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A relativistic t r ea tment  of plasma oscillations is presented. The calculations ate carried 
out for the so called low ~/plasma, where the pressure is negligible as compared to the magnetic 
energy density. The covariant  dispersion relations ate derived and their meaning is compared 
t o  tha t  of the classical ones. 

w 1. Introduction 

The aim of this work is to s tudy  the  small ampl i tude  waves of an electron 
plasma on the  basis of relat ivist ic dynamics ,  to  deduce the  covar ian t  forms of  
the  dispersion relat ions of  the typica l  modes of  oseillations. 

In  order  to mo t iva t e  the  necessi ty of  the  relativist ic t r e a t m e m  we men- 
t ion  only a theore t ica l  remark.  As is well known,  the problem of plasma oscil- 
lations is s tudied in classical p lasma physies b y  means of  the  Newtonian  equa- 
t ions of inotion and some restr icted,  approx imat ive  forros of Maxwell 's equa- 
tions. The results of this classical t r e a t m e n t  ate in general well compat ible  with 
the exper imenta l  data ,  a d iscrepancy arises in the fact ,  t h a t  Newtonian  equa- 
tions ate Galilei invar ian t  while Maxwell 's equat ions ate Loren tz  invar iant .  
So it  can well happen  t ha t  this ha l l  Galileian hal f  Loren tz ian  t r e a t m e n t  will 
lead to false results.  Therefore  ir is desirable to invest igate  this problem in a 
ful ly covar iant  manner .  I t  is general ly cited t h a t  relat ivist ic effects become 
i mpor t a n t  only at  high tempera tures ,  which s t a t emen t  is only  the  ha l f  of the  
t ru th .  Relat ivist ic  effects will be impor t an t  also in the case when the  involved 
energies - -  e.g. e lect romagnet ic  energy,  compression energy,  etc. - -  are com- 
parable  with the rest  energy of  the  system.  

Here  for the  sake of  s implici ty we consider an ideal electron plasma and 
we shall invest igate  the  possible modes in a covar iant  manner .  I t  is supposed 
t h a t  the electron gas is a classical one, and it  is neutral ized b y  a homogeneous  
posit ive background  which is immobile  in the tes t  f rame and does no t  take  p a r t  
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in the  oscillations. Res t r ic t ion  is made to the so called low fl plasma case, i.e. 
ir is supposed t ha t  the dens i ty  of e lectromagnet ie  energy is much greater  than  
the compression energy,  so the  la t te r  is omi t t ed  for the  moment .  Since the 
pressure is neglected,  there  will be no informat ion concerning the  acoustic 
waves of  the electron plasma in this model.  

In  the  t r e a t m e n t  we shall consider the oscillations of the electron plasma 
bo th  w i thou t  and with externa l  magnetic  fields and in the discussion of the 
results comparison will be made  with the classieal dispersion relations.  

w 2. Fundamental equations 

When the electron gas is not  too dense the e lectromagnet ic  field can be 
descr ibed by  the field tensor  

F i k  ~~- 

0 Hz - - H y  - - i E x  

- - H z  0 Hx --  iEy 

H~ --Hx 0 --,Ex 
i E  x iEy iEz 0 

(1) 

which satisfies the source free group of Maxwell 's equations:  

8iklm Ok Flm = 0 .  (2) 

Here  0k = O/Sxk, x~ = ict and eiklm is the eomple te ly  an t i symmetr ic  Levi-Civita  
tensor  with t1234 = -t-1. The  summat ion  c0nvent ion is unders tood for doubly  
occurr ing Lat ih  indices. 

The  electromagnet ic  field Fik is coupled to its sources b y  Maxwell 's 
second equat ion 

4zt 
Ok Fik - -  Ji, (3) 

C 

where  the  current  four  vec to r  

ii = envi , (4) 

e being the electronic charge, the invar ian t  scalar n is the densi ty  of electrons 
(measured  in the comoving f rame of reference), and vi is the four  ve loc i ty  of the 
eleetrons.  

The  equat ions of  mot ion  is 

e n  
Ok(nv~ vk) = Fik vk,  (5) 

mc 
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where the  pressure t e rm is omit ted.  This approx imat ion  is valid if  

= P 

1_L ~2 
8~ 

P 
1 

F~~ Frs 

i.e. we c o n s i d e r a  low fl plasma. Here  m is the  rest mass of the electron. The 
veloci ty four  r e c t o r  must  sat isfy the  equat ion  

The charge conservat ion 

leads to 

~)r l~r ~ - -  C2 ,  (6) 

4 ~ e  
OŸ Ÿ Fik - -  8 i (nvi) = 0 

C 

e 
Vk 8k Vi = Fik vk (7) 

mc 

the  final forro of  the  equat ion of mot ion  we use. 
The extension of the electron plasma is supposed to  be infinite,  to avoid 

boundary  value problems for the moment .  
The  sys tem of fundamenta l  equat ions of the low fl plasma is then  

eiklm 0 k Flm ~- 0 
4:te 

'�91 Fik - -  nvi 
C 

3k(nvk)  = 0 

~ r  ~ r  = - -  C2 

e 
vk 8k vi - -  Fig vk 

m c  

(8) 

which is a coupled system of nonl inear  par t ia l  differential  equations.  
In  order  to linearize (8) we suppose t h a t  the electron gas is in a nonper-  

turbed equil ibr ium state.  In  this s ta te  its charge is complete ly  neutra l ized by  
the immobile posi t ive background.  There  is no charge, no cur ren t  wi thout  ex- 
ternal  per tu rba t ion .  In  covar iant  way  this reads 

(Ne  + + N e - )  u k = 0 ,  

where uk is the electron equil ibrium four  velocity,  N the  equil ibr ium part icle  
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density. I f  F;k denotes 
unperturbed state 

the field in the equilibrium system, then in the 

l~ik uk = 0 .  

Therefore (Fik, Uk, N) : (eonst) is a solution to (8), if UkUk = - - d  in the unper- 
turbed equilibrium state. 

Then we superimpose to this state some small amplitude disturbances 
(0Fik, ~uk, �91 and retain those terms where only one disturbance oeeurs. 
This procedure leads to 

eiklm 0 k OFlm = 0 
4~e 

Ok OFik -- (NOui + ui ~n) 
C 

N O, Our -4- nr Or On = 0 
P, 

UkOkOUl = - -  (uk OFtk + Flg Ouk) 
mc  

U r OU r = 0 

, ( 9 )  

whieh is a eoupled system of linear partial differential equations for the dis- 
turbanees. In order to solve these eoupled first order homogeneous linear dif- 
ferential equations we use the trial funetions 

Oui(x,) = ~ul 
OFl~ (x,) [OF~k 

exp i k rxr  (10) 

stating the validity of the superposition principle. Here 0n, 0ui and �91 will 
be appropriately ehosen constants, the determination ofwhich requires a non- 
trivial solution of the algebraie system of homogeneous equations 

eiklm k k OFlm : 0 
4ne  

kk t~F~k - -  (NOul 4- ui On) 
ic 

N k r  OUr -4- Uf kr On = 0 

iUr kr Oui e e = uf OFir --~ 
a c  a c  

U r OU r - -  0 

~ ' i k  t~i�91 

(11) 

Before looking for the solutions of (11), some transformations will be 
useful. 
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The decomposition of the first equation of (11) gives 

kk ~Flm + km ~Fkl + kt 6Fmk = O. (12) 

Then multiplication with Um and summation over m provides ah equation for 
the quanti ty 

‰  i = U k c ~ F i k  , (13) 

which gives the perturbation of the electric field in the comoving frame, namely 

L ~Fkl = kt 5Ok -- kk ~Ol, (14) 

where 
L = kr ur.  (15) 

This combined with the second equation of (11) gives 

4rceL 
kr kr £ - -  kt k~ ~Or - -  - -  (N~ui + ui ~n).  (16) 

ic 

Finally we introduce the notation 

~2ik - e Fik. (17) 
mc 

~2ik is an antisymmetric tensor, built up from the equilibrium values of 
the electromagnetic fields. Since in equilibrium there is no eleetric field at  all, 
we have 

e 
9~~ uk - -  /~ik uk =-- 0 .  

mc 

In other words f�91 contains only the components of the electron cyclotron fre- 

quency ~c = (e/mc)Ho, or the components of the external magnetic fiel& 
With this we write the fourth equation of (11) in the forro 

iLt~a i = e 6q~i + gik ~Uk. (18) 
mc 

w 3. Oscillations Of the relativistic electron plasma when 
no external magnetie field is present 

If  there is no external magnetic field, we have ~ik = 0 and the funda- 
mental algebraic equations ate 

(Q~ ~ir - k~ kr) ~0~ --  - -  

L~n + Nkr ~Ur = 0 
e 

iL 6ut --  ~q~i 
m e  

4r~eL 

ic 
(N~ui + ui~n) 

(19) 
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where 
Q2 = kr k~.  (20) 

It  is easy to see that  (19) incorporates all the equations of (11), making use of 
(13) and (14). 

The system (19) can be written in the form 

and 

where 

e 
~ui - -  6q~i , (21) 

i m c  L 

N e  
~n - -  - -  kr (~~r (22) 

i m c L  2 

[ c2 ~~r Q~" (~ir - -  ki k~ -~ " ~O~c 2 UiLk~ 1 ~~r = 0, (23) 

4~re 2 N 
2 (24) O ) Ÿ  - -  _ _  

m 

is the electron plasma frequency, ah invariant scalar. One has to solve (23) 
first and then use (21) and (22) to derive the accompanying perturbation~ of 
the density and the velocity. 

Instead of attacking directly Equ. (23) we decompose it into trans- 
verse and longitudinal perturbations. 

A transverse oscillation of ~~r satisfies 

kr 6q~~ = 0, (25) 

whereas the longitudinal one obeys 

(kr kr 6is - -  ki  ks) ~q~s = O. (26) 

Therefore the t r a n s v e r s e  a m p l i t u d e  is chosen by the projection tensor 

k 1 . 

Application of (27) to (23) gives 

(27) 

c 2 } 
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a n d a  nontr iv ia l  t ransverse  oscillation can exist if  and only if 

c 2 k~ k~ ~- o~~ = 0. (28) 

This equation is the covariant dispersion relation of a transverse plasma osciUa- 
tion without external magnetic field. In  the rest f rame 

and (28) will give 

kr=/kl'k~'k3'/o)c 
4 2  

~r = Ct)2 .~_ r k 

in accordance with the classical results.  This t ransverse  per tu rba t ion  of  ~~r 
is accompanied nei ther  by  densi ty  f luc tua t ion  nor  longitudinal  ve loci ty  fluc- 
tua t ion  as it  is guaran teed  by  (21) and (22). 

In  the case of a longitudinal  oscillation f rom (23) we obta in  by  means of 
mult ipl ieat ion wi th  ui, and some manipu la t ion  

(~~ --  L 2) kr ~~r = 0 ,  (29) 

where kr~~r ~ O, therefore  

�9 ( k r  U r )  2 = ~~ 

is the covariant dispersion relation of  a longitudinal plasma oscillation without 
external mvtgnetic field. In  the rest  f rame this reduces to the elassical forro: 

This longi tudinal  pe r tu rba t ion  of �91  is accompanied b y  a longitudinal  ve loc i ty  
f luc tua t ion  and a densi ty  f luc tua t ion ,  as it  can be seen f rom (21) and (22), bu t  
there  i3 no t ran~verse  per tu rba t ion .  

In  the absence of external  fields, the  longi tudinal  and t ransverse  oscilla- 
tions decouple,  and the covar iant  dispersion relations reduce to the  classieal 
ones in the tes t  f rame.  

w 4. Oscillations of the relativistic electron plasma in the 
presence of an external magnetic field 

a) Reduction of the equations 

Let  us suppose t h a t  the electron plasma is subjected to ah external  mag- 
netie field in the  tes t  f rame.  Then  the  basic algebraic equat ions  we have  to 
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solve ate  the  following 

LOn + Nkr  OUr = O, (30) 

e 
iL  ~u i = Oq~t + ~ik Ouk, 

mc 
(31) 

(Q20i k __ ki kk) OqSr - -  - -  
4~reL 

ic 
(NOui + ui On). (32) 

We use (31) to express �91 in terms of ~~i. Since 

and 

we have  

O u  r 

e Oq~i = ( iL Oik - -  gJik) Ouk 
m c  

/ 1 ) 
Det  { iL  Oik - -  Qik} = Le L2 -4- ---~ Qrs Qsr --]= 0 ,  

1 
L 2 OŸ --  iL  Qri - -  ~rs Qsi + ~ Ori Qkt ~tk e 

Making use of (31) 

and (33) we arrive at  

m c  

N 
On - -  - -  kr SUr 

L 

- -  6q~ i . (33) 

c 2 ] 

iL  Qir + Qtt s + 1 L 2 + ~ ~2pq Qqp 

~ 2 { - ~  ui kr + 

ui km iL  Qm, + ~Jmt Qtr 
L L 2 ~ - ~ ~ Q p q ~ ) q p  

(34) 

In  this model  all in format ion  concerning plasma oscillations in the  presence of 
ex te rna l  magnet ic  field is conta ined  in (34). Before discussing the  special modes 
of oscillation, however,  i t  will be advantageous  to simplify (~4) b y  means  of 
the in t roduct ion  of a convenient  four  vec tor  in the  place of ~pq, as we have  
done with the in t roduc t ion  of ~t- 

S ta r t ing  from Fik = - -Fk i ,  and following the idea of  A. M. PRATELLI [1], 
we have  defined 

q~i - -  F i k  Uk 
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which in the rest frame has the eomponents 

�9 ~ = (Ex, Ey, Ez, 0) .  

I f  we define the dual tensor of Fik by the relation 

1 
F*k = - : -  ews F~~ 

2 

we have the oppor tuni ty  to define a four rec tor  

1 
hi - -  - -  F?k uk 

ic 

whieh in the rest frame has the eomponents 

hi = (Hx, H~, H~, 0). 

Then it is possible to write Fik in terms of r  and h~. I t  is easy to verify 

Fmn ~~- --i ~ilmn hi ul -4- - -  1 (0~ Uz - -  ~m un) .  
C C 

Applying this to the particular ~k,  we have 

where in the test frame 

r i ---~ 

i 
~ m n  = - -  ~ilmn O~i Ul , (35) 

C 

l eHx eHy eHy OI (36) 
mc me mc 

and may therefore be called the cyclotron frequency four rector .  We need other 
relations, too, namcly 

1 
- -  - -  Qrs ~rs -~ ~l ~~ (37) 

4 

and since eOqUq = 0 in all inertial frames, we have 

ff2mt ~)tr = 1-~ [09p COp (U m Ur - -  C 2 (~mr) -~- C2 COr COm]. 
C ~ 

(38) 
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Making use of these notat ions (34) can be wr i t ten  in the  forro 

- -  - -  - -  Eplir (Dp U l --~ 
g 2 ~ C 2 C L 2 - -  09q 09q 

+ 
L e - -  ~ q ~ q  

( ~ ~  ~ - % % ~~i) - 

1 1 
- -  - -  u;/~,. - -  %lmr ~ v  ul (39)  

C L 2 - -  (Dq (Dq 

- - 1 - - u ' k m L  1 (~~162176 -<OPr 
L 2 - -  O)q O ) q  

b) D i s c u s s i £  o f  the osci l lat ions  

to 
1. Transverse  waves .  For t ransverse  oscillations the equation (39) reduces 

Q2 ~ 092 _~_ � 9 1  
c 2 c 2 L 2 - -  0 3 q  O)q 

r { L 1 c~162176 - --  (40)  
�9 6pIir 09p U 1 @ L 2 __ OJq O)q c 2 c L 2--ooqo.)q 

_ eplmr Ui km r v ul __ l�91 km COm OJr ] IIrt (5~) t = 0 
c (L  2 - -  O)q O)q) L ( L  ~ - -  Wq (Dq I 

where H J ) q 5  t is the t ransverse  par t  of 5~i. 
The  transverse  osci l lat ions  m a y  be decomposed  into two cases, polarized per- 

pendicular ly  
o~r 6r = 0 (41) 

or parallel  

((~ir - -  (09s (Ds)--i (Di ~Or) 6~[~r = 0 ,  (42) 

to the external  field cos. In  the  case (41), Equ.  (40) takes the simpler form 

(Tdir + Repu r O)p u l @ Stplmr O)p u! km ui) Hrt  5r = 0, (43) 
where 

( . 0 2 (  (~Op (Dp },  (44) 
T = (�91 -4- - - ~  1 + L2 __ OJqO)q 

R = -  r176 L 1 , (45) 
c 2 c L 2 -- r162 o)q 

S = r 1 (46)  
c 2 L 2 - -  (Dq (.Oq 
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In  this (41) case, we may  consider propagation along the external magnetic 
field, k~ = ~oJr, with a conveniš  cons tan t  ~. So (43) takes the  form 

( T~ir + Rep l i r  O) p Ul) iV~rt r ~ -  O . (47) 

The existence of a nontr iv ia l  solution to Equ.  (47) is expressed by  the 
vanishing of its de te rminan t :  

F rom T : 0 wc obta in  

c 2 kr kr {(u s ks) 2 --  r o,s} + r (us ks) 2 = 0. (49) 

This is the covariant dispersion relation of a transverse plasma oscillation, which 
propagates along the external magneticfield. In  the rest f rame (49) gives 

92 
2 (50) ~92 = c 2 ~2 + ~~  

~ 2  __  (/)2 

I f  V=E2/k means phase veloci ty  of the wave (49) in the rest  f rame of the plasma, 
then  according to the  dispersion relat ion (49) 

I?J~ 1 ,5,, 
1 _  o ~ ~  

0 2 - oJ~ 

This mode of oscillation cannot  p ropaga te  in the f requency  in terval  

(52) 

A p ro to type  of this propagat ing  wave in low f requcncy  approx imat ion  
(z9/o~c~ 1) is the  Alfv› wave,  for which (50) yields 

where 

~22 = k2 c 2  
c~4 ' (53) 

l + - -  
C 2 

c~ = H~ 
4~ roN 
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is the  square of the  Alfv›  veloeity.  
This f i l ter  t ype  behav iour  of the eleetron plasma for this f requency  inter-  

val is in connect ion with the  cyclot ron resonance.  
Always in the  case (41) the vanishing of  the  second fac tor  in (48) yields 

kr kr --~ to~2 (k  r Uf) 2 ~:  tO kr ttr = O, (54) 
c ~ (kp uA2 - tO~ 

w h c r e  tO = tOc = (tOstO~) 1/2. I n  t h e  r e s t  f r a m e  w e  o b t a i n  

=c2~2+tO~ - - ~ ,  (55) 

the two sŸ corresponding to  the two different  circular polarizations.  This 
type  of  oscillation will not  p ropaga te  if  

r  1 

f o r  t h e  u p p e r  s i g n  a n d  

I [ -  ItOl + V to~ + 4to~] ~ > - ~ -  

for the  lower sign. 
The  o ther  t ype  of class t ransverse  waves polarized perpendieular ly  to  

tor contains the  ones which propagate  across the external  magnetic  f i e ld .  In  this 
case k ~ r  = O, and the  re levan t  equat ion is: 

0=ifQ2§ ~2) o~ , 
c2 L2__to2 (~i~ c3 L~__(o ~ {Lepurtovul 

--  epl,nr Wp U! Ui km} ] t~~ir. (56) 

Since in this case the covar ian t  dispersion re la t ion would involve the evaluat ion  
of the  de te rminan t  

D = det  {a (~ir - -  Pir -4- ui R r } ,  (57) 
where 

to2 L 2 
Q2 _~_ _ _  

1 c 2 L 2 _ to2 

L to2 1 

c 3 L 2 --  r 

Pi = 8p~ir top ti! , Rr I k Pmr , 
= L m 

Acta Physica Academias Scientiarum Hungaricae 27, 1969 



OSCILLATION OF A RELATIVISTIC ELECTRON PLASMA 321 

we write here only the classical limit of  (57): 

( :'~ (DQ } (58) ~t~2 _~_ C 2 k 2  _~_ 0 ) 2  0 2  - -  (.02 - '~ ff~2 - -  (02 ' 

where m = (Dc = (restos) 1'2. The expression (54) is the dispersion relation of  the 
transverse oscillations propagat ing  across and polarized perpendicular ly  to 

the external  magnet ic  field. 

II .  Longitudinal waves. For  longitudinal  waves kr and �91  mus t  be 

parallel, and kr and (Dr m a y  be either parallel or perpendicular.  We can therefore 

speak of p ropaga t ion  across ((Drkr = 0) and along ((Drllkr) the external  magnet ic  

field. 
I n  the case of  propagat ion  across the  magnet ic  field we have  the disper- 

sion relation f rom (39) (by mult ipl icat ion with ui) 

O)2 
L 2 = co 2 + c 2 - -  (59) 

L 2 - -  6o2 

with (D2 = ((DqO�91 This in covar iant  form 

(L  ur) ~ = m~ + c 2 - - %  mq 
( k  r U r )  2 - - -  mq (D a 

or in the rcst  f rame 
Q2 (Q2 _ (D2 _ (D~) = 0 

contains only the classical result. 
Finally in the case of p ropaga t ion  along the external  magnet ic  field by  

muhipl icat ion with mi we obtain from (39) the dispersion relation 

or in the rest  f rame 

being also the classical result. 

: L k~ + (Di = 0 (60) 

~2 = c 2 ~2 + m~ 
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KOJIEBAHH~I PEJ-I~ITHBHCTHqECKOI~I 3J-IEKTPOHHOI~I 
HJIA3Mbl BO BHEUIHEM MAFHHTHOM FIOJIE 

F. POT 

P e 3 ~ o M e  

,/~aeTc~ pe~~THBHCTHqecK0e pacCMOTpeHHe K0~C6aHH~ H~a3M~. BNqHC~eHHH upo- 
Be~eHm ~~~ TflK Ha3blBfleMOH HH3KOH ~-H~fl3M~, B cayyfle KOT0p0~ ~aB~eHHeM MOh'-(H0 npeHe6- 
peqb H0 cpaBHeHHm C H~0THOCTb~ MaFHHTHOH 9HepFHH B~BO~L~TCfl KoBapHaHTH~e ~HcuepCHOH- 
H~e COOTHOWeHH~ H HX CM~C~ cpaBHHBaeTcg CO 3HaqeHHeM H0~06H~X K~aCCHqeCKHX B~pa-  
:~eaHfi. 
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