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G E N E R A L  FORM OF THE C E N T R I F U G A L  TERM 
IN THE ROTATIONAL SPECTRA* 
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The explicit forro of the centrifugal term is known so lar only for the Hund's limiting 
cases. The present paper presents its explicit form in the intermediate case bctween Hund's 
case a) and b) for terms of any kind. 

At the theoret ica l  examina t ion  of the s t ruc ture  of the ro ta t iona l  spectra  
of diatomic molecules several  in terac t ions  must  be t aken  into considerati0n 
s imul taneously  b y  means  of the pe r tu rba t ion  calculation. These ate the  te rms 
omi t t ed  at  the separat ion of the wave equat ion ,  the terms of  the  sp in - -o rb i t ,  
sp in - - sp in  and ro t a t i on - -  spin interact ions,  as well as the non-diagonal  terms of 
the  centr ifugal  te rm.  The s imultaneous taking  into considerat ion of all these 
te rms would make the  final  form of the mul t ip le t  formulae v e ry  complicated.  
Since the pe r tu rba t ion  between the mul t ip le t  components  and the spin orbi t  
in te rac t ion  is commonly  larger t han  the  others,  it  seems suitable to consider 
f irst  these in teract ions  by  means of the  pe r tu rba t ion  calculat ion (these gire 
the well-known mul t ip le t  formulae)  and then  the remainder  b y  a m e th cd  of  
approach  which gives the  te rms der ived f rom the last in teract ions  in addi t ive 
form to the mul t ip le t  formulae  a l ready established.  Such a considerat ion of the 
s p i n -  spin in teract ion,  as well as the in terac t ion  between the  ro ta t ion  and spin 
is a l ready well known [1],[2]. In the case of the spin spin in terac t ion  a n u m b er  
of  the  exper imenta l  examples  showed a good agreement  wi th  the theoret ical  
results.  In the present  paper  the same procedure  is applied for the case of the 
centr ifugal  te rm.  B y  establishing the fo rm of  the centr ifugal  t e rm  for the 
Hund ' s  case a) and b), as well as the non-diagonal  pe r tu rba t ion  mat r ix  ele- 
ments ,  the form of the centr i fugal  t e rm m a y  be given in this way  in the inter-  
mediate  cases be tween Hund ' s  case a) and b), for terms of any  kind and mul- 
t iplicity.  

Le t  H 0 denote  the energy opera tor  of the separable wave equat ion and 
H p, on the one hand,  the pe r tu rba t ion  opera tor  of the te rms of higher  order  
of  magni tude  neglected at  the separat ion,  which describes the per tu rba t ion  

* Th i s  p a p e r  is ded i ca t ed  to m y  f r iend ,  A c a d e m i c i a n  P�93 GOMnXs, on t he  occas ion  o f  
his  s i x t i e t h  b i r t h d a y ,  a s a  m a r k  of  m y  h i g h  e s t e e m  a n d  h e a r t f e l t  feel ings.  I w i sh  hi to  all fu r -  
t h e r  success  in bis  ac t iv i t i e s  a n d  a long  life. 
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between the components of the same multiplet  term,  and on the other  hand,  
the per turbat ion  operator  of a higher order of magni tude  of the spin - o r b i t  
interaetion.  HP should denote the per turbat ion operator  of the smaller inter- 
aetions (e.g. centrifugal te rm,  spin--spin or ro ta t ion- - sp in  interact ion) to 
be t aken  into account later.  

(H" + HP --  WŸ 7)7 = 0 ,  (1) 

where H" = H o q- H p and WŸ = WŸ q- AWŸ Here 7)Ÿ is the new per turbed 
wavefunet ion,  and l~Ÿ the eigenvalue of the operator  H ' ,  and this represents 
the well-known multiplet  formulae.  I f  HP is small (as aeeording to the experi- 
ments  the  value of the eentrifugal term, the sp in- -sp in  interaetion and  inter- 
ae t io ¡  the rota t ion and spin is smaU eompared with, for instanee,  the 
spin -orb i t  interaetion whieh gives the greatest  par t  of the multiplet  splitting) 
then  A l l Ÿ  is also smaU and no great error is eommi t ted  if ~vŸ is replaeed by  
7)Ÿ the a l ready once per turbed wave funet ion of the operator H ' .  Thus,  let 

u r v2i ~ 7)i. Then, sinee 

(H'  WŸ 7)Ÿ = 0 (2) 

with a good approximat ion it can often be wri t ten (1) and (2) t ha t  

(~p - Av/;) 7)~ = 0 (3) 
and 

A W Ÿ  = y 7)*' HP 7)Ÿ d~,  (4) 
respeetively. 

I t i s  known,  however, t ha t  ~0Ÿ ~ S SikT)k, where 7)k is the unper turbed 
wavefunct ion of the operator  H 0 and S,~ k the elements of the t ransformat ion  
matr ix ,  arising from taking  into aecount the operator  H v. The la t ter  ate 
known explicitly for the doublet ,  triplet,  and quar te t  terms as funetions of 
the ro ta t ion  quan tum number  for all kinds of terms. By the use of this (4) 
can be wri t ten 

A~~ = ~ s*~ ~ s,~ ¡ (5) 
k l 

and 
/t~t = S~~ I~p 7)z d~. (6) 

Applied to the s p i n - s p i n  interact ion this formula  could, in m a n y  cases, excel- 
lent ly interpret  the deviations f rom the usual  mult iplet  formulae even if the 
terms ment ioned belong not  to Hund ' s  l imiting cases, bu t  to the in termediate  
case. This can be seen in the tases of the 3II terms of the NH,  PH,  P F  and TiO 
molecules, respectively, of one 33 te rm of the CO molecule and of one 4H term 
of the O + moleeule [3]. 
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As is known,  wi th  the inerease of  the  ro ta t ion  of  the  molecule the equi- 
l ibr ium nuclear  dis tance becomes g rea te r  which is man i fes t ed  in the  a p p a r e n t  
decrease of  the  ro ta t iona l  cons tan t ,  of  ah addi t ional  terna is a t t a ched  to  the  
energy expression,  the  forro of  which in H u n d ' s  case b) is as follows: 

HŸ N;  A, N) = - -  D R '  ----- - -  D [N  2 - -  Ac] • = - -  D [ N ( N  4- 1) - -  A212, (7) 

where N is the  ro ta t iona l  q u a n t u m  n u m b e r  in case b), A is the  projec t ion  along 
the molecular  axis of  the  r e suh ing  orb i ta l  angula r  m o m e n t u m ,  and  D the  
cons tan t  of  the  cent r i fugal  t e rm.  Howeve r ,  (7) is exac t  on ly  when  the  electron 
spin is coupled to the  r e c t o r  � 9  I f  we w a n t  to foUow the  process of  the suc- 
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Fig. 1 

cessive decoupl ing f rom the molecular  axis and  the coupl ing to vec to r  N,  the  per-  
t u rba t i on  calcula t ion of  q u a n t u m  mechanies  has  to be employed .  This,  however ,  
requires a knowledge  of the  p e r t u r b a t i o n  m a t r i x  e lement .  For  its calculat ion 
let  us s t a r t  f rom (7) b y  expressing the  r e c t o r  �9 b y  vec tors  j and  ~. On the  
basis of  the  Figure  ir can be seen t h a t  

H c ---- - -  D [ N  '2 - A2] 2 = - -  D [ ( J ~ - -  ~)2 _ A212 = _ D [ ~ 4 - ~ 2  _ A 2 _ 2 ~j~)]2 = 

= _ D [ j 2  4-~2 _ A  2 __ 2 J : S :  - -  2 ( J e S ~  + J~  S~)I 2 --~ 

= - -  D { [ ~  4- ~2 _ A 2 _ 2 J :  Sr 2 4- (8) 

+ 4 (Je  S~ + J v  S.r 2 - 4 ( j 2  ~ S 2 _ A 2) ( j~  S~ -4- J ~  S n) 4-  

In  the  course of  the  detai led calculat ion,  b y  mak ing  use of  a few of the  
we)l-known re la t ionships  per ta in ing  to the  charaeter is t ics  of  q u a n t u m  vec t0rs ,  
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the following mat r ix  e lements  are given which hold good for a t e r m  of any  
mul t ip l ie i ty  and type :  

Ha(Q, L'; OS)  = --  D{[ f ( J )  + f ( S ) ] 2  + 2 f I J ) f ( S )  + 2 12s 

H• 22; • • 1, L" • 1) = - 2 D [ f ( J ,  Q) + f ( S ,  22) - -  11 {f(J, t2)f(S, 22)}1/2, 0 )  

H~(I2, 27; s • 2, S -4- 2) = -- D {f(J ,  Q)f(J,.(2 -4- i ) f ( S ,  22)f(S, 22 • 1)}1/2, 

where 
f (x )  = x(x + 1) - -  ~2, 

f (x ,  -x) = x(x + 1) -- ~(~ + 1), (9a) 

f (x , -~ + 1) = x(x  + 1) - (-~ 4- 1) (-~ • 2), 

and x is the component  of  x along the  molecular  axis. I t  can be seen t h a t  
t ak ing  into account  the decoupling of the  spin also modifies the diagonal t e rm 
corresponding to case a) which has been expressed so far  in the  forro 

D [ J ( J  + 1) - At~2] 2 . (10) 

Tak ing  into account  (9) on the basis of (5) for  double t  t e rm  leads to the 
following expression for the centr i fugal  t e rm  in the in termedia te  case between 

Hund ' s  cases a) and b) 

HcN(J) --- -- D {J~ ( j2  -4- 1) + A 2 + (11) 

+ 2 AJ~~ S 2 2 . A-1/2,N- ' -  SA+I/2,N) 4 3A1.1/2, N SA_I.  2 N J 3 }  , 

where N--~ J - -  1/2 and J + 1/2, respect ively,  the forms of S are known 

[4] and 
j.~ = ( j  +. 1/2)- ~ _ A2. ( l I a )  

(11) is s imply to be added to the well-known HILL and VAN VLECK double t  for- 
mula.  ALMY and HORSFALL [5] have produced (9) for a special case, namely ,  
t h a t  of  2/7 terms,  bu t  did no t  give a solution on the ,basis of (5), b u t  solved 
the secular  equat ion supplemented  by  t hem (i.e. (9)) direct ly  which broke up 
the  s t ruc tu re  of the original HILL and VAN VLECK formula  and resul ted in a 
compl ica ted  expression difficult  to handle.  This is fu r the r  complicated in the 
case of higher  mult iplets ,  and,  in addit ion,  if fu r the r  corrections are t aken  into 
account  (e.g. sp in- - sp in  in terac t ion ,  r o t a t i o n - - s p i n  interact ion) ,  the whole pro- 
cess has to be s ta r ted  again and  it  is r a the r  difficult  to see the actual  effects of  the 
re~pective corrections.  These hindrances can be avoided b y  the appl icat ion of  
(5), since the corrections thus  calculated ate given in ah addit ive way  to  the 
well-known mult iple t  formulae  and  the i r  respect ive  effects can be s tudied 
separa te ly  (cf. the  result  shown at  the sp in - - sp in  interact ion) .  Th a t  these s tate-  
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ments are valid can be seen f rom the fact  t h a t  with the  procedure  ment ioned  
for doublet  te rms GXLnERT [6] was no t  able to supply explici t  formulae for the 
case of aH terms for centr ifugal  corrections,  only a procedure  for determining 
the mult iple t  spli t t ing constant  A. 

B y  the use of  (5) and (9) the  in te rmedia te  fo rm of  the centr ifugal  cor- 
rect ion valid for all t r iplet  terms can easily be given. This will be 

c S 2 H c H~(J) = S2A +a,N HA+I,A+I -4- 32,1'4 HS,A + A-1,N A-1,A-1 "Ju (12) 

-4- 2 SA+I,N SA,1 H• + 2 SA,N SA-1,N H~,A-1 n a 2SA .1,N SA-1,N H•  + 1,A-1, 

where N = J - - l ,  J ,  J -k- 1, and the  elements  of H c are to be t ak en  f rom (9), 
and the explici t  forms of S are a l ready  known [7]. (12) is s imply to be added 
to  the BUD£ t r ip le t  formula.  Subs t i tu t ing  Y ---- 0 into (12) it is t r ans formed  
into (7), whereas for  Y -+ ~ it  supplies the diagonal elements  of  (9). 

The calculat ion m a y  be carried out  in a similar way  for a quar te t  case. 
Then  we obta in:  

2 c 2 c 2 C I-ICN(J) = SA~ 3/l,N H A*3/2,A+3/2 ~- SA+I/2,N H�93 1/2,A+1/2 21- SA-1/2,N HA-112,A-1/2 -~- 

~-  S~1_312, N H �93 3/2,A _ 3/2 -~ 2 SA+3/2, N SA+1]2, N H �93 + 3/2,A + I/2 -~- 

-t- 2 SA+I/2,N S.4-~/2,N H�93 1[2,A-1/2 .Al- 2 SA-1/z,N SA-3/2,N H�93 3/2 + 

+ 2 SA+3/2,N SA-I!2,N H�93 + 2 SA+I/2,N SA-3[2, N H�93 

(13) 

where N = J - -  3/2, J - -  1/2, J + 1/2, J -4- 3/2, and the elements  of  H c are 
to be t aken  f rom (9), while the forms of the  S t rans format ion  m a t r i x  elements  
for 4/1 t e rm are a l ready known [8]. 

By  taking  all these into account  the complete mul t ip le t  formulae  can 
be wri t ten  as follows: 

Fu(J) = TN(J) q- H~(J) q- HSS(j) § rrsRtr~ a~ N ~o) (14) 

where T•(J) denotes the usual mul t ip le t  formula  (for double t  t e rm  the known 
HII~L and van  VLECK, for t r iplet  t e rm the BVD£ and for qua r t e t  t e rm the BllANDT 
formulae),  HC~(J) is the centr i fugal  corrr  of  a general f c rm given just  
above,  H~S(J) is the general form of  the spin -- spin in terac t ion  and last ly H~~(J) 
t h a t  of  the in terac t ion  between ro t a t ion  and spin. All the four  terms refer  to 
the in termedia te  case between Hund ' s  cases a) and b). 

Adopt ing the  procedure  wr i t ten  here the calculat ion for the centr i fugal  
t e rm of  the  in te rmedia te  case be tween Hund ' s  cases b) and d) m a y  also be 
earried out .  F r o m  these the forms calculated for the p-  and d- terms-complexes  
can be found  in the  author ' s  book [9]. 
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OBIRA~I OOPMA I~EHTPOBE)adHOFO qJ1EHA B POTA~HOHHOM CHEKTPE 

Id. KOBAM 

Pe3~oMe 

~[BHaH kbopMa 11eHTp06e)KH0rO q~eHa H38ecTHa Ro cHx nop TOflbKO B npe~enbHblX cJly- 
qaax FyH~a. B naHk pa6oTe ~aeTc~ ero aBnaa OpopMa B npoMe~<yT0qH0.~t c~yqae Me>Kny 
c~yqae~t FyH~a a) H 6) q~eHOB z~60r0 unaa. 
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