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This paper studies the eorreetiou to the Thomas Fermi potential arising from the exi- 
change inhomogeneity and correlation effeets. Using the BXaAFF equation and the approxi- 
mate solution of the Thomas--Fermi equation for free neutral atoms, given by one of the author9 
there has been eonsidered the low and high density approximation, h is found that the mala 
contribution to the solution of the BXaAFF equation arises from the inhomogeneity, sereening 
and exchange terms. 

Lastly the s tudy of eorrelation effeets in many-body systems has attraet-  
ed the attention of a number of scientific workers [1]. This paper studies the 
correetion of the Thomas--Fermi  potentiaI for free neutral atoms from the ex- 
change, inhomogeneity and correlatŸ effeets by using the differential equa- 
tion of BA~xrr" a n d a  simple analytic expression o f theThomas- -Fermi  poten- 
tial with a eorrect asymptotic behaviour for large distances. 

I t  has been shown by BxRxrr [2] that  the first nonzero correetion q)2 to 
the Thomas--Fermi  potential [3] q~0 is given by the solution of the differential 
equation 

I 4me 2 I 4m e~ 
v~~~-  ( ~ V - )  p'~~~ = ~h.~ ~,,~(Eo~ + ~~o.) + 

�9 [4V2q~0 A- (pF)2 [ - - ~ r  ) J 

m e  2 

12u ~t3 pF  

(1) 

where PF denotes the Thomas--Fermi  momentum, Eex=--e2pp/~rh and 
Ecorr denote the exchange and correlation energies of the system, respectively. 
The first term on the right-hand side of Equ. (1) represents the contribution 
arising from exehange and correlation effects and the second term gives the 
inhomogeneity correction. The second term on the left-hand side introduces 
the screening effect, which is one of the important consequences of the long- 
range Coulomb interaction of electrous. The right-hand side of Equ. (1) depends 
on q)o, the Thomas--Fermi  potential, and in solving the differential Equ. (1) 

* Dedieated to Prof. P. GoMns on his 60th birthday. 
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we shall use the simple analyt ic  solution of the Th o ma s - - Fe r mi  equat ion given 
by  one of the authors [4] 

Ze 2 
q~o (r) = -- , (2) 

~(~ + Ax)~ (~ + Bx) 

where x=r/# and #=0.88534ao/Z 1/~. Z is the atomic number  and a 0 is the  f irst  
radius of the hydrogen atom.  The numerical  values of the constants  A, B appear- 
ing in Equ. (2) are g ivenby :  A = 0.05367 Z 1/3, C ---- 0.035Z 1/3. In  the following 
we use atomic units and so pu t  e = ~ --~ m = a 0 = 1. The correlation energy 
of ah electron gas has been invest igated by  several authors and it  depends on 
the densi ty  of the system. 

Let  rs denote the mean  spacing between two electrons measured in units 
of Bohr  radii in the system.  We then  say t h a t  the system has high of low den- 
s i ty  aeeording to r~ < 1 or r~ �87 1. Aceording to GELLMAN and BRUECKNER 
[5] the  eorrelation energy of a high densi ty  gas is given by  

Ecorr ----- G -- E l n p ~ ,  where G = -- 0.05546 and E = 0.0622. (3) 

For  an electron gas for low densi ty the correlation energy in atomic units is 
given by  the WIGr~VR [6] formula 

_ I' 41113 Ecor r -~ --  (0.89 ~ ~r 1) P ~ ,  Ÿ ~ = . (4) 

Firs t  we shall solve the BARAFF equation for ~o given by  Equ. (2) in the case of 
high densi ty;  this means we use Ecorr given by  Equ.  (3). Then we solve the 
BARArF equation for ~o in the case of low densi ty  when Ecorr is given by the 
last  formula.  

Solution of Baraff equation for high density 

In  the high densi ty  l imit  the BARAFF equat ion according to Equ.  (3) in 
atomic units is 

1 { 1 ( d ~ ~  
-J- 12~ V~-- 2~0) 4V2 ~ o -  ~ (--~r-) J '  
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where q~0 is given in atomic units by  Equ. (2). The general solution of q~~ given 
by  the last differential equation is the sum of the solution of the homogeneous 
equation and the particular integral. Denoting the solution of the homogeneous 
equation by  q) and putting a series of the forro 

q) = --1 X" ak tk+s, where t = r 1/2 (6) 
r k = l  

for q) we obtain after respecting the initial equation s = 0, when ~o ~ 0 and 
al = a2 ---- 0 for the expansion coefficient ~k the following recurrence formula: 

_ _  l 
16 V2 Z .~  (_ l)j Dj  ~~-3-zj, (7) n(n  - -  2) a. -- - -  

j=o 

w ~ l e r e  

~.  (2k - -  I)!! 
Dj = A l + -2-~T.i - A j-k C k , D O = I .  

k=l 

(8) 

The number l takes the following values: l = n - - 1 / 2  for even n and l = n  - -  3/2 
for odd n, where n ---- 3, 4, 5 . . . .  Setting q)2 ---- q~ + % where ~o is the particular 
solution of Equ. (5) we see that  the particular solution ~o after some simplifica- 
tion satisfies the following differential equation 

d 2 }q 2 d T  4 V 2 z  hi , (9) 
dr ~ + r dr r l / Z ( l + A r ) ( l  + C r ) l / 2 n  = f ( r ) ,  

where 

1 1 
= q~2 + G - -  E l n } ; ~  + --~-Elnr -4- Eln(1 -{- Ar )  - -  --2---Eln(l+Cr) + 

2 2 

1 [ 1 4A 2C 20A 2 

+ ~  ~ - +  r(1-4-Ar) + r ( l + C r )  - -  ( l + A r )  2 

7C 2 

(1 + Gr) 2 

12 A C  ] 

(1 + Ar) (1 + Gr) 
(10) 

and f ( r )  can be expanded in ascending powers of r, and one has 

ro 

f ( r )  = .~-" fl~,~r n, 
I"1=--4 

(11) 
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where the  expansion coeffieients fl2n ate given b y  the following reeurrenee  
relat ions 

1 E 
t~-~ = , fi_~ = o ,  ~ _ ,  = - - ,  

48 2 

_ 8____ZZ + 11 A z q_ I_A2C+ 1__1_AC2+ 1___C3 
~2 12 4 4 3 

fl_2 : 2EA + EC 

f12~ ~= ( - -  1),+1/(n + 3 ) E A  n+2 + n +3.  
! 2 

E c n + 2  __ _ _  
8 Z  n + l  
~~ . 2  (k + 1) C ~~~-k A k 

k=O 

Ii 
1 A 2 C 9 2 ( n  --  k + l ) ( k + l ) A  n-kCk+ ~ A C  
4 k=o 4 

A2 (k+ l ) (k+2 )  C~_kAk 4- C~ . ~ "  
L k=0 2 k=l  

1 [ ,+1 
+--�91 a 2 

k=0 

(k+l)(k+l)2 An-kck] 

" ( k - I - ] ) C  n + l - k  A k  ~ - C  k = o ~ ( k - [ - 1 ) A n + l - k C k Ÿ  ] 

+ ( n + 2 ) ( n + 3 )  cn_ , + - -  
2"3 16 1 - 2 " 3  

+ 1 5  (n+l)(n+2)(n+3) An+4 + 
12 1 . 2 . 3  

7 (n+l)(n+2)(n+3) cn+4 

11 ( n + 2 ) ( n + 3 )  Ah+, | 
/ 12 2 

and n = 0 ,  1, 2, 3 , . . . .  
Eqa .  (9) cannot  be satisfied b y  a power series alone, and a complete  solu- 

tion of  ir should also conta in  a t e rm involving lnt. Therefore  in order  to  solve 
Equ.  (9) we pu t  ~ in the  form 

co co 
~p = . ~  ak t k + . ~  b s t s. Int, 

k=--4  s=O 

where  t : r 1/2. Subs t i tu t ing  th is  in Equ.  (9) and compar ing  different  powers of  
t k and tSlnt on bo th  sides of  the  differential  e q u a t i o d  we obta in  for the  expan-  
sion coeffieients ak and bs t h e  following recurrence  formulae  

1 16 y2-Z 
~ - ,  = - ~ - ~ - ~ ,  ~ -~  = ~-~  = ~o = O, ~_~ - 

7Z a -  4 

b o = 2fl_4, b] = b 2 = b 4 = 0 ,  (12) 

n(n + 2 )  b n 
l 

16V2-Z ~-~( - -1)JDjbn_3_2j=  0 ,  
7t j = 0  
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n - - 4  n - - 3  
where l - - - -  for even n, l - -  for  odd n, and n : 3 , 4 , 5 , . . .  

2 2 
a1$o 

n(n+2)a,+2(n-4-1)b, 16 2 ~  l - -  . ~  ( - -  1)J Di aa_3_zy = 4/~,_4, (13) 
j=o  

where l :  n for even n, l - -  n + l  for  odd n, 
2 2 

~2n+1 ~-- 0 and n = 1, 2, 3, . . . .  

The  symbols Di appear ing in formulae  (12) and (13) a te  given b y  Equ.  (8). 
The  solut ion of  Equ.  (9) still contains one a rb i t r a ry  cons tan t  ~0- This can be 
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Fig .  1. G r a p h  o f -  ~b 2 a g a i n s t  r for  Z = 28. - - t h e  reEu]ts of  P.  VENKATAIIAI�9 
. . . .  the  r e s u h s  of  t h e  a u t h o r s  

eva lua ted  f rom the  b o u n d a r y  condit ion at  the  origin. For  any  neu t ra l  a tom the  
potent ia l  near  the origin is domina ted  b y  the  nuclear  a t t r ac t ion  and this is 
equal to --Ze2/r. Since the  T h o m a s - - F e r m i  potent ia l  q)o also tends  to --Ze2/r 
as r-+0, ir is clear t h a t  the  correlat ion to the  T h o m a s -  Fermi  poten t ia l  eontains 
any  l/f, so t h a t  ~o=2A~-C/48. When  ~o=2A-4-C/48 is subs t i tu ted  in Equ.  (8) 
we get the correct ion q~2 to the  Thomas - -  Fermi  potent ial .  

We have  s tudied the  na ture  of var ia t ion  o f ~  2 with r for  the  atoms silicon 
and nickel which have  a tomic numbers  Z = 14 and Z = 28, respect ively.  Figs. 
1 and 2 give the graphs of q) 2 a s a  funct ion  of r. Our r e suhs  have  been compared  
wi th  those of VENKATARAiNGAI~ [7], which are based on ano the r  approx ima te  
solution of  the  T h o m a s - - F e r m i  poten t ia l  given b y  the  au thor  [8]. 

F rom the  graphs it  follows t h a t  ~2 s tar ts  f rom inf in i ty  for  ve ry  small 
values of r, decreases to a mŸ value  and again increases. 

Acta Physica Academiae Scientiarum Hungaritae 27, 1969 



166 T. TIETZ and S. KRZEMIi~SKI 
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Fig. 2. Graph of --q)~ against r for Z = 14. - the results of P. VENKAThl~ANGAN, 
. . . .  the results of the authors 

Solution of the Baraff equation for low density 

For  ah electron gas of low densi ty  the  correlat ion energy is given by  the 
WIG~Ea formula,  i.e. b y  Equ.  (4). The only  difference in the differential  equat ion  

2 (1) now arises f rom the  t e rm (Es - -  pH2m) which in this case is equal  t o - - 0 . 8 9  

After some calculat ion it  can be shown t h a t  in this case the  correct ion 
~2 to  the T h o m a s - - F e r m i  potent ia l  can be wr i t t en  as 

q~2=r=2.676s 1 [ 1  4A 
k=0 --  9---6- 7 + r(i+Ar) -k 

2C 

r(l +Cr) 
2p+4 

~ d 2 p r  2 , 
p=O 

20 A 2 7C 2 12AC ] 
( l + A r )  2 (1 q- Cr) 2 (I+AC)(I+Cr) + 

where the expansion coefficients d2p a re  given by  

do --  6y d 1 -~ 0 ,  

~ A V  C 

l 1/2~1 1/ . . . . .  

I'I 
16 2 Z ~ , (  1)Jl)Ÿ d~, ,,; 46n (15' ( n + 2 ) ( n + 4 )  16 d,~ 

n A  ~ A  C j = l  - 2 ~-4 

for  even n, and zero for odd n, whcre l~n/2 for even n, and l~n--lq for edd 
n, and n ~-- 2, 3, 4, . . . ,  the  cxpansion cocfficient ~/~ satisfies the following for. 
mulae:  

s =  2 + - 2 -  / 1 4-. - C - # ' ~ 2 " 6 7 6 '  when 7 o # 0 ,  (161 

[(s+n--l)(s4-n) 4 V ~ -  ] 4 V 2 z ~ ( - - 1 ) J D } T n _ j - ~ O .  
~A _ Y" ~A C 1=0 
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The symbols DŸ and On appearing in the  last formula are: 

( 
(2k 1)!! 

D~ = A-J + , __ Ak-J  C - k  
k=0 2k!! 

and 

~ 4 = / 5 - 1 6  --  :rA 28ZC .0 .89~)  

(17) 

[ _ _  1 ( n - -  3)(n - -  2) C_n+4 }_ 11 (n --  3)(n --  2) A_n+ , + _  ( -  1)n-4 
12 2 3 2 

1 n--4 
~- 4-1 k=gn-4 (k A- 1) C k-n+4 -,4 - k  + ~ k ~  ~_ (k + 1) A k-n+' C -k - -  

1 n-4 (k-~l)(k~-2)  Ak_n+ 4 _  C _  k _ 

1 k-4 (kd- l ) (k �91  C~_n+r  k 

4 k=0 2 

1 k--4 
~ ( n  --  k - -  3)(kd-1)- 

4 k=o 

Ak-n+~ C,-k __ _ _  15 (n --  3) (n --  2) (n - - 1 )  A_n+ 4 _  

12 1 "2"3 

7 (n - -  3) (n - -  2) (n - - 1 )  C_n+ 4 _  

16 1 . 2 . 3  

n4 ] 
8Z 0 . 8 9 ~ ~ ( k + 1 ) C  �98 -k . 

:~A 2 C k-0 

for n = 5, 6, 7 . . . . .  
F rom Equ.  (18) ir follows t ha t  q)2 asympto t ica l ly  tends  to  zero as r -2. 

This is an unsa t i s fac tory  feature  of the  BARAFF equa t ion  since one would ex- 
pect  the correct ion to converge more rap id ly  than  the T h o m a s - -  Fermi  potent ia l  
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KBAHTOBbIE H KOPPEJI~ILIHOHHblE FIOFIPABI-(H K FIOTEHLIHA.IIY 
TOMACA--OEPMPI 

T. THTL[ i.[ C. KP3EMHHCKI4I~ 

P e 3 z o M e  

B Ranno~Ÿ pa£ HayqaeTcn Koppe~aunn K noTenuna:ly To~laca--OepMH, o£ 
:~eHnaa Heo,~Hop0~H0CTblO o6Mena rz ]<oppe.qaUHoHrrUiMH ~bqbeKTaMH. l-lpnMeHaa ypaaHeHne 
Bapar H npH6:m~<eHaoe pemenHe ypaaHeH~a ToMaca--OepMH ~tna Cn0£ HeflTpa~b- 
HblX aTO/VlOB, Rannoe  0RnHM H3 aBTOp0B, paccMaTpHBaeTc>'I npI4‰ MaJ~01~i H BblCOK0fi 
H.rlOTFIoc'rI.l. H a n ~ e n o ,  qT00CHOBHOfi BKJIaR B pemeHHe ypaBHeHHfl Bapar BH0C~T HeORH0- 
KpaTH~e, aKpaHHDylottIHe H 06bleHHbXe q.neHbL 
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