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We derive a bound  for the harmonic oscillator resolvent  kernel  R(x, x', z) 
defined as 

Un(X) R(., x' ; .) .~ Un(X I ) 
= , z #  0 , 1 , 2  . . . . .  (1) 

n Ÿ  n - -  Z 

where Un(X ) ate s tandard  harmonie oseillator eigenfunctions. 

Case I. Re z < 0 

This is simple. We use the well-known integral representa t ion [1] 

where 

R(x, x'; z) ---- ~-1/2 av v-(z+l) (1 - -  ~2)-1/~ L(x, x', ~), (2) 
0 

Re z < 0, 

L(x,x,;  ~) _~ exp ( 1 1-~ ~_____~2 27 } 
2 1 --  ~2 (x2 + x'2) + 1 _ ~-----~ xx'  . (3) 

Since [L(x, x;, ~ ) [ ~  1 for Ira ~ =  0, 0 ~ ~ ~  1, x and x '  real one has tha t  

I R(x, x'; z) ] ~ Ÿ -xI2 d~ ~-(Re z+x) (1 - -  "1~2) -1 /2 ,  

giving the bound  

(4) 

where 

I R(x, x; z) ] ~ lŸ  B { - - 1 R e  z, 1/2} 
2 

B(~, ti) - -  F(~) F(fl) 

Re z < 0, 
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is the Riemann beta function. 

Case I I .  Re z ~ 0, z --~ 0, 1, 2 . . . .  

First of all we need ah integral representation of R(x, x'; z) which is 
valid even if Re z ~ 0. This can be obtained by distorting the path of integ- 
ration in the right-hand side of Eq. (2). In faet one has tha t  

R(. ,  . ' ;  z) = 1 z-1/2 Jcd'r(--'O-(z+:O (1 -- z2)-l/~L(x, x'; "Ÿ , 
2 sinh (~z)  

z ~ 0 , 1 , 2  . . . . .  I arg (--~) ] ~ ~ ,  

where the integration path C in the complex ~-plane can be taken to consist 
of a line from ~ =  1 to ~ =  0 ( I m Q = 0 ,  0 < 0 < 1 )  just  above the cut 
drawn between 0 and 1, ah anti-clockwise circle of radius ~ around the o¡ 
and finally to close to contour a straight line just  below the cut from ~ = 1 
to v --~- ~. 

This representation is useful only for obtaining a bound if ~ is such 
that  L(x, x'; 7:) is uniformly bounded in all its variables as long as �9 E C. 
A straightforward computation shows that  in fact 

if 
I L(x, x'; ~) I ~ 1, 

0 < e < V ~ -  1 

for all ~ E C and x, x' real. From this it follows that  

[ R(x, x'; ~) ] ~ Ÿ -1/2 (1 - -  ~2)-112 ~ - R e z  

( e=r :,zl ) 
z~ q- 2(~ -2 -- 1) 

I sinh (i~z) ] 

for R e z > 0  and a n y O < e ~ V 2 -  1. Taking ~ = V  ~ -  1 we obtain our 
final result that  

I R(x, x'; z) I ~ (2(V2 - 1))-1/2 ~:-:t/2 e-,n (Y~- 1) Re z 

{ e ~lx-zl V 2 -  1 } 
~r + 4 - -  

] sinh i~rz] 3 -- 2 V-2 

valid for Re z ~ 0 ,  z # 0 , 1 , 2 , . . .  
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Remark 

We have  der ived a bound for the harmonic  oscillator Greens function.  
Sueh a bound  can be used for es t imat ing the  ra te  of  convergence of  the 
Fredholm solution for a pe r tu rbed  harmonic  oscillator resolvent  kernel.  (The 
Fredholm solut ion converges provicled t h a t  the  pe r tu rba t ing  poten t ia l  is 
absolutely integrable.)  In  f a c t a  simple applicat ion of H a d a m a r d ' s  theorem 
[2] for  de te rminan t s  gives the following es t imate  for the  n t h  order  t e rm In 
in the  series expansion of the  Fredho lm denomina tor  

n~'~ (L ~~ i i,, [ < gn n!n A n dx l V(x) l , 

where g is the  coupling constant ,  V i s  the  per tu rb ing  po ten t ia l  ancl _A is a 
bound  for the unpe r tu rbed  harmonic  oscillator Greens funct ion.  
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