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REMARKS CONCERNING THE 
THEORETICAL EXPLANATION OF HUND'S RULE* * *  

By 

A.  LEMBERGER and R .  PA•NCZ 

DEPARTMENT OF CHEMISTRY, ISRAEL INSTITUTE OF TECHNOLOGY, HAIFA, 1SRAEL 

(Reeeived 13. I. 1969) 

According to the accepted theoretical exp]anation of HUND'S ru]e the e]ectronic inter- 
action energy is smallest in the ground state which is of the highest multiplieity. A breakdown 
of the total energy into one- and two-electron contributions in the case of carbon atom based 
on self-consistent field calcu]ations and configuration interaction treatment shows that  this 
assumption is not valid. Aceording to our results the main differences in the energies of different 
terms arising from the same electronic configuration are due to differences in the one-electron 
energies. 

1.  Introduct ion 

T h e  s i m p l e s t  t r e a t m e n t  o f  a t o m i c  s p e c t r a  is b a s e d  on t h e  a s s u m p t i o n  

t h a t  a s ing le  e l e c t r o n i c  c o n f i g u r a t i o n  c a n  be  a t t r i b u t e d  to  each  a t o m i c  e n e r g y  

leve l .  T h e  p o s i t i o n s  o f  t h e  d i f f e r e n t  t e r m s  a r i s i n g  f r o m  a g i v c n  e l e c t r o n i c  conf i -  

g u r a t i o n ,  a t e  d e t e r m i n e d  t h e o r e t i c a l l y  b y  d i a g o n a l i z i n g  t h e  m a t r i c e s  of  e l e c t r o -  

s t a t i c  a n d  s p i n - o r b i t  i n t e r a c t i o n  [ ] ,  2, 3]. F o r  l i g h t  a t o m s  t h e  s p i n - o r b i t  i n t e r -  

a c t i o n  is w e a k  a n d  c a n  be  t r e a t e d  as a p e r t u r b a t i o n ,  so t h a t  t h e  d i f f e r e n t  t e r m s  

c a n  s t i l l  b e  c h a r a c t e r i z e d  b y  t h e i r  L S  v a l u e s  a n d  p a r i t y .  

A c c o r d i n g  to  HUI~D'S e m p i r i c a l  ru l e  [4], o f  a l l  t e r m s  a r i s i n g  f r o m  a cer-  

t a i n  e l e c t r o n i c  c o n f i g u r a t i o n ,  t h e  t e r m  w i t h  h i g h e s t  m u l t i p l i c i t y  h a s  t h e  l o w e s t  

e n e r g y .  Th i s  ru l e  p r e d i c t s  c o r r e c t l y  t h e  g r o u n d  s t a t e  o f  m o s t  a t o m s ,  b u t  i t  

u s u a l l y  does  n o t  h o l d  fo r  e x c i t e d  s t a t e s .  

T h e  a c c e p t e d  t h e o r e t i c a l  e x p l a n a t i o n  for  th i s  r u l c  is b a s e d  on  t h e  p h e n o -  

m e n o n  o f  t h e  " F c r m i  h o l e " .  I t  is we l l  k n o w n  t h a t  a n t i s y m m e t r i z a t i o n  o f  t h e  

w a v e  f u n e t i o n  i n t r o d u c e s  s t r o n g  c o r r e l a t i o n  b e t w c e n  e l e c t r o n s  w i t h  p a r a l l e l  

sp ins .  L6WDIN [5] has  s h o w n  t h a t  t h e  d i a g o n a l  e l e m e n t  o f  t h e  s e c o n d  o r d e r  

d e n s i t y  m a t r i x ,  F(XlX2[XlX2) is zero  fo r  x 1 --~ x 2, a t  l e a s t  u p  to  t h e  s e c o n d  o r d e r ;  

t h a t  is, t h e  p r o b a b i l i t y  o f  f i n d i n g  t w o  e l e c t r o n s  w i t h  p a r a l l e l  sp ins  a t  t h e  s a m e  

p o i n t  in  s p a c e  is zero ,  w h e r e a s  t h e  p r o b a b i l i t y  of  f i n d i n g  t w o  e l e c t r o n s  w i t h  

a n t i p a r a l l e l  sp ins  a t  t h e  s a m e  p o i n t  c a n  be  d i f f e r e n t  f r o m  zero.  Th is  c a n  be  

v i e w e d  as i f  each  e l e c t r o n  is s u r r o u n d e d  b y  a " h o l e "  - -  t h e  " F e r m i  h o l e "  - -  

w h i c h  c a n n o t  b e  p e n e t r a t e d  b y  e l e c t r o n s  w i t h  sp ins  p a r a l l e l  t o  i t s  own.  I n  t h e s e  

* Dedicated to Prof. P, Go~BŸ on his 60th birthday. One of the authors (R. P.)would 
like to express his gratitude for the stimulus and advice that  he received at the beginning of his 
researeh Work from Professor P. GoMnXs. 

** Part of a thesis (A. L.) submitted to the Senate of the Israel Insti tute of Tec hnology 
in partial fulfilment of the requirements for the M. Sc. degree. 
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circuinstances,  ir m a y  be expected  t ha t  the electron repulsion energy  will be 
lowest in the t e rm with the  highest  mul t ip l ic i ty  as the la t ter  has the  greatest  
numbe r  of electrons with parallel  spins. 

I f  we now assume t h a t  the one-electron energy is equal, of only  sl ightly 
different ,  for the different  terms arising f rom the same electronic configurat ion,  
then  the  energy differences be tween terms are main ly  due to differences in the 
electron repulsion energy.  As the la t te r  is expec ted  to be lowest in the t e rm with 
highest  mult ipl ici ty,  this t e rm must  have  the  lowest  to ta l  energy.  

W he n  this explanat ion  is examined more carefully,  ir is worthwhile  to 
pay  a t t en t ion  to the following point :  The existence of the Fermi  hole is a direct  
result  of  the a n t i s y m m e t r y  of the wave funct ion and does not  depend on any  
approx imat ion  me thod  used to calculate the wave function.  Howeve r  the  
assumpt ion  t ha t  the one electron energyis  equal  f o r t h e  different  terms,  arising 
f rom the  same electronic configurat ion,  is based on the  accepted approx imat ion  
me thod  used in a tomic spectroscopy,  t ha t  is, the  a t t r ibu t ion  of a single confi- 
gura t ion  to each atomic energy  level and the use of the same a tomic  orbitals 
for the  const ruct ion of the  wave funct ion of each term.  (The way  b y  which 
the " b e s t "  orbitals are found  is un impor t an t  to this discussion). This me thod  
of approx imat ion  has the advantages  of being simpler than  the usual H F  meth-  
od and i t  can easily be ex tended  for the pe r tu rba t ion  calculat ion of the  magne-  
t ic in teract ions  (LS-coupling).  SIr~Xr~O6LU [6] used this approx imat ion  a s a  
convenien t  s tar t ing  point  for  bis calculations of the  correlat ion energy. 

Nevertheless,  we have  no reason to assume a priori  t h a t  a similar result  
for the  one-electron energy  of the terms will be ob ta ined  when a more exact  
calculat ion of the wave funct ion  is made,  t h a t  is, when  the  var ia t ional  calcu- 
la t ion is per formed separa te ly  for each te rm,  wi thin  the f r amework  of  the 
single conf igurat ion approx imat ion ,  or when the  more exact  me thod  of super- 
posi t ion of configurat ions is used to calculate the  wave funct ion.  Moreover,  it 
is known  tha t  a separa te  var ia t ional  calculat ion for each t e rm m a y  give 
apprec iably  different  orbitals  for different  te rms [7]. The influence of super- 
posi t ion of configurat ions can have  even more drast ic  effects on the  energy 
differences between terms [8], especially in the  c a s e ~ f  Z-degeneracy.  

The  object  of this s t u d y  was to examine the  various contr ibut ions  to the 
energy differences be tween terms,  when a var ia t ional  calculat ion is carried out  
separa te ly  for each term,  and thus  to check the  va l id i ty  of the accepted  expia- 
na t ion  for HuND's rule. 

2. Breakdown of  the energy for l ight atoms from SCF calculations 

The  first  step in the  inves t igat ion consisted in the  calculat ion of the dif  
ferent  components  of the energy (kinetic energy,  nuclear  a t t rac t ion  energy and 
electron in terac t ion  energy) for the low lying terms of the atoms f rom the first  
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Table I 

Ene rgy  c o m p o n e n t s  for  the  three  lowest  t e rms  of the ca rbon  a tom 
CLEMENTI'$1 SCF-funct ions* 

171 

a s  c a l c u l a t e d  f r o m  

Term Kinetic Nuclear attraction Electronic repulsion Total 
energy energy energy energy 

~p 
1D 
1S 

37.689 
37.632 
37.550 

--88.137 

--87.992 
--87.769 

12.760 
12.728 
12.669 

--37.689 
--37.631 
--37.550 

* Energy values in this and the following tables ate given in atomic units. 
t See [9]. 

two rows of the  per iodic  table .  The  calculat ions were based  on self-consistent  
wave  funct ions  ob ta ined  b y  CLEMENTI [9] using the  ROOT~XA~ - -  SCF m e t h o d  
[10]. These funct ions  were chosen for two reasons:  1. The  va r i a t iona l  calculat ion 
was made  s e p a r a t e l y  for each t e rm,  thus  omi t t ing  the  usual  s implif icat ion.  2. 
The orbi tals  are of  ana ly t ic  forro so t h e y  are easy  to deal wi th  and  still are ve ry  
close to the  H a r t r e e - - F o c k  funct ions.  

The  expressions for the  energy  a s a  l inear  combina t ion  of radia l  integrals  
are t a b u l a t e d  for each t e r m  [11]. All the  integrals  can be ca lcula ted  exac t ly  
b y  ana ly t i c  formulas .  

Resul ts  for  the  different  ene rgy  componen t s  exhib i ted  the  same beha-  
v iour  in all cases. I n  the  following tables  we shall p resen t  da t a  for  the case of 
ca rbon  a t o m a s  an i l lus t ra t ion  of the  general  t rend.  Table  I contains  the  differ- 
ent  componen t s  of  the  energy  for the  th ree  lowest  t e rms  of ca rbon  arising f rom 
the electronic conf igura t ion  ls22s22p 2. 

The ene rgy  sequence of t e rms  is 3p < 1D < 1S in accordance  with  expe-  
r imen t  and  HUrr rule, bu t  the  electron repulsion energy  is grea tes t  in the  
3p t e rm,  in comple te  cont rad ic t ion  to the  accepted  exp lana t ion  for this rule. 
The fac tor  which de te rmines  the  energy-sequence  of t e rms  turns  out  to be  the  
different  nuclear  a t t r ac t ion  energy  and  not  the  difference in electron repulsion 
energy.  

Closer e x a m i n a t i o n  of the  resul ts  (Tables I I ,  I I I )  shows t h a t  the  fac tor  
responsible for this behav iou r  is a concen t ra t ion  of the  electronic charge of 
the  2p orbi tal ,  closer to the  nucleus,  in the  t e r m  with  h ighes t  mul t ip l ic i ty .  This 
causes ah apprec iab le  decrease in the  nuclear  a t t r a c t i on  energy,  as compa red  
with  the  o ther  t e rms ,  a n d a t  the  same  t ime,  an increase in the  repuls ion energy  
of the  charge in the  2p orbi ta l  wi th  the  charge in the  closed shell, a l though to 
a lesser degree. Compar i son  of the  radia l  charge d is t r ibut ion  in the  2p orbi ta l  
for the  three  t e rms  (Fig. 1) verifies this f inding. 

The  difference in the  energies and  charge dis t r ibut ions  be tween  the  closed 
shell orbi tals ,  ls,  2s, of the  th ree  t e rms  are smaller  and  have  smaller  influence 
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Table II  

Components of one-electron energy (kinetie energy and nuclear attraetion energy) for the 
three lowest terms of the carbon atom calculated from CLF.~ENTI'S~ SCF-functions 

Kinetic energy -f- nuclear attraction energy 
Term 

(ls) (2s) (2p) Total 

ID 

1S 

--35.869 

--35.870 

--35.871 

--7.684 

--7.704 

--7.732 

--6.895 

- 6 . 7 8 6  

--6.616 

--50.448 

--50.360 

--50.219 

I See  [9].  

Table I l I  

Components of electronic repulsion energy for the three lowest terms of the carbon atom 
calculated from CLEMENTI's~ SCF-functions 

Closed-shell Inter-shell Open shell ] Total  
Te rm repulsion energy repulsion energy repulsion energy / repulsion energy 

'D 

,s I J 

l See [9l- 

1,5- 

7.222 

7.237 

7.260 

5.048 

4.959 

4.822 

0.490 ! 12.760 

0.532 ! 12.728 

0.587 12.669 

3p 
10 

~" 1,0- 
C 
2J 

t.. 
[J 
u. 

4Ÿ 
t- 
O 

r(ao) 
Fig. 1. Mean eharge distribution in the 2p-orbital for the three lowest tr of earbon atom 

calculated from CLEMENTI'S SCF functions 
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on the energy differences between the terms. This result could be expected 
sinee the inner shell of the atom is known to be influenced only slightly by 
changes in the outer shell. 

Another interesting point which is observed in Table I I I  is tha t  the repul- 
sion energy in the open shell only is in the order 3p < 1D < 1S. That  is 
although there are differenees in the 2p orbitals of the three terms, it can still 
be observed that  antisymmetrization of the wave function introduces a measure 
of correlation between eleetrons with parallel spins. However, this correlation 
has a slight influence on the energy differences between terms and the main 
factor is, as was mentioned above, the difference in nuclear attraetion energy 
of the 2p orbital. 

Exaetly analogous results were obtained for the other atoms examined - -  
N(4S ~ 2D~ 2F~ O(3P, 1D, 1S) and their counterparts in the second row of the 
periodic table - -  Si, P, S. 

3. Configuration interaction calculations 

In order to ascertain whether the above results are not limited to the 
single configuration approximation (ir is well known tha t  SCF-funetions do not 
yield a good deseription of two eleetron observables) the different components 
of the total energy were caleulated for the three lowest terms of earbon, using 
CI funetions. 

These funetions were caleulated by us following a previous caleulation 
made by BoYs [12]. The first step eonsisted in recaleulating BoYs' results 
and in the second - -  other eonfigurations were added to the funetion in view 
of improving the energy. Computer programs have been written for the ealcul- 
ation of matrix elements between the atomie eonfigurations involved and for 
the solution of the secular equation. For the latter we used the partitioning 
teehnique of L/5wDxrr [13], whieh was found to be very convenient for such 
ealeulations. 

Results for the wave functions and energies are listed in Table IV. 
Comparison of the energy values obtained in the different approximations 
is given in Table V. The fourth column presents the best values known in 
literature for the earbon atom, published recently by WErss [14]. Another 
comparison to experiment is obtainedby the interval-ratio 1S--1D/ID 3 p  for 
earbon (Table VI). 

Superposition of configurations appreciably improves the quantitative 
agreement of the interval-ratio with experiment, so tha t  it can be expected 
that  these funetions will give a better deseription of the energy-differences 
between the various terms of the carbon atom. Results for the diffcrent com- 
ponents of the energy as calculated from these functions are given in Table VII 
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Table  I V  

CI functions and energies for the three lowest terms of the carbon atom (present work) 

B o Y s '  

Configaration 

(sA2)(sB~)pA ~ 
(sAsC)(s B2)p.~'I 2 

(sCq(sBqpA~ 

(sA2)pA 4 

(sA2)(sBsC)pA 2 

(sA2)(sBsD)pA 2 

(sA2)(sB2)pApB 
(sA2)(sBdA) 3 D(pA2)3p 

(sA2)(sBdA) 3 D(pA ~) tD 
(sA2)(sBsC)pApB 
(sA2)(sBsD)pApB 

(sA2)(sB2)pB ~ 
(sA~)(sB2)dA~ 
(sA2)(sB2)pApD'* 

(s'~)(~.B2)pApC 
(sA2)(dA2)pA2 
(sA2)(p B2)pA 2 

(sAsB)(sC~)pA 2 

(s B2)(sCsD)pA 2 

E(a.u.) 

~p 

1.0 

0.00931 

--0.01511 

0.01604 

0.12462 

0.00797 

--0.07872 

0.04275 

0.09996 

0.12085 

0.03357 

--0.05449 

--0.04089 

0.03614 

0.13952 

0.03912 

--0.03496 

0.01861 

--0.00542 

--O.0O375 

--37.7600 

coefficient 

..... ! . . . .  lp  I Is 

. . . . . . . .  i . . . . . . . . . . . . .  

I 1.o 1.o 

/ 0.00925 0.00907 

--0.01510 --0.01505 

0.01604 

--0.12361 

0.00905 

--0.08039 

0.07925 

0.14982 

O.O3387 

-- 0.05736 

--0.05698 

0.04780 

0.17279 

0.04454 

--0.03482 

0.01893 

-0 .00543 

--0.00376 

0.01602 

--0.24778 

0.01469 

--0.09033 

0.13294 

0.03473 

--O.06209 

--0.07736 

O.09714 

0.22358 

0.05233 

--0.00544 

0.00278 

--0.00549 

--0.00380 

--37.7030 --37.6416 

* The orbital pD" is not  the one used by BoYs - -  it is ra ther  a linear combination of 
pD and pC, whieh Ÿ orthogonal to pC. 

TaMe V 

Comparison of energies for different calculations for~the carbon a tom 

SCF t i  CI Cl 
Terna (CLEMEN~ll) (~OYS ~) (presevt work) (WEISS*) ExP "z 

3p 

iD 

~S 

--37.689 

--37.631 

--37.550 

--37.747 

--37.689 

--37.633 

--37.760 

--37.703 

--37.642 

--37.779 

--37.731 

--37.679 

1 S e e  [9] .  
2 See [12]. 
3 See [14]. 
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THEORETICAL EXPLANATION OF HUND'S R U L E  175  

Table VI 

Comparison of the interval ratio (tS--ID)/(1D--aP)for the different calculations 

I See [2] 
See [91 

z See [14] 
See [21 

SCF C! I CI 
SLATERI  (CLEMENTI 2) (present work) (WE~sS ~) 

1.50 1.43 1.08 1.09 

Exp. 4 

1.13 

Table VII 

Energy components  for the three lowest terms of the carbon atom, calculated from the CI 
functions of Table IV 

Kinetic Nuclear attraction Electronic repulsion Total 
Term energy energy energy energy 

ap 

1D 

1S 

37.635 

37.583 

37.553 

--87.958 

--87.821 

--87.677 

12.563 

12.535 

12.483 

--37.760 

--37.703 

--37.642 

2,2 

Zo- 

-~ 1,9- 

A 
~ 1,8" 

1,5" 

r (ad 

Fig. 2. Mean charge distribution in the L-shell for the three lowest terms of carbon a t o m a s  
caleulated from the CI functions given in Table IV 
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These results indicate exact ly  the same behaviour  as the one observed ' 

using SCF functions:  The eleetron repulsion energy is highest in the te rm with 
highest mult ipl ic i ty  and the fac tor  responsible for the  order 3P < 1D < 1S is 
the difference in nuclear a t t rac t ion energy. 

Comparison of the mean  radial charge distr ibution of the three terms 
indicates t ha t  the differences in the inner shell (K shell) are very  small bu t  there 

are differences in the outer  shell (L shell). The radial  charge dis tr ibut ion in the 
L shell of  carbon for the three lowest terms is given in Fig. 2. 

The charge in the aP- term is concentra ted  closer to the nucleus t h a n  in 
the o ther  terms, and this seems to be the reason for the decrease in nuclear  
a t t rac t ion  energy and for the increase in the electron repulsion energy. 

4. Summary 

Results of the calculations indicate t h a t  the accepted explanat ion for 
HUND's rule is based on an approximat ion  and it does not  remain valid if more 

elaborate  methods are used for the determinat ion of  the atomic wave function.  
Ir  seems tha t  at  least for the three lowest terms of  the carbon a tom the differ- 

ences in term energies ate due to changes in spatial  charge distr ibution,  so tha t  
the main  factor  responsible for the order of energies is the difference in nuclear  

a t t r ac t ion  energy, not  in the electron repulsion energy. 

Al though we cannot  conclude tha t  this result  is eharaeterist ic  of  all 
a toms (it is p robably  not  the case with positive ions), the above results still 

emphasize the fact  t ha t  the differences in one-electron energy between various 
terms ate of the same order of magni tude  as the differences in electron repulsion 

energy and their neglection is, therefore, unjustif ied.  
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HPHMEqAHH~ OTHOCHTE~bHO TEOPETHqECKOFO TO~KOBAHHH 
HPABH~A FYH~A 

A.~EMBEPFEP H P. HA~H~ 

P e 3 i o M e  

CovJ]aCHO HpHH~TOMy Te0peTHqeCKoMy TOJIK0UaHHIO npaBH~a FyH~a aHeprH~ 9aeK'rpoH- 
HOF0 B3aHMOKelŸ HaH6o~ee HH3Ka B OCHOBHOM COCTO~IHHH, qTO o6yC~OBJIHBaeTcfl B~COKOfl 
MyJIbTH[UIeTHOCTblO. Pacna~ noa.ofi 9HeprHH B 0~H0- H nByx~~ewrpOHH~~ BI<JlaKh/ B cayqae 
aTOMa yr~epo~a, onpe~eaeHH~~ Ha 6a3e MeTo~a caMocoraacoBaH,oro noa~ H K0.~HrypattHOH- 
H0r0 B3aHM0~eflCTBH~, l'OBOplIT 0 He~e~CTBHTe.qbH0CTH ~aHHOr0 npe~no~o~<eH.~. HamH 
pe3yJIbTaTt~ rloKa3~BalOT, qTO r~aBHoe pa3a.q.e B a.eprHax pa3J]HqHbIX TepMOB, np0 .cx0~-  
IIIHX 0T 0~HOfl H T0fi )He a~eKTp0HH0fi KOH~HrypauHH, 06yC~OBJ]HBaeTca pa3.qHqHeM B O~HO- 
a~e~TpOHH~X aHeprHzx. 
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