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I t  is d e m o n s t r a t e d  t h a t  t h e  a t o m i c  mode l ,  in w h i c h  t h e  zero o rde r  a p p r o x i m a t i o n s  to 
t h e  one  e lec t ron  orb i ta ]s  a te  h y d r o g e n  l ike o rb i t a l s ,  a lways  l eads  to  a m o d e l  wh ich  i m i t a t e s  
v e r y  e losely  t h e  T h o m a s - - F e r m i  m o d e l  o f  t h e  s t a t i s t i c a l  t h e o r y  o f  t h e  a t o m s .  

T h e  Schriidinger equat ion and zero order s o l u t i o n s  

For  an a tom with atomic number  Z the  Hami l ton ian  has the form [1] 

H _ 
~�91 Z Z ~2 e2 

2m . ~  A i - .  Z ~ + . ~  - - - =  
i=1 i = l  ri j > i = l  r i j  

2m ~ A~ i -  ~" + -~ Z 2 H o, 
i=1 " i=m~l ~O i Z j > i = l  

(1) 

where we have  in t roduced  the scaled coordinates  with the  relat ion [1] 

The Schr6dinger  equat ion 
~~--rZ. 

H ~  = Ek~ 

(2) 

~3) 

has pe r tu rba t ion  solution with the energy 

in which 

E 1 1 [ ~  
z~ = ~ + trŸ - ~  +Wo~-~- + o qTJ 

1 k 1 e e 
q, 

2 ~~--l n~ a 0 

(4) 

(5) 

* D e d i e a t e d  to Prof .  P, Gor~BXs on his  60 th  b i r t h d a y .  
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is the sum of the hydrogenic energy terms, a o is the f irs t  Bohr radius in the 
hydrogen atom and e2/ao is the atomic unit of the energy 27.23 eV; q~ is the 
occupation number of the states, with principal quantum number n~. W 1 is 
determined by  the electrostatic interaction matrix. For closed shells the occu- 
pation numbers ate 

q~ = 2 n~ (6) 

and the total number of electrons is 

[ -~--/3 1 1 k k k ( k A - 1 ) ( 2 k + l )  2 k +  ,(7) Z = ~ q ~ = 2 ~ ' n  2 = 2  - - - -  -- k -  
~=1 ~=i 6 3 6 12 

so that  approximately 

k = -  - -  1 . + Z 1/3 . ( 8 )  
2 

By inserting (6) and (8) into (5) we get 

W"--1--" 2 ( ~ }  x/3 Z1/3 (9) 

which is the zeroth order approximation to E / Z  2. By investigating the case for 
non closed shells it turns out tha t  equation (9) represents W 2 for non closed 
shells to a good approximation also. 

Energy t h e o r e m s  

Because of the Coulomb forces in the Hamiltonian (1) the virial theorem 

1 n 
E = - -  E k = --2- (Ep + Eev) (10) 

is valid, where we have introduced the kinetic energy Ek, the electron--nucleus 
interaction energy E~ and the electron--electron interaetion energy E~ which 
add up to the total energy 

E = Ek + E~ + E~ (11) 

with the explicit expressions as fo l lows  

E ~ = - -  Ze  2 f @(r)r d v ,  (12) 

h2 z 
E k -- . ~  <TIA~IT>, (13) 

2m i=1 

1 j" e(r)-~ 
e _ e z dv dv' .  (14) 

Ep 2 Ir --  r'[ 
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In a previous paper  [2] we have  made  use of the H e l l m a n n - - F e y n m a n  theorem 
stat ing 

$E 1 
- -  E~ (15) 

~Z Z 

a n d a  combina t ion  of this theorem with the  virial theorem gave us for neut ra l  
atoms 

EŸ : - - Z  d log 
E dZ ~ N=z" (16) 

By  in t rodueing - - W  2 i.e. the  zeroth order  approximat ion  for --E]Z z we get 
af ter  some manipula t ion  

E ~ _  1 1 1 

E 3 6 
(17) 

The second t e rm in (17) is negligible for  greater  a tomic numbers  and we m a y  
u s e  

- -  t (18) 
E 3 

a s a  f i rs t  approximatiOn. (18) shows us t ha t  dependence of E~ and E and con- 
sequent ly  t h a t  of E~ on the atomic number  is expressed b y  the  same power 
of Z which determines  the logar i thmic der ivat ive  and so the  ratio Eepq 
Therefore  the  equa t ion  EŸ = - - 1 / 3  is t rue  with a mueh  higher  aecuracy.  
Using the virial theorem,  it  is easy to demons t ra te  t h a t  this is equivalent  to 

E~ _ 7 (19) 
E~ 

which is a well known theorem of the  T h o m a s - - F e r m i  t heo ry  [3]. 
We are going to  make  use of relat ions (18) and (19). By  the  aid of a scale 

t rans format ion  we get the  following relat ion 

E().) : )2 E o + ).E~O q_ ).EŸ (20) 

and for the  min imum value 

and 

E~ ~ + E~ ~ 
2 o  - -  ( 2 1 )  

2 E ~ 

h 2 0 E().0) = ).o Ek. (22) 
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The zeroth  order  values are 

and  

As a consequence 

E~, = - lVo, (23) 

E~ ~ = 2W 2 = -  2 E~, (24) 

1 
E~ ~ - -  E~ ~ �9 (25) 

7 

6 
~0--  

7 
and  (26a) 

(76~-) 2 1 8 Z 2 - -  36 (-~)1/3Z~/:, 
E(20) = . W.., = 49 49 - ' 

or beeause  the  f irst  t e rm  is m u c h  smaller  t h a n  the  seeond we get b y  an averag-  
ing process 

E(2o) a == - -  0.712 866 Z 7/3. (26b) 

Scal ing and invar iance  

In  this Seetion we inves t iga te  the consequenees of  the  above  results .  
We in t roduce  a scaling of the  coordinates  and the  charge  dens i ty  b y  the  follow- 
ing relat ions 

r = Z a r '  and ~ = Zb e'- (27) 

The p r imed  quant i t ies  in the  above  and following equat ions  denote  scaled 
quant i t ies .  

Equa t ions  (27) lead us to a scaling of the  energy  and the  normal iza t ion  
eondi t ion in the  following manner .  By  in t roduc ing  the  scaled quant i t ies  ac- 
cording to (27) into (13) and (14) we get 

and  
E~ = z 1~b § E~' (28) 

E~ = Z 2b§ E~' . (29) 

The normal iza t ion  condit ion for the  charge dens i ty  turns  out  to be 

- -  Ze  = -  ~ y e dv  = Z~+~~ .t" r dv'  (30) 

for neu t ra l  a toms i.e. N = Z. I f  

b -}- 3a = 1 (31) 
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the  normal iza t ion condit ion 
.~ Q' d v ' =  1 (32) 

is independent  of the  atomic number .  
We m a y  observe t ha t  because of equat ion (31) we get 

c -  l + b +  2 a = 2 b +  5a (33) 

for any value of  a and the corresponding value of b. 
Because of  the  virial tbeorem there  is a scaling of the kinetic energy too 

E k = Z c E~ .  (34) 

The to ta l  energy has the following forro 

E = E k + E 7 + E ~  =: ZCE ', (35) 

where E '  is a slowly vary ing  funct ion of Z. By  compar ing (26b) and (35) we 
get for the exponen t  the value 

7 
c --  , (36) 

3 

and using this value  of c in (33), combining it with (31) and solving the system 
of linear equat ions we get the constants  

1 
a - -  and b = 2 .  (37) 

3 

These constants  have  the values well known for the scaling exponents  in the 
T h o m a s - - F e r m i  theory .  

Let  us make  the  fu r the r  assumption t h a t  

Ek = S ek(Q) dv, (38) 

i.e. the kinetic energy is expressible a s a  funct ion of the part icle  density.  I f  we 
take an energy dens i ty  like 

~k(~) = x, ~ , (39) 

whieh is the simplest  possible forro, we get 

5 
--  (40) 

3 
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if we take the scaling and (34) with the proper value of the cons tan tc .  We 
leave the determination of the constant u to a later discussion, 

The Thomas--Fermi equation 

According to (35), (34), (13) and (14) the total  energy of the atom may 
be writ ten in the following form 

E = ~ j'~5/3 dv -- Z e 2 f  lr~(r)-- rl dv' + T 1 e2 33  ~~ Q(_r)~(r_~',,)[r -- r [ dv dv'. 

By the aid of an argument similar to that  given by  GoM~�93 in bis famous 
book [3] we get the Thomas--Fermi  expression 

= ( 3e 13/2 
o = ao(V-V0)3/2 , a 0 [-~-n J (41) 

and combining this with Poisson's equation we obtain the Thomas--Fermi  
equation 

A (V- -  Vo) = 4 rta o e(V--  Vn) a/2 (42) 

and the scaled form of this is 

9 " =  ~3/~ (43) 
xX/2 

with exactly the same boundary conditions that  may  be found in GOMB�93 
book. We shall not repeat them here. The solution of the scaled equation (43) 
is the same and has been tabulated in the article [4]. 

In (43) 

x = - ( 4 4 )  
# 

with 

and 

1 
P = (4 Ztao)3/2 eZ 114 " (45) 

r ( V _  Vo)" (46) ~ ( x )  = ~- 

In all the above expressions ~ is a yet  undetermined eonstant. I t  is interesting 
that  without this constant it is possible to get an equation for the determina- 
tion of~0, i.e. the potential field. This is a consequence of the inhomogeneity 
of equations (42) and (43). 
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The final  de te rmina t ion  of this pa rame te r  m a y  be achieved by  the  aid 
of  the  energy expression (26b) and the  virial theorem.  B y  insert ing ~ from 
(41) into (38) wi th  (39) and taking  into aecount  (46), (45) and (44) we get the 
following expression 

9 ~'(0) 
= (4Yt) 2/3 e 2 ao = 3.0963 e 2 a0. (47) 

35 --0.712 866 

Discussion 

The consequences of the  change in the  value of the pa rame te r  ~ as 
compared  to t h a t  for  t~e free eleetron value 

1 ~  (3~2) 2/3 e 2 a 0 = 2.871 e 2 ~k  a 0  

m a y  be summar ized  as follows. Because /~ is propor t ional  to ~, the densi ty  
dis t r ibut ion gets looser giving a smaller  magni tude  for the po ten t ia l  energy of 
the  a tom and consequent ly  reducing the  average kinetie energy too. These  
energy reduct ions resul t  in a reduc t ion  of the to ta l  energy which is ve ry  much  
welcome, bu t  the  reduct ion  is not  enough to get near  to the  exper imenta l  to ta l  
energy. Na tura l ly  m a n y  of the  shortcomings of the original T h o m a s - - F e r m i  
densi ty  dis tr ibut ions remain incorpora ted  also in this model.  

The main airo of  this paper  has been aehieved, however ,  because we 
have  demons t ra t ed  t h a t  we can get a model  s tar t ing  f rom the  t rue  zero- 
order  solutions of  the  atomie problem,  whieh h a s  the  main features  of  the  
original T h o m a s - - F e r m i  t heo ry  wi thou t  ment ioning plane waves and statist ies 
a t  all. 

Now we ate in a posit ion to re in te rpre t  our resuhs  in the  following 
manner .  The  kinet ic  energy dens i ty  funct ion  r ( ~ ) =  ~~513 with x = ~k is a 
character is t ie  funct ion  of free eleetrons with mass m o. According to  the above 
theo ry  a neu t ra l  a tom m a y  be bel ieved to be composed of a nucleus a n d a  
cloud of quasi part icles t ha t  imi ta te  free electrons b u t  with a reduced mass 

m ~--- pm0, where 
x k 2.871 e s a 0 

= --  = 0.9272. 
x 3.0963 e 2 a0 

I t  is in teres t ing to  no te  t ha t  a mueh b e t t e r  agreement  for  the  energy of 
atoms m a y  be achieved if  we suppose semiempirical ly t h a t  the  effective 
mass of the  quasi  electrons is 

m ' =  v 'm  o with v ' =  2.871e2a0 = 0.8156.  
3.51997 e2Lao 
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H O B b l E  OBOCHOBAHH~I MO,~E3"II-I TOMACA--r 

P. VAIZIFIAP 

P e 3 m ~ e  

,/~eMOHCTpHpyeTC~, qTO aTOMHa~I MO,~eJ]b, B KOTOpO~ HyJleBoe rlpH6JIH)KeHHe OB, HOD.rleKT ~" 
pOHHblX op6HTaJ]el?l eCTb IlpHMeHeHHe BOJI, opoAouo~O6HblX Op6HTaJIe~, CHCTeMaTHqeCKH Be~eT 
K Mo~eJIH, T0qH0 Han0MHHa~ou~efi MOAe.IIb TOMaCa--r CTaTHCTHqeCKOH Te0pHH. 

.(r Physiem Acadomiae Sr Hungaricae 27, 1969 


