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The pseudopotential method is used to calculate the ground states and excited states 
of the Li atom and those of the ions of its isoelectronic series in the first row of the periodie 
system. The energy eigenvalues and the pseudowavefunctions were computed numerically. 
The agreement between the calculated and empirical energies is good. The method is appro- 
priate to consider the effect of the inner orbitals of many-electronic systems on the valeney 
eleetrons. 

Introduction 

The solut ion of  the I - Ia r t ree- -Foek  equat ions  causes great  difficult ies in 
the  computa t ions  of  atomic,  molecular  and solid s ta te  propert ies .  There  ate 
a number  of a t t empt s  to simplify ei ther  the methods  of solution of the s t ruc ture  
of  the  equations.  One of  the  possibilities is the  in t roduc t ion  of  the  pseudo- 
potentials ,  which means to take into aecount  the or thogona l i ty  of  the 
valence states to  the  core s tates  wi th  a repulsive t e rm [1]. In  the  H a r t r e e - -  
Fock  equat ions one m a y  t r y  to subs t i tu te  the sum of the terms of  the nucleus- 
electron in teract ion,  the Coulomb and the  exchange- in terac t ion  wi th  a Coulomb 
like a n d a  non-local repulsive potential .  In  this way  we can a t t a in  so consider- 
able a reduct ion on the computa t iona l  effort  t h a t  the  calculations m a y  be 
carr ied out  for  the  a tomic  systems wi th  small or medium size computers  [2]. 
There  are fu r the r  possibilities of the applicat ions of this me thod  in the  mole- 
cular and the solid s ta te  field. 

We have t r ied to subst i tu te  the  non local potentŸ wi th  a l inear  com- 
binat ion of a local radial  pa r t  mult ipl ied by  project ion operators  in the  angular  
m o m e n t u m  space. The  local radial  p a r t i s  a Gauss- type te rm,  which contains 
some adjustable parameters .  The values o f these  parameters  have  been obta ined 
numerical ly  wi th  a semiempirical  procedure .  Subs t i tu t ing  these values  of  
parameters  into the Gaussian term,  we have  calculated some energy eigenvalues 
and pseudowavefunct ions  of the  Li a tom and its isoelectronic series, nume-  
rieally roe. 
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The pseudopotential 

Let  us consider the H a r t r e e - -  Fock equat ions of  an a tom with N electrons 
in the form 

where 

[ N ] 
%" rGl( 1 Pie) = , H(1) + - -  <!Pi{ --  [Wj> ~,(1) Ei ~,(1) (1) 

j = l  

1 Z 
H(1) = --  - -  ~~ --  - - ,  (2) 

2 r 1 

z the  a tomic  number ,  P12 the  pe rmuta t ion  opera to r  and the  quant i t ies  ate 
measured  in a tomic units .  

I f  we use the  Eq.  (1) the  wavefunct ion  of  the  a tom is 

~v = N-�89 
yJ~(1) ~1(2) . . .  ~ I ( N )  
V2(1) ~~(2) . . .  ~2(N) 
VN(1) ~0N(2). . .  ~N(N) 

(3) 

wherc ~N is the wavefunc t ion  of the valence electron and the ~Pz" funet ions 
ate assumed to be or thogonal  ones. Le t  us wri te  ~o N in the  following forro: 

N--1 

~PN = ~o --  . ~  ci ,p,, ci = (v2, [ v?0>, (4) 
i=1 

where  v20 is not or thogonal  to  the  eore funct ions ~o v We can subs t i tu te  (4) 
into the  de te rminan t  (3), and we get the H a r t r e e - - F o c k  equat ions (1) in the 
form 

(Hp + Va)~o = EN ~o, (5) 
whe l "e  

and 

N--1 

H F = H(1) + . ~  <'Pyt "¡ 1 - -  P~~) l~oy) , (6) 
j = l  

N - - 1  

Va = 2 (EN -- Ej) 1 ~j> <Vil- (7) 
j = l  

V R is caLled the pseudopotent ia l .  
HELLMANN suggested [3] t ha t  the to ta l  in te rac t ion  poten t ia l  s h o u l d b e  

wr i t t en  in the forro 

Z 
v ,  - -  - - -  + M ~xp { - a , ) / , .  (8) 

q 

We can diseover o ther  forros such as - -Z / r  -{- A e/r -ar, - - Z / r  + A e/r -r* and so 
on used before.  The  l a t t e r  forro has been employed  b y  RAY and SWITALSKI [4]. 
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With this potential we have also ealeulated numerieally some energy eigen- 
values and the eigenfuuctions using the parameteres obtained by  RAY and 
SWITALSKI .  

Let the forro of the pseudopotential be 

Z V(r) = -- - -  + ,a~ Al e-a~r'-, P' " (9) 
r l 

where Z is the nuclear charge minus the number of core electrons and A z 
a n d a  t lhe parameters of the pseudopotential for the state with quantum 
number l, respectively, Pt projection operator. The potential consists of two 
terms: the first is a Coulombic term and the second has Gaussian forro. The 
latter will be used for the description of an electron, moving in the field of 
an (ls) 2 closed shell ion excluding the Coulomb term, but  including all other 
interactions e.g. correlation, polarization, etc. 

There ate a number of ways to determine the parameters of (9). At the 
first trial a variational method with doublezeta wave functions has been used. 
The computed energy-values were f i t ted to the 2s, 3s and 2p, 3p terms of the 
Li atom aud the ions of its isoelectronic se¡ resp. [5]. 

Here the parameters A l and a l have been determined by  a numerical 
procedure. Let us consider the one-eleetron wavefunctions in the forro 

~flnlm( r, ~,  Z) = - - 1  Pnl(r) Y,m( ~, Z) , (10) 
r 

where Ylm are spherical harmonics. Because the computations have been car- 
ried out for atoms eontaining one valency electron, the dependence of one- 
electron wavefunctions upon the spŸ coordinates has been neglected. 

By inserting the fuuction (10) luto the equation 

[1 ] 
- - 2  Z]r~x + V(r) v2nlm : -  Eni ~n,m (11)  

obtained from the Eqs. (5) and (6), and multiplying the Eq. (11) from left by  
the <Ylm [, we obtain the radial SchrSdinger equation 

I d2pnl I l(l + 1) Vz(r)l P,a 0 (12) 
~ + r~ - -  J = " 

To simplify the forro of Eq. (12), it is eonvenient to introduce Rydberg unŸ 
for the energy and the potential. Then Eq. (12) becomes 

d~Pnl t 21(1 + 1) 2Vt(r) ) Pnt = 0 .  (13) d--~+ Enl 
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The numerical solution of this equation has been obtained by  a sub- 
routine suggested by  HEI~M~,N and SKILLMAN [6]. The pontential Vl(r ) in 
Eq. (13) has to satisfy the conditions 

lira rVl(r)  = - - Z  (14a) 
r ~ 0  

and 
lira V~(r) ---- 0, (14b) 
r-~ oD 

which is in agreement with the forro (9) selected by  us. The parameters A t 
a n d a  l in (9) have been determined by the requirement that  the energy value 
for the ground state and the energy value for the first excited state (if I = 0), 
the energy values of the first and second excited states (if I = 1) computed from 
(13) agree with the expe¡ values, respectively. This requirement means 
that  we have to solve the equations 

Egz(At, al) = E~Ÿ n = n 1, n 2, (15) 

where ECnl(At, al) are the computed energy values at some parameter values 
and r, exp is the experimental value. J 'Jrt l  

The solution of the system of equations (15) has been obtained by  deter- 
mining the roots of the nonlinear equation 

t I t - - - n ' l  I (16) 
f ( A l ,  al) = E~ll(A"/~expal) -- E~~p + E~,z(Al,~e~pal) ~exp 

The Gauss--Seidel method and/or a random-search method has been suitable 
for this purpose. The convergence of both methods has been nearly the same. 

The function f(-/l l, al) in Eq. (16) has been regarded to be zero, ir the 
[ f ]  < r condition has been satisfied, where r = 0.01 has been selected in 
o u r  c a s e .  

Discussion of results 

The calculations with the Gaussian pseudopotential (9) were performed 
on the Li atom and the ions of its isoelectronic series. The parameters have 
been determined for the l = 0 and l = 1 states. The reference energy levels 
have been the lowest experimental states 2s, 3s and 2p, 3p, respectively. 

In Table I the parameter values determined with the double-zeta wave- 
function and the numerical one are presented. We may observe considerable 
agreement between the parameters al, eomputed with different wavefunctions. 
In the caleulational process more roots of function (16) have been obtained 
at some elements. In this case the values Iying nearest to the values obtain- 
ed by  the double-zeta wavefunction method have been chosen. 
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Table Ia 

Parameters  of the potent ia l  F'/(r) determined wi th  the double-zeta wavefunct ion variationally 
and with the numerical method (l = 0) 

J4 a ,  
z 

Double  z e t a  Numer i ca l  Double  z e t a  Numer i ca l  

11.470 

20.345 

30.408 

31.690 

39.390 

54.942 

78.083 

53.528 

77.185 

32.178 

52.458 

55.590 

76.330 

123.12 

3.1113 

5.2933 

7.7567 

8.0076 

9.6892 

13.318 

18.813 

3.0881 

5.2939 

5.2173 

8.0076 

9.6891 

13.320 

18.810 

T a b l e  I b  

Parameters  of the potent ial  Vl(r ) determined wi th  the double-zeta wavefunction and with the 
numerical method  (l ~ 1) 

Z - ~I a l  

Double  z e t a  Numer i ca l  Double  z e t a  Numer i ca l  

1 

2 

3 

4 

5 

6 

7 

- -  5.2287 

- -  8.2100 

--11.894 

--15.271 

--16.603 

--17.090 

--17.522 

- -  1.0831 

- -  8.2080 

--11.894 

--15.083 

--16.604 

--20.490 

--17.980 

1.4464 

7.0004 

13.504 

20.631 

29.156 

37.860 

47.228 

1.4464 

7.0110 

13.504 

20.631 

29.156 

37.860 

47.090 

T a b l e  H a  

Energy eigenvalues computed by numerical integration for the Li a tom at  I ~ 0 with 
different pseudopotentials  

- - E  (in R y d b e r g  uni ts )  Z = 1 

N u m e r i c a l  Double  z e t a  
n E x p e r i m e n t a l  A ~ 53.5287 .4 ~ 11.47005 RA~C--SWrr~~SKI 

a ~ 3.08811 a ~ 3.11307 

0.39643 

0.14842 

0.077262 

0.047293 

0.031911 

0.40210 

0.14806 

0.076172 

0.046383 

0.031131 

0.48554 

0.16510 

0.082517 

0.049580 

0.032776 

0.39894 

0.15054 

0.077467 

0.047064 

0.031527 

Acta Physir Academiae Scierttiarum Hungaricae 45,  1978 



1 2 ~  R.  G~SPAR and I. KO‰ 

In  Tables I I - - I I I  we present the energy eigenvalues computed by the 
numerical integration proeedure outlined before with the pseudopotential 
field (9) with the numerical and the double-zeta parameter values, respeeti- 
vely, the RAY--SWITALSKX potential and the experimental energy values [7]. 

Table H b  

E n e r g y  e i g e n v a l u e s  c o m p u t e d  b y  n u m e r i c a l  i n t e g r a t i o n  f o r  t h e  L i  a t o m  a t  l --~ 1 w i t h  
d i f f e r e n t  p s e u d o p o t e n t i a l s  

- -E  (in Rydberg units) Z = 1 

Numerical Double zeta 
n Experimental _4 ~ ~- 1.0831 ~4 ~ -- 5.22868 RAY--SWrI~~LSlKX 

a ~ -- 1.44637 a = 1.44637 

0 . 2 6 0 5 6  

0 . 1 1 4 5 0  

0 . 0 6 3 9 8 0  

0 . 0 4 0 7 8 3  

0 . 0 2 8 2 5 3  

0 . 2 6 0 9 5  

0 . 1 1 2 8 7  

0 . 0 6 2 7 2 9  

0 . 0 3 9 8 4 2  

0 . 0 2 7 4 8 9  

0 . 5 3 7 5 2  

0 . 1 6 3 6 9  

0 . 0 8 1 9 1 5  

0 . 0 4 8 6 7 6  

0 . 0 3 2 5 0 1  

T a b l e  I l I a  

E n e r g y  e i g e n v a l u e s  c o m p u t e d  b y  n u m e r i c a l  i n t e g r a t i o n  f o r  t h e  O s +  i o n  a t  l ~ 0 
w i t h  d i f f e r e n t  p s e u d o p o t e n t i a l s  

- - E  (in Rydberg units) Z = 6 

Numerica] Double zeta 
n Experimental .4 ~ 76.3259 .4 ~ 54.94254 RAY--SWrrAILSI~ 

a = 13.32 a ~ 13.318322 

10 .155  

4 . 3 2 0 8  

2 . 3 8 2 2  

1 0 . 2 4 4  

4 . 2 7 9 9  

2 . 3 3 4 0  

1 . 4 7 4 5  

1 . 0 1 6 5  

1 1 . 2 8 3  

4 . 6 1 4 3  

2 . 4 9 3 8  

1 . 5 5 0 2  

1 . 0 5 6 3  

1 0 . 2 1 2  

4 . 8 9 5 8  

2 . 6 3 8 3  

1 . 6 3 2 8  

1 . t 0 6 6  

For saving space the Tables contain the energy values for the Li atom 
and the 0 5+ ion only. The energy eigenvalues eomputed with the numerieal 
parameters are in agreement with the experimental ones within the precision 
of the aceuracy of the fi t t ing criterion (16) at the exeited states, too. The 
agreement between the energies ealeulated by the numerieal and the experi- 
mental parameters is better than the agreement of the energies with the double- 
zeta parameters; these lat ter  ate sometimes even lower than the experimental 
ones. This faet can be easily explained, when we observe that  the potential 
(9) with the double-zeta parameters is less repulsive, than the potential with 
the numerieal parameters. 
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Table m b  

Energy eigenvalues computed by numerical integration for the O s+ ion at I ~ 1 
with different pseudopotentials 

- - E  ( in R y d b e r g  u n i t s )  Z = 6 

N u m e r i e a l  D o u b l e  s e t a  
n E x p e r i m e n t a l  .4 = - -  2 0 . 4 9 0 3  A = --  17 .0903  R A Y  - -  S w r r A I ~ i r J  

a = 3 7 . 8 6 0 7  a = 37 .8607  

9.2770 

4.0831 

2.2852 

9.3049 

4.0684 
2.2588 

1.4340 

0.99093 

9.3563 

4.0483 
2.2617 

1.4255 

0.98557 

9.3531 
4.0404 

2.2368 
1.4271 

0.98158 

T h e  r ad ia l  p s e u d o w a v e f u n c t i o n s  w i t h  t h e  d i f fe ren t  p a r a m e t e r  va lues  

in t he  p o t e n t i a l  (9), t hose  o f  the  RAY--SwITALSKI p o t e n t i a l  a n d  the  wave-  

f u n c t i o n  for  t h e  Li  o b t a i n e d  f r o m  t h e  H a r t r e - - F o e k  ca l cu la t ions  [8] axe exhi-  
b i t ed  in  Figs.  1, 2, 3 and  4. T h e  w a v e f u n c t i o n s  a te  p l o t t e d  for  t he  s ta tes  l = 0 

and  1 = 1 r e spec t i ve ly  and  for  the  Li  a t o m  a n d  0 5+ ion  only .  I n  the  F igures  
i t  m a y  be  seen t h a t  t he  m a x i m a  o f  t h e  n u m e r i c a l  w a v e f u n c t i o n s  a te  a lways  

f a r t h e r  f r o m  t h e  or igin  t h a n  those  c o m p u t e d  w i t h  the  doub l e - z e t a  p a r a m e t e r s  

b y  t h e  same  m e t h o d .  This  is due  to  t h e  m o r e  power fu l  r epu l s ion  o f  t h e  po t en -  

R(r) 1 

0.1" 

t 

I \ 
I \ 

l \ 

t // - %  
l 

Ÿ ".. 

q �91 
I 
i 

Fig. 1. Radial part of the wavefunctions computed with different parameter sets and different 
pseudopotentials, and the Hartree--Fock wavefunction for the Li atom at n = 2, l = 0 

- -  numerical; . . . .  double-zeta; . . . .  RAY-- SWlTALSKI, H A R T R E E - -  FOC K 
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R(r)! 

i -. 

i \ 
i % 

-...-,.-,~ 
"~.~~. 

1 r 

Fig. 2. R a d i a l  p a r t  o f  the  w a v e f u n e t i o n s  e o m p u t e d  w i t h  d i f f erent  p a r a m e t e r  sets a n d  d i f ferent  
p s e u d o p o t e n t i a l s  for  the  Li a t o m  at  n = 2, I = 1. - -  n u m e r i e a l ;  . . . .  doub le - ze ta ;  

. . . .  I {AY--  SWITALSKI 

tials obtained by the numerical method, as compared with the other ones. 
Although the pseudowavefunctions are nodeless (in the ground state) they have 
some oscillations close t o  t h e  origin, wMch is more conspicuous for wavefunc- 
tions f o r  t h e  ions with higher atomic number. 

R(r) 

Ÿ  
J, 
i i  ,Ÿ 

I 

Fig. 3. Radia l  par t  of  the  w a v e f u n e t i o n s  e o m p u t e d  w i t h  d i f ferent  p a r a m e t e r  sets and  d i f ferent  
p s e u d o p o t e n t i a l s  for  the  O s+ i o n  at  n = 2, l ~ O. ~ n u m e r i c a l ;  . . . .  d o u b l e - z e t a  
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R(r) 

1 r 

Fig.  4. Radial  pa r t  of the  wavefunct ions computed  wi th  different pa rame te r  sets and  different 
pseudopotent ia ls  for the  0 5+ ion at  n ~ 2, ! = 1. - ~ numerical ,  . . . .  double-zeta;  

. . . .  RAY-- SWITALSKI 
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