2 a  = ( s i '  s2) C11 C12 
C21 C22 �9 Q(2a) ,  (8) 

where s 1 and s 2 contain,  say, n elements each. Calling S the  2 • 2n over lap  
ma t r i x  be tween the set ls  and the set 2s ~ ( s ,  s2) , we obtain,  for the  condi t ion  
t h a t  2~ be or thogonal  to  l a  wha tever  Q(2a) m a y  be, 

Q+(I~) .S .C~- -  T . C =  0, (9) 

where T has been in t roduced  a s a  2 • 2n mat r ix .  As C is a 2n X 2 mat r ix ,  we 
have  four  conditions to be satified by  4 n - - 2  unknowns,  and this is clearly 
possible with n = 2, as would be if we used Equ.  (1). The d i f f icuhy  is t h a t  we 
have  to  accept  non-zero elements  in C21 and C12, thus  entering the  long dispute  
abou t  the  significance of muh i -cen t re  basis orbitals.  I f  we wish to  s t ay  in the  
f rame of a simple MO--LCAO scheme, i t i s  b e t t e r  to  require t h a t  C21 and Cx2 
should vanish,  in which case we have  only 2 ( n -  1) unknowns.  This means 
t h a t  we must  have  n > 3, if we wish to keep the  basis set comple te ly  inde- 
penden t  of Q(2a). An in te rmedia te  s i tuat ion,  where we can use a double basis 
[different  values of m in (1) for the bonding and the  ant ibonding MO's] arises 
if  one tries to take  advan tage  of some general p ro p e r ty  of Q(2a). A case in 
poin t  is t h a t  of homonuclear  two-cent re  bonds,  where ir is easy to  define dif- 
fe ren t  2s,~ orbitals for the  g and the u 2~ MO's. I f  this is not  done, one mus t  use 
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a general form: 

12Sorth o > ----N(l, Im) (I ls  > --ml2s > A-li 3s > ) 

exaet ly  as would be done in the non-symmetr iea l  case. 

(10) 

Conclusion 

The example of radial distort ion required by  the or thogonal i ty  eondition 
is a good i l lustrat ion of an effect whieh mus t  be ineluded in an approximate  
t r ea tmen t  lest one should lose any  hope of giving a theoretieal  in terpre ta t ion 
of them. The physieal  signifieanee of or thogonal i ty  originates from the faet  
t h a t  the limits for very  large and very  small internuclear  distanees ate to 
sat isfy eertain eonditions known from the theory  of atoms. I t  is interesting 
to note tha t ,  as a byprodue t  of inter-shell orthogonalization,  one can distinguish 
between two kinds of hybridizat ion.  When no or thogonal i ty  to the inner shell 
is required, an SC ealeulation with hybrids  where the s eharaeter  is a variat ional  
parameter  will always gire as close as possible an approximat ion to the l~r 
molecular orbital;  consequently,  the s eharaeter  tends to zero for the united- 
a tom limit. On the other hand,  at  very  large internuelear separations, the  s 
eharacter  is max imum;  cont inui ty  then  implies ah inereasing p eontr ibut ion 
as the internuclear  distanee tends to zero [8]. This kind of hybridizat ion is so 
to say 'essential ' ,  and disappears as soon as or thogonal i ty  to the inner shell is 
ensured; only then  whatever  hybr idizat ion is found is really a feature leading 
to a bet ter  approximat ion of the aetual  physieal si tuation,  and henee has a real 
physical significante.  

We shall not  diseuss here in detail scaling as a fur ther  modifieation of the 
basis; we only point  out  t ha t  ir is very  close to radial distort ion beeause ir is 
no t  expressible a s a  linear eombinat ion of the basis elements, and affeets 
direetly the radial forros of the atomic orbitals. We prefer to close the present  
remarks with a few words regarding the  analysis of eharge densities and the 
referenee free-atom orbitals. I t  is elear t h a t  no theory  of ehemist ry  is possible 
if  one has no way  of eomparing the molecular si tuation with an ideal, free- 
a tom situation. The problem of the referenee free-atom orbitals arises all the 
t ime whenever we speak of modifieations of the basis AO's. In the above dis- 
eussion, we have assumed tha t  the referenee orbitals in question ate essentially 
Slater orbitals, exeept for the 2s orbital, whieh is supposed to be orthogonalized 
to the eorresponding ls  orbital by  an appropriate  choiee of m in Equ.  (1). The 
pa th  to be followed in using these referenee orbitals is exemplified in our studies 
of the model ment ioned above, where one of the in termediate  ealeulations is 
over a Slater de te rminant  with pure-s spinorbitals in no way adjusted to the 
molecular si tuation.  There ate several delieate points in the ehoiees implieit  in 
this kind of eompa¡  and the question is by  no means settled. 
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Once the reference orbitals have been chosen, the quest ion of the  ana- 
lysis of  eleetron densities ceases to be meaningless.  W h y  one should consider 
electron densities is nowadays  clear: the  analyses in terms of single Ÿ 
like the  various kinds of populat ions  are much too a rb i t r a ry  to be relied upon 
in drawing physical  in terpre ta t ions ,  and it  seems tha t ,  if  such indices have  
to be in t roduced,  it will be best  to  s ta r t  all over  again. The analysis of electron 
densities could follow RUEDENBERr ve ry  good t r e a t m e n t  [17]. As regards 
the  basis orbitals, one might  separate  the  dens i ty  assoeiated with a single 
a tomic orbi tal  into a con t r ibu t ion  identical  with t h a t  of the free a tom and ah 
' in ter ferenee '  cont r ibut ion  associated with each successive modificat ion.  

The  questions jus t  ment ioned  deserve a separa te  s tudy.  A s a  eonclusion 
of the  present  artiele, we shall br ief ly summarize  the  main points i l lustrated 
in i t  [18]. 

First ,  a use of ab initio calculations t h a t  seems to have  been  largely 
over looked because of its s implici ty is the  cons t ruc t ion  and analysis of simple 
models of the chemical  bond.  Such models m a y  tender  enormous services bo th  
in clarifying previously  known results and in suggesting new ones, and in 
making  possible a detai led discussion of in te rp re ta t ion  schemes and approxi-  
mat ions .  

Second, t r ea tmen t s  using the LCAO scheme over the  valence electrons 
m a y  be seriously at  fau l t  when effects like inter-shell  or thogonal izat ion ate 
neglected.  Such effects ate consequences of the  approximat ions  used; never the-  
less, t h e y  m a y  be physical ly  significant beeause the  corresponding approxima-  
tions m a y  be essential in order  to reach ah unders tand ing  of the  molecular  
real i ty.  The y  include changes of the AO's wi th  molecular  geometry .  

Third,  the  real izat ion t h a t  a cer ta in  t yp e  of modif icat ion of the  AO basis 
is i m p o r t a n t  mus t  be followed by  a ve ry  careful analysis of the  way  in which 
such a correct ion should be in t roduced  in order  to  preserve s implici ty  and 
physical  significance. 

We hope t h a t  considerat ions like those given above will help to  bridge 
the appa ren t  gap be tween  the  work of researchers  devoted  to highly sophisti- 
ca ted ab initio calculations and the  work of researchers in teres ted in a simple 
if approx ima te  unders tand ing  of facts.  
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MO~IEJIb AB I N I T I O  BblqHC3IEHHIYI H O B O C H O B A H H E  M E T O ~ A  MO--LCAO 

,~H<Y3EHHE ,/~:gYl PE 

P e 3 ~ o M e  

HpHMeHe… ab initio BblqHCJIeHHfi, KOTOpOe OKa3bIBaeTc~l TIIIaTeJIbHO npoaepenmaM 
£ ero IIpOCTOTe, YIBJIfleTC~ HCT0YIKOBaHHeM H aHa~~30M npOCTUX Mo~e~e~ XHMHqe- 
CKOH CBSI;3H. TaKHe Mo~eJIH MOFyT OKa3bIBaTb oFp0MHylO IIOMOIIIb, KaK rlpH yT0qHeHHH 3apattee 
H3BeCTHbIX pe3y~bTaTOB, TaK H IIpH HCCJIe~0BaHHH HOBblX~ ~a~ee cRe~a~oT BO3M0>KHbIM FIo,~p0‰ 
Hy]o ~HcKyccmo HHTepHaI~HOHaabHHX cxeM H np~6:IH~e~Hfi. I-IpHeMu, npHMeHfl]omHe LCAO 
cxeMy B cJ~yqae BaJ~eHTHbIX 3JIeKTp0HOB, MOFyT ~aBaTb cepbe3HO 0IIIH~0qHhl~i pe3yJmTaT, eCJIH 
npeHe6peqb ;3q~eKTaMH, 06ycJ10BJIeHHIJMH opToroHaJ~H3ai.ltle~ BHyTpettttHX O60J10qeK. TaKtte 
3~)eKTbl cJ~e~y}OT H3 17pHMeHeHHOFO HpH~JIH)KeHHfl, XOT~t 0HH M0ryT 6brrb I1)H3HqeCKH Ba)KHbIMH, 
TaK KaK C00TBeTCTByiomHe rlpH‰ HHoFRa He0‰ C I.[e.rlblO o~eciieqeHH~[ IIOH~T- 
H0CTH M0~eKyJ1~pH0,~ peaJlbHOCTH. OHH BI<.ffIOqfllOT B ce651 H3MeHeHH$I aTOMHbIX 0p6HT C MOJ1e- 
KyJxflpHUfi reoMeTpHefi. 3a  pea~n3ai~Hefi, a KOT0p0.~ MORHqbHKaIIH~I 6a3Hca aTOMHblX 0p‰ 
orlpe~eJ~eHHOrO THIIa Ba~4<Ha, 06~13aTeJ~bHO ~0J~>KeH cJIeRoBaTb 0qeHb TIIIaTeJ~bHblfi aHaJIH3 
npHeMa, B paMKax KOTOp0FO HMeeTCYl B03M0:>KHOCTb ~YI:ff BBe~eHHfl ~aHHOH K0ppeKi[Hn C IIeJ]b~o 
c0xpaHeHH~ IqpOCTOTbl H (~H3HqeCKHX xapaKTepHocTefi. 
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