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The explicit form of the centrifugal term is known so far only for the Hund’s limiting
cases. The present paper presents its explicit form in the intermediate case between Hund’s
case a) and b) for terms of any kind. :

At the theoretical examination of the structure of the rotational spectra
of diatomic molecules several interactions must be taken into consideration
simultaneously by means of the perturbation calculation. These are the terms
omitted at the separation of the wave equation, the terms of the spin— orbit,
spin—spin and rotation - spin interactions, as well as the non-diagonal terms of
the centrifugal term. The simultaneous taking into consideration of all these
terms would make the final form of the multiplet formulae very complicated.
Since the perturbation between the multiplet components and the spin—orbit
interaction is commonly larger than the others, it seems suitable to consider
first these interactions by means of the perturbation calculation (these give
the well-known multiplet formulae) and then the remainder by a method of
approach which gives the terms derived from the last interactions in additive
form to the multiplet formulae already established. Such a consideration of the
spin-- spin interaction, as well as the interaction between the rotation and spin
is already well known [1],[2]. In the case of the spin  spin interaction a number
of the experimental examples showed a good agreement with the theoretical
results. In the present paper the same procedure is applied for the case of the
centrifugal term. By establishing the form of the centrifugal term for the
Hund’s case a) and b), as well as the non-diagonal perturbation matrix ele-
ments, the form of the centrifugal term may be given in this way in the inter-
mediate cases hetween Hund’s case a) and b), for terms of any kind and mul-
tiplicity.

Let H denote the energy operator of the separable wave equation and
H?, on the one hand, the perturbation operator of the terms of higher order
of magnitude neglected at the separation, which describes the perturbation
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6 1. KOVACS

between the components of the same multiplet term, and on the other hand,
the perturbation operator of a higher order of magnitude of the spin —orbit
interaction. H” should denote the perturbation operator of the smaller inter-
actions (e.g. centrifugal term, spin—spin or rotation—spin interaction) to
be taken into account later.

(H' - H —W{)y/ =0, (1)

where H = Hy, + H” and W} = W 4+ AW]. Here v/ is the new perturbed
wavefunction, and W/ the eigenvalue of the operator H’, and this represents
the well-known multiplet formulae. If H is small (as according to the experi-
ments the value of the centrifugal term, the spin--spin interaction and inter-
action between the rotation and spin is small compared with, for instance, the
spin -orbit interaction which gives the greatest part of the multiplet splitting)
then AW/ is also small and no great error is committed if ] is replaced by
¥, the already once perturbed wave function of the operator H’. Thus, let
p! ~2 ;. Then, since

(H - Wi)y; =0 (2)
with a good approximation it can often be written (1) and (2) that

(H? — AWy = 0 3)
and _
AW = (yy Hryidr, (4)
respectively.

It is known, however, that y; = X Sy, where v, is the unperturbed
wavefunction of the operator H; and Sikk the elements of the transformation
matrix, arising from taking into account the operator H”. The latter are
known explicitly for the doublet, triplet, and quartet terms as functions of
the rotation quantum number for all kinds of terms. By the use of this (4)
can be written

AW = 25 2S,kH (5)

and

gﬁz = fyk HPy dr. (6)

Applied to the spin —spin interaction this formula could, in many cases, excel-
lently interpret the deviations from the usual multiplet formulae even if the
terms mentioned belong not to Hund’s limiting cases, but to the intermediate
case. This can be seen in the cases of the 37 terms of the NH, PH, PF and TiO
molecules, respectively, of one 34 term of the CO molecule and of one */T term
of the O molecule [3].
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As is known, with the increase of the rotation of the molecule the equi-
librium nuclear distance becomes greater which is manifested in the apparent
decrease of the rotational constant, or an additional term is attached to the
energy expression, the form of which in Hund’s case b) is as follows:

¢(A,N; A,N) = — DR# = — D [N2 — A2]2 = — D [N(N + 1) — 422, (7)

where N is the rotational quantum number in case b), 4 is the projection along
the molecular axis of the resulting orbital angular momentum, and D the
constant of the centrifugal term. However, (7) is exact only when the electron
spin is coupled to the vector N. If we want to follow the process of the suc-

Fig. 1

cessive decoupling from the molecular axis and the coupling to vector N, the per-
turbation calculation of quantum mechanicshas to be employed. This, however,
requires a knowledge of the perturbation matrix element. For its calculation
let us start from (7) by expressing the vector IV by vectors J and S. On the
basis of the Figure it can be seen that

H¢=_D[N? — AP =—D[(J - S~ AP =— D[P+ 52— 22— 2(JS)]p =
= — D[P+ S — A2, S; — 2(J¢ Sg + J, S,) P =
= —D{[JP+S— 42— 2], 8]+ (8)
4TS+ J, S — S E S A (U S + T, S,) +
+4J.8:(JeSe + J,S,) + 4 (Je Sg + J, S,) J: St}

In the course of the detailed calculation, by making use of a few of the
well-known relationships pertaining to the characteristics of quantum vectors,
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the following matrix elements are given which hold good for a term of any
multiplicity and type:

H{(Q,250%) = — D{[f(J) +f(S))* + 2fU)f(S) + 2 2%},
HY(Q,Z;Q +1,Z £ 1) = — 2 D[f(J, Q) -+ f(S, Z) — 11 {f(J, ) f(S, Z)}*2, (9)
HyQ2,2;2 4 2,% +2) = — D{f(J,2) f(J,2 £ 1) (S, D) (S, Z £ 1)},
where
flx) = x(x + 1) — 27
flx,x) = x(x 4+ 1) — x(x + 1), (9a)
fle,x ) =x(x+1) - (x+ 1) (x + 2),

and x is the component of x along the molecular axis. It can be seen that
taking into account the decoupling of the spin also modifies the diagonal term
corresponding to case a) which has been expressed so far in the form

= DLIJ +1) — 2. (10)

Taking into account (9) on the basis of (5) for doublet term leads to the
following expression for the centrifugal term in the intermediate case between
Hund’s cases a) and b)

W) = —DAUE+ ) + 42+ (11)
+ 244 (Sh_pn -~ Sherpn) 0 4Sacip,NSa-ieN Jﬁ} s

where N = J — 1/2 and J 4+ 1/2, respectively, the forms of S are known
[4] and
Jy = (J + 1/2)? — 42, (11a)

(11) is simply to be added to the well-known HiLL and van ViECk doublet for-
mula. ALmy and HorsFaLy [5] have produced (9) for a special case, namely,
that of 2] terms, but did not give a solution on the basis of (5), but solved
the secular equation supplemented by them (i.e. (9)) directly which broke up
the structure of the original HiLr and vaAN VLECK formula and resulted in a
complicated expression difficult to handle. This is further complicated in the
case of higher multiplets, and, in addition, if further corrections are taken into
account (e.g. spin—spin interaction, rotation —spin interaction), the whole pro-
cess has to be started again and it is rather difficult to see the actual effects of the
respective corrections. These hindrances can be avoided by the application of
(5), since the corrections thus calculated are given in an additive way to the
well-known multiplet formulae and their respective effects can be studied
separately (cf. the result shown at the spin —spin interaction). That these state-
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GENERAL FORM OF THE CENTRIFUGAL TERM 9

ments are valid can be seen from the fact that with the procedure mentioned
for doublet terms GILBERT [6] was not able to supply explicit formulae for the
case of 3[I terms for centrifugal corrections, only a procedure for determining
the multiplet splitting constant A.

By the use of (5) and (9) the intermediate form of the centrifugal cor-
rection valid for all triplet terms can easily be given. This will be

H{(J) = 8% 8 Hayyaa, + S8 Haa + S84y 8n Hiog,a-0 + (12)
4+ 2845,n 841 Havia+ 2848 SacinHaa1+ 28408 Sacan Hac1,0-15

where N = J—1, J,J + 1, and the elements of H® are to be taken from (9),
and the explicit forms of S are already known [7]. (12) is simply to be added
to the Bupd triplet formula. Substituting Y = 0 into (12) it is transformed
into (7), whereas for Y — oo it supplies the diagonal elements of (9).

The calculation may be carried out in a similar way for a quartet case.
Then we obtain:

NI =S4 spnHosparse + Shiven Ha yp a5 + Siogo,n Hy 1,412 +
+ 823N Hoagpa-g0+ 2 SasispN Saryon Hivsp a1 +
+ 28 45e,8 Sacion Haypa-1p + 2 Sa_ypn Sacap,n Haysa-sp +

4+ 284, 32,n Sa-12,8 Hivapa-12 + 2 Savyjo,n Sa-sp,n Havjo,a-32 5

(13)

where N =J — 3/2, J — 1/2, J + 1/2, J + 3/2, and the elements of H° are
to be taken from (9), while the forms of the S transformation matrix elements
for 41 term are already known [8].

By taking all these into account the complete multiplet formulae can
be written as follows:

Fy(J) = Ty(J) + Hy(J) + HP(J) + HR(J) (14)

where T'\(J) denotes the usual multiplet formula (for doublet term the known
Hrir and van VLECK, for triplet term the Bup6 and for quartet term the BRANDT
formulae), H}(J) is the centrifugal correction of a general form given just
above, H}ZS(J) is the general form of the spin — spin interaction and lastly HY(J)
that of the interaction between rotation and spin. All the four terms refer to
the intermediate case between Hund’s cases a) and b).

Adopting the procedure written here the calculation for the centrifugal
term of the intermediate case between Hund’s cases b) and d) may also be
carried out. From these the forms calculated for the p- and d-terms-complexes
can be found in the author’s book [9].
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Lad-adtes

PR AR

OBUHIAYY ®OPMA LIEHTPOBE)XHOI'O UJIEHA B POTALIMOHHOM CITEKTPE
U. KOBAY
Peswome
SIBuast popma LeHTPOGE)KHOIO 4JieHa M3BECTHA [0 CHX MOP TOJIbKO B ITPEeJIbHBIX Ciy-

yagx ['yana. B paHHoH pabore maetcsi ero siBHasi QOpMa B IIPOMEXYTOUHOM Cilydae MeXay
cnyuaem FyHaa a) v 6) unenoB J11000ro Buja.
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