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A direr proof is given for the equivalente of two types of integro-differential eqnationa 
treated formr by tOl6IaxOWSlI and ltamwus~I. The r shows a cloae comaer 
between the equivalence theorem and the well-known initial valne problem. 

In  the course of mathemat ica l  calculations in field t heo ry  we meet  fre- 
quent ly  integro-different ial  equat ions of the type  

where D is some differential  opera tor ,  K is the kernel  of the  euqat ion and 
is the nnknown funct ion of any nnmher  of points of the four-dimensional  world. 
The integral  is t aken  (for any  nnmher  of arguments)  over  a domain  of space-t ime 
contained between two a rb i t r a ry  space-like surfaces. This domain is most  
f requent ly  the whole four-dimensional  world. Equa t ions  of the above type  
occur e.g. in non-local field theories or in different approximat ion  methods.  
Such equat ions ate the Tamm-Danco f f  of the Bethe-Salpeter  equations.  

I t  is of great  impor tance  for the  be t t e r  physical  unders tanding  of the  pro- 
blem (from the pract ical  j u s t a s  m u c h a s  f rom the theoret ica l  point  of view) 
t ha t  this equat ion  is equivalent  to  an equat ion of the  t ype  

/ ~  = f A~od~ 

as it  was p roved  [1] - -  [4] and applied [4]--  [5] by  KabLIK0WSKI and Rz~wusKx 
in a se¡  of  papers .  Here  on the  ¡  side the  in tegra t ion  is ex tended over  
one (of any  n u m b e r  of) space-like surface, i.e. over  a three-dimensional  

volume.  
t t e re  we give a direct proof  for  the  equivalence which shows the connec- 

t ion between the  equivalence theorem and the  weU-known initial value pro- 
blem, thus  i t  might  serve for the  be t t e r  unders tanding of  the  former.  In  the  
course of the  calculations, moreover  we obtain the kernel  A direct ly (natura l ly  
a s a  power series in the coupling cons tant  only) wi thout  facing the  necessi ty 
of determining ir f i rs t  f rom ah ex t ra  integral  equat ion as in [1]-- [4] .  

5* 
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For the sake of simplicity we cortfine ourselves to the t reatment  of the 
equation 

(y. 0 s + x) ~ (x) = g f K (x, x') ~v (x') dx', (1) 

more compIicated equations can be treated similarly. The integral e�91 
corresponding to (1), satisfying the initial condition ~p (x) equal a prescribed 
given ~ (x) on ma arbitrary space-like surface a, is 

w ] l e r e  

with the denotation 

No (,,, x') : {s~ K} (~, x') 

{AB.. C}= .~. "S A (x'�91 B(�91 " C(~",x') d~x'" d~q 

S. is the Yang-Feldman's Green function 

(2) 

(3) 

s o ( , , , r  = s ~ o ( x  _ ~,) _ f s  (x - x ' )  ~ , s  (o (,," - ~ )  d , ,~(x ' ) ,  (4) 
el 

where S (0 is any of the Green's function satisfying 

(y,, o. + x) s (o (~) = a (~). 

~~ (x) = f s (~ - ~ )  y, ~ (x') d~, (x'), 
o 

t h u s  

(?. 0. + ~) yo(x) = o ,  

(5) 

(6) 

(7) 

where 

(x) -- ~o (x) + s f R ~  (~, x') ~o (~-) d ~ ,  

the value of wkich is the prescribed ~ (x) on a. In this case the right side of 
(2) is indeed equal to the prescribed ~ (x), ff xEa, since from (4) S. (x, x') ---- 0 
ir xEa. 

Supposing (2) has a unique solution (which naturally depends on the 
kernel K) wkich can be obtained by means of successive approximation, 
we have 
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Subst i tut ing (5) into (6) we se t  

~o (x) = ~~ (x) -}- g f L o (x, x') y, ~ (x') da,  (x ' ) ,  

which is the solution of the initial value problem. Here  

Lo (x, x') = tR~ S 1 (x, ,~) .  

Applying the opera tor  (Yu Ou ~-u) to (8) we obta in  

(8) 

(9) 

(~. 0. + ~) ~ (x) = g f A~ (x, x') ~. ~ (x') aa. ( ~ ) ,  (10) 

which is the equat ion  we wanted  to derive. In (10) using (3), (7) and (9) 

co 

~o (x, z)  = (~. ~,, + ~) ~ (x, x,) = . ~ .  s ~-1 {K N~-~  s }  (x, x,) = 

= {~ S}(x,x,) + s { K ~  S}(x,  e ) .  
(11) 

The initial value problem of (10) can be solved b y  only one integrat ion 
in eontrast  with  eq. (1), because we obta ined (10) f rom (8) b y  means of one 
differentiation. Indeed  from (10) we get 

17 (x) = ~o~, (x) + g f f  S u (x, x') A ,  (x', x") y, ~ (x") da (x") &~'. (12) 
ty  

Here on the right side only the  a rb i t ra ry  forro of  ~o on the surface a occurs. 
I t  can be seen indeed from (9) and (11) tha t  

Lo (~, ~,) = ls~ ~ol (~, ~')- 

in the right side of  (10) la a rb i t ra ry  and the ¡  side is independent  of  
the speeial ehoiee of  ~. This can be 8een explieitly, forming the funetional  
derivative of (10). Using (10) and 

Ao (x, x') (~, ~~ + ~) = 0, 

Ao (x, ~') ~ _ s Ao (~, ~") Ao (~', ~'),  

which can be obta ined from (11) the  independenee can be easily proved.  
(11) is the solution of the integral equat ion for A whieh can be found e.g. in 
[31 V. 199. 

Because in (10) a can be chosen arbi trari ly it is advantageous  to choose 
it a s a  plane going through the point  x. In  this case ~v contains in each side of 
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t h e  e q u a t i o n  the  same  t ime  a r g u m e n t s  only.  This  m a k e s  possible the  s e p a r a t i o n  

o f  t he  t i m e  var iable ,  l eav ing  t h u s  on ly  an  e igenva lue  p r o b l e m  wi th  a non- loca l  

" p o t e n t i a l " .  Tkis is j u s t  t he  chief  a d v a n t a g e  o f  (10) in c o m p a r i s o n  t o  (1). 
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0 TEOPEME 3KBHBA3IEHTHOCTH B C.rlYqAE HHTEFP0- ,~dOOEPEH[IHAJIbHblX 
YPABHEHId~, HMEIOIJ_[HX MECT0 B TEOPI4H FIOJI~ 

K..TI. HA,/:Ib 

P e 3 l o M e  

Henocpe~erBesno ~m<aam~eTc~ mr nnTerpo-~nqbg~epemum:mmax ypaa- 
aenm~ ~Byx B~OB, Hcc.qe.~yemux paHee Kpy.rmKOBCKnM n )-KeByC~I~i. B Bm~caeHn~tx n.~yCT- 
pHpyeTca CB~3b Teope~ m<8nna.qewmoc'rn c naaeCTHOtl aa~aqe¡ naqa:mmax 3Haqenm~i. 


