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LEE MODEL AS A Z LIMIT* 

By 

K . L .  NAGY 

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EOTVOS UI~IVERS!TY, BUDAPEST 

(Reeeivcd 3. II. 1969) 

Limits are investigated in a generalized Lee model without eut off which reproduce 
the elementary q- composite particle case found in the original model. 

1. One of the  most  in teres t ing problems in part iele  physics is to f ind 
some answer to  the  quest ion as to which particles among the  vas t  n u m b er  of 
stable of instable particles are e lementa ry  and which are composed somehow 
from others.  Dif ferent  lines of a t t ack  offer cer ta in  types  of cri ter ia  which might  
be especially useful in boots t rap  calculations.  In  a Lagrangian  field t h eo ry  
e.g. Z -+ 0 limits ate assumed to t u rn  ah e lementa ry  par t ic le  into a composite 
one. Detai led references concerning these problems can be found in [1]. 

Fo rmer  invest igat ions of the  Lee model  wi thout  cut -off  (i.e. when a ghost  
is present)  have  shown t h a t  there  the  typica l  e lementa ry  q- composi te  part icle  
case arises [2], wi th  the  consequence t h a t  one of the particles is e lementa ry  
and the  other  composi te ,  bu t  one cannot  say  which belongs to ei ther  type .  

Here  we deal with the quest ion of  the  kind of l imit  which produces this 
s i tuat ion.  The  model  which we have  chosen is the  generalized model  with two 
V-particles [3], which with a cut-off,  has been inves t iga ted  a l ready f rom the 
point  of view of a Z limit [4], where,  of course, it  gives a different  result.  

In  the  Lee model  all in format ion  arises [5] f rom a funct ion  h(z) having  

the  forro 

a, b finite 

h(z) = a A- bz -4- z 2 G(z) 

G(z) ----- ~ k 2 dk 
2 m 3 ( ~ -  z) 

Thus,  reproducing  the  results of the  Lee model  means jus t  reproducing the 
above forro for  the  corresponding funct ion  of the generalized theory .  

* De dieated to Prof. P. Go~BŸ on his 60th birthday. 
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2. The generalized model we ate discussing is deseribed by  the Hamil tonian  

H = H o + Ht  

H o = . ~  mi (5, 9*, 9~t -~ w(k) a*(k) a(k) dk ,  
i= l  

H1 = _ ~ gi 1 i=1 - - ~  [9~9v 'a*(k) - t -~ i9* '9Na(k)]dk '  

co= V-~ + k~. 

(1) 

We have  taken  two V-particles, and fixed the energy scale by  sett ing m N = O. 
The eommuta t ion  relations ate the eonventional  ones except for the V-particles, 
for which 

{9~.~, 9*} = ~; (2) 

is prescribed. ~i = ~ 1 for a normal  particle, ~i = - -1  for a particle quant ized 
with indefinite metric, mi and gi ate the bare masses and coupling constants .  
We have taken the convenient  forro (1) in order to re ta in  the maximal  possible 
symmetr ies  in the following equations [5]. H is Hermi t ian  if  gi is real with 
�91 = -t- 1, and pure imaginary  for �91 ---- - -1 .  Now we wish to solve the  problem 
of the N---O sector. Here a general s tate possesses the  forro 

with 

IE > = (2~i Ji 9~ -4- v2~ S q~(k) a*(k) dk)]0 > ,  

9v,]0> = 9NI0> = a(k) ]0> = 0 ,  < 0 [ 0 >  = 1, 

the  norm 

< E L E >  = z~, ~* ~, + S ~*(k) ~(k) a k  

(3) 

(4) 

The eigenvalue equat ion 

give s 

Thus,  for 

HIE  > = E[E > 

gl f dk (mi -- E) ~; = V~_~~ - ~ ~  ~(k),  

Z al gi 

real particle states 

Z ~i gr 
~(k) = -- 1 ; ~  2~~ (E --  co+ i~) ' 

(5) 

(6) 
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in the cont inuous spect rum (S wave) 

1 £ - -  ko) --  I ~ g~ 
~(k) = ~o V ~ V ~  (E--o~+iO 

(outgoing waves).  Subst i tu t ing  (6) and (7) into (5) one gets 

-/11~1 q- B~2 = 0 ,  

B% q- A2% = 0 ,  
o r  

A1 ~1 q- B~2 = E l ,  

B~I -oF A2~2 = E 2  - 

Here 

f k ~ dk  
A i  = mi - E -k g~(i) 2o(E  --  ~o q- le) 

" k 2 dk  

B = g t g 2 ~  2 o ( E - - o ~ q - i 0  ' 

k0 
Ei -= gi - -  E = Vm2o q- k~. 

From (8) the necessary condition for finding real particle s tates  is 

A l A 2 -  B 2 =  O. 

For cont inuum states  from (9) 

I ~ , & -  k~~ [g~(m 2 -- E) + g 2 ( m  I --  E ) ] ( A 1 A  2 - -  B2) -~ . 

Blext we distinguish four special cases: 

i.) m i =  m 2 = m .  ii.) m,::/=m 2. 

a) g~ = - &  a) g~ = - g ~ ,  

255 

(7) 

(8) 

(9) 

(10) 

(11) 
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(m --  E) 2 = 0. 

In  tases a) one of the  particles is normal ;  the  other  is abnormal  b y  prescrip- 
tion. 

For  the  case i. a) (10) gives 
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From (6) ana (8) ~ = 0, namely 

~ ~ gi = ~191 -- - 
Al 
-B E=m" ~-2g2 = 0. 

Actually, the eigenstate with (for the sake of definiteness)--�91 1 = �91 = 1 

f E > = - - - ~  (YO*t + gl YO*~/ [0> 
g2 

possesses zero norm 

< E J E >  = O. 

Then from general principles it follows tha t  a dipole ghost satisfying 

( H - -  E)ID> = E l E >  

must  exist. Indeed, replacing 

ID > =- (Zt3t Oi YO,~ + yo* f qS(k)a*(k)dk) ]0 > 

and (12), by E = m, one gets 

gi f dk ~b(k )=m~i ,  

From these 

�9 (k) = - 

V4-~ V 2co 

~ m  1 

gl 2w (m -- c0) 

g2gl t~) yo*, 

and the state 

�9 k 2 dk 
glg2 2co(m--  oJ) 

Obviously <E[D> 4= 0. Choosing ~ and 

O~ 

? = I k 2 dk 
gl~ 2 co(m--m) 
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one can appropriately prescribe 

< D I D >  ---- 0, < E I D > : I .  

Similarly from (11) one can see t h a t  there is no seat ter ing S : 1. These two 
interactions of equal s t rength distort  the two bare eigenvectors into a complete 
dipole ghost si tuation.  I t  is interesting tha t  only the dipole ghost is surrounded 
by a meson cloud, otherwise a compensat ion has occurred which is, of course, 
trivial. 

For  the other  cases ir is most  convenient  to introduce the  funct ion of 
the eomplex variable 

(m I -- z ) ( m  2 - -  z) F ~ dk 
h(z)  : - -  g~(m2 _ z) ~-g~(m 1 - -  z) -4- J 2 to(o~ - -  z) 

(13) 

From (8), (9), (10) and (11) by  s tandard  methods one can see t h a t  the dressed 
particle eigenvalues are given by  

h ( E )  : O, (14) 

and the N - - O  scat ter ing S mat r ix  is 

S ---- 1 iztk o _ h ( E  - -  i~) (15) 
h ( E  -}- i~) h ( E  + ie) 

Furthermore ,  the  norms of the dressed particle eigenvectors are (for E real) 

< E L E >  ---- ~~']~'12 [g~(m2 - -  E )  + g~(ml - -  E)] . h'(z)Iz=p. (16) 
k 2 dk E" 

mi -- E + g y [  
2o~(E (D) . ]  

i - - . ~ j ,  i.e. i = 1 , j  = 2 or i -~ 2 , j  : -  1. 

Now, wi thou t  cut  off, h(z) with 

c(z) =f 
k ~ dk 

2 o~3(oJ -- z) 

i.b) h(z)  = a -}- bz "4- z 2 G(z), 

a - -  m l" k2dk 

,~ + ~~ +J-~-~~ 
1 f k~dk 

b---- g ~ + g ~  -}- 2oJ a ' 

(17) 
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h(~) = a + b: + c:~ + ~e G(z), 

a = 

b ___ 

C 

mi m2 [~ k 2 dk 

g~(m~ - me) - ~ )  - 2  ~ 

mi  + me ~ k 2 dk  

g 2 ( m ~ -  mi) + J  2co z 

1 

g~(ml - -  me) 

(18) 

ii.b) 
.4 

h(z) -~ - -  A- a + bz + z e G(z) , 
Eo - -  Z 

a = - -  g~ mi  -~ g~ me F k e dk  1 q- i" k e dk__ 
+ l  , b - - -  

(~~ § J g~ + g~ J 2co ~ 

.4 _ (g~g2(ml - -  me)) 2 , E0 = g~ m e -+- g~ m, 

(el ~ + g~)~ g~ + g~ 

(19) 

All (real) constants  a, b, c, .4, E 0 are kep t  f inite.  After  f ixing them a model 
t he o r y  is defined. F rom the  forros of b we see also t h a t  in cases i, ii, b) one or 
bo th  of  the V particles mus t  be quant ized with indefinite metric,  h(z) in the 
case of  i.b) corresponds comple te ly  to t ha t  of the  Lee model implying the  same 
results,  except ,  of course, t h a t  the two real s tates  are produced now b y  two 
bare  fields. The real par t ic le  s ta te  s t ruc ture  of  ii.a) is the  same as t h a t  of  
the  Lee model;  the s t ruc tu re  of  ii.b) corresponds to the model  described in 
[6] implying three  real V part icle states. 

3. Le t  us now tu rn  to the  problem of  wha t  t y p e  of limits reproduce  the  
results of the original Lee model.  F rom case i.a.) there  is no t ransi t ion,  of cour- 
se. (17) corresponds to the  Lee model  as i t  s tands,  (18) requires c ~--- 0, (19) 
.4 ~- 0. On the  o ther  hand ,  the  e lementa ry  composi te  part icle case can be at t r i -  
bu t e d  to  l~i(E)12 = 0, i = 1 or 2 with h(E)  = 0. The  connect ion and difference 
be tween  this condit ion and det  Z = 0 can be found in [1,4]. Therefore  let  us 
s t u d y  the  behaviour  of ~t. Since <ELE>, h'(E) are f inite ]~,]2 is essential ly deter- 
mined from (16) by  the fac tor  

f k 2 dk 
mj - -  E + g~ 2 co(E - -  co) 

Bj  = g~(m 2 --  E)  + g~(m t - -  E)  ' wi th  h(E)  = O. 

Since in all cases we are discussing h e r e a  field t heo ry  with indefini te  metric,  
I~il 2 is not  res t r ic ted to 0 ~< I~,12 < 1. Actual ly ,  in general ,  i t  diverges. A n y w a y  
I~,p vanishes if  and only  ir Bj : -  0. Using (13) 
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g~(mj  - E )  ~ 

Bj = [g[(m2 _ E) + g~(m 1 -- E)] 2 
(20) 

Here we are dealing with divergent  quanti t ies .  Therefore ,  double  care is ne- 
cessary. These are the  same as in the  original model;  the  constants  in equat ions 
(17), (18), (19) a te  kep t  finite, also the  d ivergent  integrals b y  cut  off at ~ ;  fi- 
nal ly  c0 -+ + oo. B u t  then  one has to  t r ea t  the cases separate ly .  

In  case i.b) 

k2dk] 
B J - -  (g2 g~+ g2)2 - - g ~ ( b - f  2(03 ] �9 

Therefore,  [~il2 vanishes ifg~ = 0; i.e. f rom the beginning there  is no in terac t ion  
at  all with one of the  particles. For  case ii.a) 

F rom (18) 

B j  = g~(my - -  E )  ~ = c2g~(mj  _ E ) 2 .  
g4(m 2 - -  mi) 2 

1 

g~ 

m ~ = ~  - - b +  g~ + 2o~ a ] '  

1 _ + f  k 2 d k l  k 2 d k l ,  g~ --  { b --  4c - -  
- ~ ,  { ~  

therefore  f rom c = 0, l~il 2 vanishes 
remaining one has to be quant ized  

For  the  last  case, f rom (19) 

for the  part icle  with g/~ ~ 0. T h a t  is, the  
wi th  indefinite metr ic .  

I ~ V 1  - A D -  I=FV 1 - - A D  
g2 = 2 G ' g22 = 2 G 

1 ( _ ~ k 2 d k  I m 1 -- - - - -  a 
m 2 -  G J 2o~2J E ~  

D = 4 G = b ~ (  k2dk  
(m~ - -  m.,) 2 G ' J 2 ~ 3  

Then  A ---- 0 leads to a par t icu lar  gi, let  us say  g2, equal to  zero, 1~2] 2 ~ 0 as in 
the first  case. 

4. We have  seen t ha t  the original Lee model  wi thou t  cut  off  can be ge- 
neralized to the  case of two V particles.  The theory  rcquires quant iza t ion  with 
indefinite metr ic .  Case i.a) is quite  different  f rom the  Lee model;  m I ~ m2, 
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gl  ~ # - -g~  rep roduces  t he  resu l t s  o f  the  or ig inal  m o d e l  w i t h o u t  r equ i r i ng  the  

c o n d i t i o n  

[o~~.(Ej)l 2= [<O]~vv,]Ej>l 2 :  O, j :  1,2. (21) 

When (21) is required g, must be zero. rol # m2, g~ = --g~, c = 0 ana mi :r 
m2, gl  2 =g= --g22, A • 0 c o r r e s p o n d  to  t he  Lee  mode l .  I n  t he  f i rs t  case g2 =~ 0 

a t  t he  beg inn ing ,  in t he  second  case one o f  t he  gi is equa l  to  zcro  g iv ing  
I~, (Ej) I2 = 0 for  one  i a n d  all j in b o t h  cases. 

I t  is i n t e res t ing  to  no t i ce  t he  va r ious  b e h a v i o u r s o f  the  d i f fe ren t  v a r i a n t s  
o f  t he  e x t e n d e d  model .  I t  can  also be  seen t h a t  t he  m o s t  genera l  case (19) 

w i th  its t h ree  real  pa r t i c le  s t a t es  can  be p r o d u c e d  f r o m  ah a p p r o p r i a t e  mode l  
wi th  t h r ee  free V fields. 
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