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COMPARISON OF THE ORBITALS OF NEON,
ARGON AND KRYPTON CALCULATED
BY THE HARTREE-FOCK AND THE Xa

METHODS WITH SEVERAL VALUES OF o *
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The orbitals of Neon, Argon and Krypton were calculated by the Xo method with parameters «
theoretically determined by one of the authors [1—3].

It is pointed out by calculating expectation values of some powers of the radius that the orbitals of
this method agree well with those of the Hartree-Fock method. For comparison values for the orbitals
calculated with a=1 and 2/3 are also presented and some experimental values are included.

Introduction

In 1951 Slater [4] was the first to suggest an approximate exchange potential
proportional to the one-third power of the local electronic density. In 1954 Gaspar [5]
and later in 1965 Kohn and Sham [6] proposed another exchange potential which was
the two-thirds of Slater’s. Since that time calculations with several numerical
coefficients in the exchange potential have been carried out and this new theory using
local exchange potential has been denoted by the term “Xa method”.

For the nearly three decades of the Xa method tremendous progress has been
made in this theory but the problem of the parameter « still seems to be an unsettled
one. In his previous papers [1—3] Gaspar introduced a new, theoretical way of
calculation of the exchange parameters a. In this paper a comparison of orbitals of Ne,
Ar and Kr calculated with several values of « is presented. It is shown that the orbitals
of Gaspar’s new method are the nearest in approximating the Hartree—Fock orbitals.

* Dedicated to Prof. 1. Tarjan on his 70th birthday.
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The theory

The total energy of an electron system is given by
1
(EXay = 3.m; Ju?‘(l)fl u(l)dv, + ifp(l) p(2)g,, dv, dv,
1
+§f[ﬂ¢(l) ny(l) +/’L(])Ux1(1)] dv, (1)

where f| is the one-electron operator acting on the first electron, i.e. the sum of the
kinetic energy and its potential energy in the field of the nuclei. g, is the two-electron
operator, the Coulomb interaction energy of the first and second electrons. The charge
densities of the electrons with spin up and down have the form

pr = Zniu;’kui ()
it
and
py = le"j”}’“j’ 3
J

where u; are the spin orbitals. The total charge density is

The last term in the total energy expression provides the exchange energy.
Using the variational principle the Xa one-electron equations are

i + _[/)(2)912 doy + Vi (D] (1) = 1507 434 (1) (5

and similar equations for spin orbitals with spin down. The exchange potential is given
by

5UxT(l)]' ©)

1
Var (1) = 5[%(1) U

In the Xa method the exchange potential in the total energy expression is proportional
to the 1/3 power of the charge density

3 1/3
Uxar(1)= —90:[5;0:(1)] : (7)

(The energy is in Rydbergs.) The exchange potential in the one-electron equations is
3 1/3
Vaar (1) = —6“[5 Pr(l)} . ®
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a=1 gives the exchange potential proposed by Slater {4] and a=2/3 provides the
exchange potential suggested by Gaspar [5] and Kohn-Sham [6].

The Xa method of Slater contains a free parameter «. This permits to adjust the
Xa method to the Hartree—Fock theory. The parameter « can be chosen so that the
total Xa energy should be equal to the Hartree—Fock total energy. These parameters
oy Were calculated by Schwarz [9] and a method nearly as good as the Hartree—Fock
method itself was obtained. There are, however, some problems with the parameter in
the Xa method. Because the value of a is determined by adjusting, the Xa method is
often considered as a semiempirical one. The parameter ay depends on the atomic
number Z, it is not quite straightforward how to choose the value of « when the method is
used in molecules.

To overcome these shortcomings of the Xa method some refinements have been
made. Here the Xoaff method by Herman, Van Dyke and Ortenburger [7, 8] is discussed
only. Itis argued by these authors that the dependence of the parameter o on the atomic
number Z is due to the inhomogeneity in the density distribution and a gradient term is
introduced. The main advantage of the X« method is that the parameters « and f are
not Z dependent allowing a natural application to molecules and solids. But it has the
disadvantage of having two adjustable parameters and a much more difficult way of
computation.

One of the authors [ 1—3] has suggested a new way of theoretical introduction of the
parameter in the Xa method. The exchange potential of an electron gas is given by

th(l)_ _SF('I)[ P1(1):| )
where
F(r1)=%+ 1 \”” (10)
and
k
"= : (11)

is the reduced momentum of the electron considered and
Eey = ki = (612 p)*° (12)

is the Fermi energy. By an averaging process in the k space the averaged exchange
potential is obtained

3 13 "I F(n)n* dn
er = -S[EPT(I)] T (13)
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This is an Xa exchange potential with the parameter

147

1 1 n2
a= {5('234'??) - 2(732— 1)?In }1—_; }m R0 0 B (14)

. . k
If we average over all occupied states, ie. 1,=0 and n, = f = 1, the parameter
F

introduced by Slater (x=1) is obtained. On averaging over a thin shell near kg, i.e.
kp—e

and n, = % = 1 with -0, a=2/3 is obtained. Between these two
F F

exchange potentials another exchange potential may be constructed by the
introduction of an averaging process near the Fermi surface for a layer containing v,
electrons in the unit volume, i.e. 1, =(1—v,/p;)"/? and 1, = . v, =u}uy, is the density of
the reference electron. The exchange potential is given by

m=

3 1/3
VX“T = anshell‘[ = _6ashell Hpr s (15)
where
pT 1 3 1 1 2 1 +7]
= — 1 —_ _ _ = _
and

y 1/3
=[1- —T) : 17
! ( Pt an

These exchange potentials are different for different shells. It is possible to carry
out another averaging process for the electron system with a weight factor n;

Z njashell
i
b

on
J

a; (18)

where n; is the number of electrons in the shell j. Now « is the same for each electron
with the same spin but it depends on the position (1). It is possible to get a constant
parameter o so that the mean squared deviation of Vy,; and Vy,, be aminimum. The
parameter o can be determined in a self-consistent way, i.e. starting from a trial atomic
(or molecular) potential the spin orbitals u; are obtained by solving the Xa equations.
From the spin orbitals the new exchange parameter « is obtained and then the new
potential is calculated. This process has to be carried out until self-consistency is
achieved.
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Results and discussion

1
The expectation values of powers of the radius< -, {r> and {r?), in atomic
r

units, are calculated by the Hartree—Fock and the Xa method with parameters a=1,
a=2/3, ayr and ag and they are presented in Tables [—I1I, which show that there is a
good agreement between these orbitals. It is the results gained with the parameter o;
that are closest to the Hartree—Fock values [ 10]. The expectation values with a,,;. are
nearly as close to the Hartree—F ock values as those calculated with a;. Results with ag
=1 and aggs=2/3 are farther from the Hartree—Fock ones, though the expectation
value obtained with agyg are sometimes rather close to the Hartree—Fock ones.
These expectation values show the behaviour of the orbitals at different values of

. 1 .. . .
the radius. The values <; > are sensitive to the behaviour of the orbitals near the nucleus.

The expectation values {r) and {r*) show how good the orbitals are in the middle and
outer regions of the atom.

The expectation value {r?> of the atom is proportional to the experimentally
measurable diamagnetic susceptibility. These values calculated by different methods
and gained from experiment can be found in Table IV. A comparison shows a good
agreement between the results obtained by Hartree—Fock and Xa calculations with o
and oy and the experiment. Unfortunately, the uncertainties in experimental values do
not make it possible to decide which orbitals are the best.

Table 1

Expectation values of powers of the radius for some orbitals in Ne
{(in atomic units)

{Lr < <

Is

HF 9.61809 0.15763 0.03347

Xo o= 9.674 32 0.15684 0.03315
a=2/3 9.558 68 0.158 98 0.03409
A 9.58128 0.158 65 0.03390
oG 9.588 70 0.15842 0.03384

2s

HF 1.63256 0.89211 0.96708

Xa a=1 1.674 14 0.87438 0.92868
a=2/3 1.624 51 0.906 00 1.004 67
. 1.633 58 0.89997 0.989 88
oG 1.636 77 0.89791 0.984 86

2p

HF 1.43535 0.96527 1.22846

Xa a=1 1.51419 091278 1.09749
a=2/3 1.43103 0.98998 1.326 81
Qe 1.44722 097366 1.27564
oG 1.45279 0.968 24 1.25900
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Table 11

Expectation values of powers of radius for some orbitals in Ar
(in atomic units)

<Ly < o

1s

HF 17.55331 0.086 10 0.00996

Xa a=1 17.61185 0.08582 0.009 89
a=2/3 17.500 58 0.08643 0.01003
oyF 17.51925 0.08633 0.01001
%G 17.51709 0.08634 0.01001

2s

HF 3.55533 041228 0.20122

Xa o= 3.57470 041078 0.20001
a=2/3 3.51107 041814 0.20747
oyr 3.52158 0.41690 0.206 20
oG 3.52038 041704 0.206 34

2p

HF 3.44999 0.37533 0.17434

Xa a= 3.50787 0.36977 0.169 57
a=2/3 343786 0.37841 0.17802
o 344944 0.37695 0.176 57
oG 344815 0.37712 0.176 74

3s

HF 096198 1.42217 2.35041

Xo a=1 101357 1.37021 217914
a=2/3 098433 1.41794 2.34782
AuF 0.98895 141009 2.31955
oG 098845 1.41096 2.32268

3p

HF 081407 1.66296 3.31085

Xa a=1 0.87521 1.563 80 291847
a=2/3 0.82467 1.682 10 343521
- 0.83315 1.660 68 3.33715
oG 083222 1.66304 3.34793

In conclusion, we can state that the new way in the calculation of the exchange
parameter « in the Xa method provides good orbitals. Although the orbitals obtained
with the parameter oy are nearly as good as those calculated with o, this new method
has two very important advantages. First, this method contains no adjustable
parameters and so it can be regarded as an ab initio method. Second, this method can be
applied to any system of molecules or solids without further theoretical difficulties.
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Expectation values of powers of radius for some orbitals in Kr

Table III

(in atomic units)

1ry < )

s

HF 35498 28 0.04244 0.00241

Xa a= 35.558 67 0.04236 0.00240
a=2/3 35.448 83 0.042 51 0.00242
oAy 35.46154 0.04249 0.00242
oG 3545728 0.042 50 0.00242

2s

HF 791884 0.18726 0.04128

Xa o= 793353 0.18683 0.04107
a=2/3 7.87725 0.188 10 0.04163
2. 7.88386 0.18795 0.041 56
oG 7.881 58 0.18799 0.041 59

2p

HF 7.868 44 0.16188 0.03200

Xo o= 792718 0.160 68 0.031 51
a=2/3 7.86626 0.16202 0.03206
Aye 7.87344 0.16186 0.03199
oG 7.87093 0.16191 0.03201

3s

HF 2.63756 0.53780 0.33173

Xa a=1 2.65590 0.53556 0.32927
a=2/3 2.62019 0.54290 0.33873
- 262430 0.54204 0.33761
oG 2.62295 0.54233 0.33798

3p

HF 2.52278 0.54263 0.343 54

Xo a=1 2.55517 0.53701 0.33686
a=2/3 2.51425 0.546 44 0.349 36
ouF 2.51899 0.54532 0.34787
oG 2.51744 0.54569 0.348 36

3d

HF 2.27694 0.55088 031748

Xa a=1 2.33140 0.53832 0.35508
a=2/3 2.274 53 0.554 86 0.37933
Ay 2.28122 0.55286 0.376 34
oG 227905 0.553 51 037731

4s

HF 0.804 19 1.629 38 3.04032

Xo a=1 0.858 89 1.55135 2.75159
a=2/3 0.83303 1.603 68 2.95521
oy 0.83598 1.59751 293078
oG 0.83502 1.599 54 2.93883

4p

HF 0.66922 1.95161 445508

Xa a=1 0.720 58 1.83561 392651
a=2/3 0.67737 1.97073 459563
[ 0.682 56 1.95317 450442
oG 0.680 84 1.95898 453454
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Table IV

Expectation values {r?) calculated with the total radial density of the
atom for Ne, Ar and Kr. (Expectation values are in atomic units.) The
experimental results are obtained from diamagnetic susceptibility

(1]
Ne Ar Kr

HF 9.372 26.034 39.530
Xe a=1 8.509 23.306 35.569

a=2/3 10.038 26.810 40.331

tyr 9.701 26.154 39.694

A 9.591 26.226 39.904
Exp [11] 84—98 142249 348369
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