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It is proved that the system of solutions of the SCHRODINGER equation in the complex
J-plane is complete.

Of great mathematical interest is the problem of determining the poten-
tial V(r) from a given distribution of REGGE poles, that is to say the establish-
ment of equations in the A-plane of the same type as those of GEL’FAND
and LEVITAN [1] or MARCHENKO [2], which are valid in the k-plane.

The first step to be overcome is the establishment of a completeness
relation for the solutions of the SCHRODINGER equation in the complex angular
momentum plane, and this is the aim of this paper.

We use the same method as Jost and Koun [3] have used to prove the
completeness relation in the k-plane.

Let us consider the integral:
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where h(r’) is an arbitrary function which does not make the integral
diverge,

G(A, h, r, r") is the GREEN’s function which allows us to express a solution
(4, k, r) of the SCHRODINGER equation in terms of yy(4, k, r), the solution
of the free-SCERODINGER equation (i.e. with zero potential) following the
relation

p(A, k, r) = oA, k1) + ‘{..G(l, kyr, ') V(r') wo(A, k, r2) dr’ . (2)
0

It can be shown that G(A, k, r, r') can be expressed in terms of a physical
solution ¢ which is defined in the origin by:
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and by a JosT solution defined at infinity by:
lim f(A, — k,r)-e" % =1, 4)

r—oo
so that G can be written as

(P(l’ k’ T>;)f(l, *k’ r>)_ (5)
f(l’ - k)
where f(A-—k) is the JosT function defined by

G(A, k,r,r’)= —

S — k) =W[f(4 — k), ¢(2, k, 7)]. (6)

The contour ["is the imaginary axis of the A-plane completed by a semi-
circle at infinity in the Rel > 0 half-plane. The potential is assumed to be
regular, i.e. its first and second absolute moments exist, which implies (4)
that the functions ¢(4, k, r) and f(4, — k, k) are holomeorphic in the half-plane
ReA > 0, such that the only poles are the zeros a; of the JosT function f(1 — k).

Under these assumptions we can evaluate the integral by the residue

method
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where
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M2 (0 ) = | ey k1) g, (9)
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and
1
P(A, k1) = ﬁ[f(% k) f(2, —k,r) — f(4, — k)f (4, k, )] (10)
which for 1 = a; reduces to
1
w(aj’k’ r):ﬁf(ajvk)f(ajv — k, r). (11)
We obtain
Ik, 1) = inEJL_h(’) ek 0f@ k) g (12)
¥ rr’ M2 (aj, k)
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On the other hand we can evaluate the integral along the contour, along the
imaginary 1 axis, taking into account that

2, —k, vy = f(—2, —k,r). (13)
We can show that
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If now we use the relation between the Jost and the ¢ solutions

Fs = k) = o[£~ R o Ake) = f(— 2 =B p(h k0] (15)

we have
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To evaluate the integral along the curved portion we need the asymptotic
forms of the solutions of the SCHRODINGER equation and of the JosT function
for ] 2 l — OO,

We know (5) that for regular potentials the functions ¢(4, k, r) and
f(A4,—k) tend to the correspondent quantities of the free SCHRODINGER equa-
tion as | 1| — ~o. Hence we have

1
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Ao
valid for |arg 2| < o — e
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Taking into account (15) and (17) we deduce lim f(1, —k, r), and hence

PN

we can write the asymptotic form of the integral as
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The first integral in the bracket can be neglected and we are left with
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in virtue of the properties of the j-function.

We have finally

r) = izh(r) — ‘ 2 wh(",) S =k nf(A, — k1) »
= 2J1d?[n“ fh—ni—n—n o

0

If we compare the result (20) with that obtained by the residue method (16),
we see that

r r

h(r) ZJh(r’) dr’ l S M, wter =k  fle,—kr) |
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pr [l —kr)  f(h— k1) dh,]_
S —k)f(— 2, — k) r r' ,

This relation (21) can only be satisfied for all and every square integrable

h(r) if

I AL f(“f’;""') +
a r

(22)
== (S(T —- T/) .
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This relation (22) can be written as a STIELTJES integral if we define a spectral
function p;(4) in the following sense

2i A2 .
— for Ae[0, too]

dp (W) _| 7 fl—Bf(—h—k) 2

@ M for the zeros of f(4 — k)
a M2(a;k)
and we obtain
A, —k,r A, —k, 1 , ,
[FETR SR g 0 = a6 — 1), (2

(22) or (24) prove the completeness of the set of the JosT solution of the
SCHRODINGER equation modified by the factor r~1,
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OOKABATEJ/ILCTBO MNOJIHOTHI PEIUEHWUI1 YPABHEHUS
MPEIUHTEPA B 4 — IIJIOCKOCTHU

r. BYPOA3 u M. }KH®OH

Peswome

Hokasano, uto crcTema pewleHuit ypaBuenust Llpeannrepa sigisieTcst NONHOH B KOMII-
JIEKCHOH A — m0CKOCTIL.
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