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In this paper using the approYimate Rozental solution for the Thomas-Fermi function 
for free neutral  atoms we derivo a formula for the phase shifts for the Thomas-Fermi poten- 
tial, whieh does not  include the electrostatic self-interaction of the electron. The derivation 
of this formula for the considered phase shift is similar to the Born method,  and the difference 
consists only in the fact tha t  instead of Bessel functions we take hydrogenic functions. 

As known a number  of modifications in the Thomas-Fermi  potential  
have been suggested [1], one of them is the Thomas-Fermi  potent ial  corrected 
for the self-interaction of the electron which may  be expressed by  the following 
formula : 

V (r) = -- [ (Z--  1) e a �9 (r/#) + e2]/r, (1) 

where �9 (r/p) is the universal Thomas-Fermi  function for free neutral  atoms 
of atomic number  Z and # = 0.88534 ao/Z '/'. In the last  formula for ~; a 0 
is the Bohr radius. In the present paper we derive an analyt ical  formula for 
the phase shifts using the potent ial  given by cquation (1). First  we write the 
Schr6dinger cquation for this potent ial  : 

d2R' + E ' e 2 �9 (r/p) + l (t + 1) ] R, = 0. (2) 
r z / 

Since the Thomas-Fermi  function ~5(r/#) vanishes more rapidly t han  the 
te rm e2/r, the Schr6dinger equation (2) turns for a sufficient large r i n t o  the 
following SchriSdinger equation 

l (l r ~+ 1) ] 0R t = 0. (3) 

Using the following notat ions 

m e  a 2_m_m E = k 2 and ~1 -- (4) 
~~ ~2 k 
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we can write the bounded solution 0Rt of the Schr6dinger equation (3), as 
known [2], in the following form:  

oRz (kr) = --1 e - ~ ~  1 I ,  (l -+- 1 q- ir1) [ (2 kr)' ~1 e-,k. 
2 /1 (2 1-4- 2) 

1F1 (l q- 1 -- i~7, 21 q- 2 , 2  i kr ) .  

(5) 

The properties of the bounded solution oRt have been studied extensively 
by  ]~REIT and his collaborators. They have shown that  this solution has for 
large kr the following asymptotic behaviour-  

o1{ t (kr) -+ sin (kr -- ~?n 2 kr - -  L~r -2- -~ Sl,r (6) 

where the symbol ~t.c denotes the Coulomb phase shifts 

St. c = arg 1, (l + 1 ~- irl). (7) 

The bounded solution Rl of the SchrSdinger equation given by equation (5) 
has for large kr according to the theory of the phase shifts the following 
asymptotic behaviour : 

Rl (kr) -+ sin (kr -- ~ In 2 kr  . . . .  
lTg 

-~- SI, c + SI)  , ( 8 )  
2 

where S t is the phase shift caused by the term of the Schri~dinger equation 
(2) which includes the Thomas-Fermi function. Multiplying the SchrSdinger 
equation (3) by oRl and the Schrtidinger equation (2) by R l and subtracting 
we obtain ah expression which after integration, bearing in mind the 
asymptotic behaviours of 0Rt and RI given by formulas (6) and (8), gives us 
for the phase shift S z the following expression : 

sin 6, = ~22mk- (Z -- 1) e 2 Sdr  �9 (r/p) 0R, (kr) R, (kr) r -1 . (9) 
0 

Using the notation ~ = kr and substituting for the unknown bounded solution 
R z the known solution 0R t we obtain for larger quantum numbers I the following 
approximate expression for the phase shift St: 

:o 
�91 _ 2m ( Z - -  1)e ~ [doq~(o/~k) oR~ (Q)~-' (10) 

h~k b ~ " 
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In order to obtain an analyt ical  expression for 31 we must  admi t  such appro- 
ximate  solutions for the Thomas-Fermi  function �9 appearing in equation (10) 
which allows calculating the integral occurring in equation (10). 

A convenient  forro is the approximate  solution of the Thomas-Fermi 
function for free neutra l  atoms given by  ROZEr~TAL [3], 

3 

(r/g) ~~~ a l e ~ ' r  ", (11) 

where the constants  a I and bl are given by a 1 ---- 0,255, a z = 0,581, 

a~ -= 0,164, b 1 =: 0,246, b s = 0,947, b s -~ 4,356. 

Subst i tut ing equat ion (11) into equat ion (10) we obtain for the phase shift the 
followi~g formula [4] : 

2m 2 al b~ 
�91 = - (Z- -  1) e Z - -  Mt 1 -~ (12) 

~Zk t~1 2 2 k 2 p  ~ ' 

where the symbol  Mi (1 -+- 2z -2) is given by 

M, (1 A- 2 z -2) =- -2- 1 -~-  z ~ [ 1 ~- iz I 

, r(l+x+i~),~ / z' 1 - F ( 2 / - ~ 2 )  : ~F1 l-4-1-Ÿ l q - l - - i r t ;  2 / + 2 ;  l + z  z . (13) 

In the last formula for Mt the symbol  2F1 denotes the hypergeometric  
function. The formula for the phase shifts 3~ for the Thomas-Fermi  potential  
which is corrected for the self-interaction of the clectron is not  simple for 
practical calculations. I f  we adopt  for the Thomas-Fermi  potent ial  

V (r) = -- Z e  z r (r/p)lr (14) 

it means t ha t  the potential  of cquat ion (14) includcs the electrostatic self- 
interact ion of the electron ; in this case in the BoRr~ approximation we obtain 
for the phase shffts in atomic units the following formula [5] for the ROZEr~TXL 
approximate  solution for ~7I (Bonr~) : 

Z .~, ti -~l I b, /zl .  (15) (Boite)  = ~ ~  ~Ÿ a i Q, 1 + ) 
l - -1  

The symbol  Qt denotes the Lr functions of second kind. In Table I we 
have a eomparison of ~Tt (Boato) wi th  the numerieal  values for the phase 
shift given by  HENNE•Enr [6] for Z -= 80 and E = Z t. 
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Talle  I 

A eomFarison of the phase shifts aecording to fomula  (15) with the numerical va]ues 
of HENN~BESO 

l 

0 203 ~ 

1 157 ~ 

2 129050 , 

3 111~ , 

4 98 ~ 

5 87~ ' 

Numertoal value~ for t71 

208~162 

152011 , 

124~ , 

107004 �9 

94015 �9 

84~ , 

F o r  t h e  c o n s t a n t s  ai a n d  bl we re  t a k e n  t h e  v a l u e s  o f  ROZENTAL. T a b l e  I s h o w s  

t h a t  fo r  l a r g e r  I t h e  p h a s e  sk i f t s  ~]t (BoaN)  g i r e  g o o d  r e s u l t s .  S ince  t h e  f o r m u l a  

(12) for  31 was  c a r r i e d  o u t  in t h e  s a m e  m o d e  as is r e q u i r e d  b y  t h e  B o a N  a p p r o -  

x i m a t i o n  we  m a y  e x p c c t  t h a t  ~~ wil l  g ive  a lso  g o o d  r e s u h s .  I t  is n e c e s s a r y  to  

s t r e s s  t h a t  t h e  s o l u t i o n  0Rt f i t s  t h e  e x a c t  s o l u t i o n  R / b e t t e r ,  t h a n  t h e  Besse l  

f u n c t i o n  o f  h a l f  i n t e g r a l  f i t s  t h e  e x a c t  s o l u t i o n  o f  t h e  S c h r 5 d i n g e r  e q u a t i o n  

for  t h e  p o t e n t i a l  g iven  b y  eq.  (14). 
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C~(BHI'H ~DA3 ~L/I~I [IOTEHI_IMAJIA TOMACA--r CKOPPEKTHPOBAHHOFO 
COBCTBEHHbIM B3AHMO,~EI~CTBHEM 9J-IEI~TPOHOB 

T. THTI~ 

Pea~oMe 

B lmcroamefl pa60Te c nomotm, m npH6JaH~emtoro pemeltmq Po3e}rraJm qbyHKIIHH Tomaca 
- - - ~ e p ~  ~ ~  lleflTpa~bttoro aTo~r a~0~HM TaJ<ym O0pMyJIy ~L~~ c~Hr0B 0paa nOTem~a~a 
To~~aca---~ep~, RoT0pa~ Be C0~ep>KHT 32IeKTp0CTaTHqcCI<0FO C06CTBeHH0r0 B3aHMO/~el~CT- 
m ~  ao~ewrpoma. B~Boa ~boply,qu aHa~aorHqe~ meroay Bopna, c T0fl pa3Hui~el~,trro ~ II0.ql,- 
ay~aMC~ a0~Op0~Hh[MJl ~byHK[[I~IMIt BMeCTO BecceaeB~x Oy~Ktml~. 


