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A simple dynamical scattering potential for electron diffraction by a free surface of
a solid state sample is proposed. A few monoatomic layers parallel to the surface of the
scattering sample are treated as a thin film while the other part of the sample is considered
as a substrate. The scattering potential of the sample is expressed in terms of the mean
square displacement of atoms and the electron density distribution at a scattering surface
of the thin film sample. The obtained formula for the scattering potential in special cases
leads to results of Dvoriankin's paper [3]. The proposed surface scattering potential can
be used to describe low energy electron diffraction (LEED) as well as high energy electron
diffraction (HEED) experiments.

1. Introduction

In the present paper we propose a simple dynamical scattering potential for
electron diffraction by a solid state sample with a free surface. The sample is treated
as a thin film evaporated on a substrate. We regard a thin film as a system of a
few monoatomic layers parallel to the surface of the sample, while the other part of
the sample is considered as the substrate.

For such samples we have calculated a scattering potential including the ex-
change of the incident electrons with the electrons of the sample. Including the
exchange part of the scattering potential gives a possibility to use of the scattering
potential to describe a polarized electron diffraction experiment in the cases of low
energy electron diffraction (LEED) as well as of high energy electron diffraction
(HEED).

The proposed surface scattering potential in its analytical form is a temper-
ature and thickness dependent quantity and it is expressed in terms of the mean
square displacement of atoms and the electron density distribution of the thin film.
The division of the scattering film into the thin film and the substrate allows one
to compute the dynamical parameters of the scattering potential by means of the
field theories developed for thin films [2].
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2. The scattering potential for electron diffraction
by a sample with free surface

We shall assume that a spin polarized electron beam is incident on a perfectly
clean, well ordered surface of a sample. Our interest will focus on the elastically
scattering electrons, because they produce almost all the structure in the diffraction
patterns.

To construct the scattering potential we divide the scattering sample into a
thin film and a substrate. By the thin film we understand n monoatomic layers
parallel to the surface. They are numbered by v, starting with v = 1 for the
free surface of the film and finishing with v = n for the atomic layer evaporated
directly on the substrate. Any monoatomic layer v we divide into two-dimensional
elementary cells and the position of any cell inside the v-th atomic layer related to
the cell chosen as the origin of the coordinate system is given by a two-dimensional
vector j, = aj; + bj;, where a and b are lattice vectors and jz,j, denote integer
numbers.

Let the z-axis of the coordinate system be perpendicular to the surface and
directed into the inside of the film. A position of any atom in the film can be
described by the vector

Ryj. =y +écov+p, = Ryj, + Py (1)

where p% describes the position of an s-th atom belonging to the (vj, )-th cell related
to the origin of the local coordinate system bounded with the (vj,)-th cell inside
the film.

From the point of view of the diffraction problem the thin film is regarded as
a system of n - N2 bounded atoms, where N2 denotes the number of atoms in any
v-th layer parallel to the surface.

Such a system produces a suitable eflective scattering potential localized
round about each lattice node of the film. In general case, the scattering potential of
the (vj, s)-th atom of the thin film depends on the position (r — R,j,,) and spin co-
ordinates sp of the diffracted electrons. Denoting this potential by V(r—R,;,,, s0),
a total scattering potential on the position r inside the film and spin s¢ V(r, so) can
be treated in a first approximation as the superposition of the effective potentials
of the individual atoms from which the film is built:

V(r,50) = ) V(r — Ryj,q, 50)- (2)

Vivs

By the effective potential of the individual atom we understand the potential pro-
duced by a given atom in the presence of other atoms of the thin film and the
substrate on which the film is evaporated. This potential can be constructed by a
modification of the scattering potential of a free atom.

Now, let us consider the scattering of an electron by free atom. Denoting by
ro and sp the position and spin coordinates of the incident electron, and by r;s;,
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rss,...rNSN, the position and spin coordinates of the atomic electrons, where N
denotes the total number of electrons in the atom, we should describe the scattering
problem by means of a wave function & = ®(roso,r151,...rysn) which depends
on all coordinates of the (N + 1) electrons.

The many body function ® has to satisfy an equation which we write in the

form:
N h;
Z(-% )+ZZ -—r,l ® = E®, 3)

j=0 j=0i=j+1

where (—h? 72 /2m) is the operator of the kinetic enegy of the j-th electron, so that
Y2(—=h?* 2 /2m) describes the kinetic energy of the system of N atomic electrons
plus an incident electron. The term Y (—Ze?/r;) is the potential energy of all the
eletrons in the field of nucleus, the third term in Eq. (3) stands for the Coulomb
interaction between electrons. E; denotes the total energy of the system and Z, the
nuclear charge while j numbers the electrons of the system.

The difficulty in Eq. (3) is that electrons influence one another via Coulomb
repulsion and the incident electron may distort wave functions of the atomic elec-
trons by its own electrostatic field correlating their motion with its own and changing
the potential seen by the incident electron itself.

If the free atom wave function is known, we can express the many body
function by means of the free atom functions t;(r181)¥3(r2s2) ... ¥n(rNsen) as
follows [1]

o= zep¢(r080)¢'1(r181) . lﬁN(l‘NsN), (4)
4

where ¢(roso) is the incident electron’s function.

The sum is over permutations of the particle coordinates and €, takes the value
of +1 if permutation p can be achieved by exchanging an even number of particle
coordinates, —1 for an odd number. There are (N + 1)! possible permutations.

Since the atom state part of ¢ is known, we want to eliminate this part from
our equations and concentrate on ¢(rgso) being the incident electron wave function.

Multiplying Eq. (3) by

X* = ¥i(r181)¥3(r282) ... ¥ (rnan), (5)

integrating over space, and summing over spin coordinates of x we obtain the equa-
tion for ¢(roso)

2
h vg ___+E/E|¢J(r151)| dar,- H(ros0)—

|1‘o—1'|

22/2 ‘ﬁ: (1‘151)4’(1')8))‘13 r;%; (Foso) = Eod(raso), (6)

Iro — rj
where Ey denotes the energy of the incident electron.
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The last equation is a one-electron equation for the wave function of the
incident electron and it defines the effective scattering potential of the free atom

Vo(roso)

Vg(r()So) = — - E/E lw ( JSJ)l d3r+ Vexc(l‘oso), (7)

ro — rj]

where by Vexc(roso) we denote the so called exchange potential, which is defined by
the equation:

exc(r030)¢(roso)—22/d3 Ll (l‘JSJ (rJSJ)wj(roso). (8)

-5,

The two first terms on the right hand side of the equation (7) have a simple
interpretation as the electrostatic potentials produced by the nucleus and the elec-
tron density distribution of the atom, respectively. The exchange potential defined
by (8) is non-local potential and it arises out of considerations of antisymmetry of
the wave function under exchange of particle coordinates, because no two electrons
can be in the same place at the same time, hence each electron is surrounded by a
region depleted of other electrons and hence lower potential.

Writing the one-electron wave function ¥;(r;s;) as ¥;(rjs;) = ¥;(r;)x;(s;),
where x;(s;j) is the spin coordinate dependent part of the wave function of the j-th
atomic electron while #(r;) is space coordinate dependent only, we can express the
electrostatic potential of atomic electrons by means of the electron distribution in
the atom p;(r) as

3, 1¥5(r;s;)? _pir)
eZZ/d |1Jmi;| = e;/ds Iro— 1] ©

Analogically, writing ¢(roso) = ¢(ro)n(so), where 1(so) is the spin wave function of
an incident electron, the exchange potential can be written as

Vere(Toso) = EZ X;(Sj)ﬂ(rr.’i():z,;(l:o)n'(so) Ii(ro) = z bugys, Tj(xa),  (10)
i i

here BE)8(w0) [ 5. Y ()(;)
Ij(ro) = Y20 2T0) /d3 g (11)
1) = Tl J ¢ o1y
and the sum is over the atomic electrons which have the same spin as the incident
electron.
In this way a full scattering potential of a free atom takes the form:

Vastrose) = 22 - Z/ﬁmememr (12)

l‘o—rl
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The above formula will be a basis to construct the scattering potential for the
electrons scattered by thin filins.

It is known that crystal lattice atoms at a given temperature take part in the
temperature vibrations around their equilibrium position and the influence of the
temperature on the scattering potential must be taken into consideration defining
a dynamic scattering potential for an atom as [3, 7]

Vr(r,sg) = /Vat(r’,s;)T(r - rl)dar’, (13)

where T(r) describes a distribution of the mass centre of an atom in its vibra-
tions around the equilibrium position. For the atom bounded in crystal T(r) is
determined by the lattice dynamics.

Other thing we would like to stress is that placing an atom in a lattice site
of an infinite size sample does not change the mean square displacement which
characterizes the dynamics of the atom in the sample and it is the same for every
atom. However, in the thin film crystal case the surface atoms of any solid body are
in a situation which is different from that of atoms situated in the inside of the film.
The surface atoms feel the changes in the geometry of the neighbours surrounding
them caused by the missing neighbours, by the spontaneous deformation of the
lattice near the surface. As a result, the scattering potential near the surface must
be different from that inside of a bulk material. It is to be expected that the changes
of the electronic structure near the surface must cause some changes of the physical
properties related to the surface.

To take above into consideration we introduce the effective numbers of elec-
trons per j-th orbital of the (vj,s) atom in the film (n,;, ,) which are the same for
the atoms in the v-th monoatomic layer but they create a distribution in the direc-
tion perpendicular to the surface. The redistribution of the electronic charge in the
film creates some new boundary conditions for lattice vibrations which must influ-
ence the temperature dependence of the mean square displacements of the atoms in
other atomic layers parallel to the surface. Denoting the mean square displacement
of the (vj,s)-th atom in the film by B,;,, we can write

B,,jv, = ((5R,,jv,)2) = B,,,, (14)
as well as for the electron density distribution of the j-th orbital
(nls,0) = (nd.), (15)

where the symbol {...) stands for the thermodynamical average, and the above
relations are the consequence of the translation symmetry of the film.

By means of the above dynamical parameters B,, and (ni,) we propose the
following modification of the scattering potential of the atom in the (1], s)-th site
of the film:

, , Iro=R,, ,—rl|2
Vi(ro — Ry, 80) = (27B,,)"3 / BrVa(r = Ruj so)e” 58 (16)
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where T(r') = (27 B,,)~% exp (=|ro— R.j,. —r |2/2B,,) describes the distribution
of the mass centre of the (vj,s)-th atom in its temperature vibrations (3] and in

place of the free atom potential V,, given by (12) we take i‘;,t which we define as

pJ(rJ v‘)us) 3
—e oy
[ro ~ Ry, vj.,al Z / ro — r;[°

+ez "w Mj(ro = Ruj,s)bs0s;- (17)
i

Var.(l‘o - R-VJ.,a , 30)

To obtain an analytic formula for the scattering potential of the spin polarized
electrons scattered by thin films using the formulae (2), (16) and (17) we have to
know the atomic orbitals of a free atom. By means of these orbitals the quantities
p;j and I; in formula (17) are expressed. For that we restrict our next considerations
to the case when the free atom orbitals are spherically symmetric and we take them
in the Slater form {1, 4]:

¥i(r) = Ajrti exp (Ajr), (18)

where p;, ); are the numerical parameters given for all free atoms in [4], and 4; is
the normalization constant. If we now write the incident electron wave function in
the form of the plane wave:

8(x) = exp (ik 1) (19)

where k is the wave vector of the incident electron, we can insert expressions (18)
and (19) into the equation (17) and calculate the static scattering potential of (vj, )

atom Vi (ro — Ruj, s, S0) of the film. We have:

Ze

Vat ((ro — Ryj,s),80) = lro—_R—j——l—
V]

[ro—R.;j, .|

1 12 —2h.[ri—
|l‘j _ Rvjya|2p1+2e 2Aj|r; R"-‘""drj-}-

—47e Z Af(n{,,) [ll‘o——R-
2

Vjv'l
00
-+ / |rj - Rij‘|2/-i,'+16—2,\jIrj-R..j.,.Idrj]+
Iro_R"‘Jv'l
. ot
+41reEAJ?(n{,,)|ro —R,y,,|"e A +ik Yro—Ruy,l

1 |l‘o—Rij,|
!
42 —(Aj—ik )ri=Ryyl
| — |r; — Ry, ,[#it2e~ Y i=Bviveldr 4
[er - Ruj.l ? 3 ?

oo
+ / |r—Ry,-,,l“f“e-(*z'-“")l'f-f‘ww'dr,-]. (20

Iro—Ruyj,sl
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Integrating over r; by means of the standard formulae [5):

u

/z””‘ exp (—pz)dz = p~"v(v, pu),

0
o

/x"'1 exp (—pz)dz = p~"T(v, pu),
u

where (v, pu) and I'(v, pu) are so-called incomplete gamma functions, as the result
we obtain

iy Ze (nus)
Vat = “Forl 47reZAJ ____(2 e

7(ﬂ." + 3’ ‘1‘0 - vj,,,lzz\j) ]
* + T(p; + 2,jr0 — Ruj,e|2X5)] +
[fo — Ruy.s 12); (i + 2,ir0 = Ruj,a122))

+ dne EA.?‘S%'J' ("{u)e_(’\ﬁu Jiro=Fusy el fro — Rujo“/(A; — ikl)(ﬂrl'?)*

i

(s + 3,005 — ik )lro = Ry )

* + Ty +2,(); — ik Yo — R.;,,

[ro — Ry, (X — i) (1j +2,( )Iro = Ruzl)]| -

(21)

Next, the calculation for the dynamical scattering potential by means of the formula

(16) and explicit form of &at given by (21) leads to the expression

_2,;’.1»'_"_2 > (I/Bus) V(k) B 29
VT(I‘—Rij,,SQ)—e ve E 2k+1)‘ ( us:SO)y ( )

where

o0
~ ' rm -~ : [
V(B,,,50) = (27B,,) " / Amr A2 T Vg (x, so)dr =

2p; +1
= Ze(Fo,—1)k — 47I'CZA2(" ,)(2,\’)2,.,22*
2pi+2 m-—1
2u; + 2 2)
*I: #211\. (Fo, e - (25 + 2) 2 ( ) (FzA_,-,m—l)k+

2ui+1
! 2,\ , . 2u; + 1)!
2 ( (Fn,,,,, ]+4W62A‘?(n;’,,)6,o,j(—%ﬁ_—2l*
i j

1 #i+2 ﬁm— py+l
* [(“i +2)<(Fﬁ;'vm-1)"§j'_ Zo el () 5; m+u,—1 )+ Z : ( 8; m+#:)"
(23)
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where F;, = r"e~*" and (F; ,) stands for the following integral for the (vj, ) - site
of the lattice

(Fonde = (27rB,,,)‘* /47rr2’c+2 exp (—r2/2B,,)Fyn(r)dr =

= 4(2rB,,)"H(BL) ™ 2k + 1 4+ 214 D_uynasy (2V/Bon)
(24)
In the last expression Dy, (::) denotes the standard function of the parabolic cylinder
[5], while the quantity ﬂ which appears in (23) is defined as

B; = 2Xj — ik(1 — cos©) = 2 (,\,- — iksin’ (g)) ; (25)

where O is the scattering angle of the electrons and g; = A; — ik.
The final result for the total scattering potential produced by thin films for
the spin polarized electrons takes the form

—lr=R, g 3 2 ~
Va(rs)= Y e = 3 %ﬁ—l)), VE(B,,, 5) (26)
viLs k=0 °

and v(;)(B,,,, o) is given by expressions (23,24) and (25).

3. Conclusions

The formulae obtained for the scattering potential have interesting properties.
At first this potential is finite at every lattice point R,j,, contrary to the effective
potential of the free atom which is infinite at the middle of the atom. Another
thing we point out is that one can obtain from it the forms used in literature [3,7].
Namely, if we ignore the exchange part of this potential and restrict a consideration
to the high temperature limit, which means the high values of B,, the formula (26)
can be approximated and for simple cubic lattice it takes the form:

Vr(r) = S vi9(8,) (27)

vy

where VT(.O)(B,,) is given by

(2 + 1) 2 +2
VT(")(B,)=Ze(FO,_,)o—4wZeA,? nJ,,)( #i+1) [ BT 2 Ry —1)o—

(2,\j)2pj+2
2#,‘+2 m—1 2p5+1 m
2) 2);
- (2p; + 2) E ( ) <F2A,,m_ o+ Z ( ) F2,\j,m)0] =
m=0
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_ 2 (2#1 + 1)!
4”2‘4 (2,\ )2u,+2*

2542 _ 2p5+1
225)™ o)
[2p,+2) E @)™ ) Fz,\,,m 1)o + Z ( n’:,) (szj,m)o]

m=0

and

(Far, m)o = 47(27B,)"1(B)* (n + 2)1eBY D_ (143 (2A,- \/BT) . (28)

The last two formulae in the hydrogen atom case, for which the wave function has
the simplest form lead to the result of Dworiankin [3]. Instead of the Slater type of
function by means of which the electrostatic potential of free atoms is calculated one
can use the electrostatic potential of a free atom in the Strand and Tietz form [6]:

V( )_ 2 [Zp ) ZC Za,\e_b”, (29)

A

where ax and b, are nuimerical parameters given in [6]. In this case the formulae
(27-29) give the results we have obtained in the papers [7, 8].

Let us remark that the surface scattering potential given by the formulae (26,
23-25) due to its general and analytical form can be very useful for the description of
the LEED as well as of the HEED experiments. Due to including the exchange part
of the scattering potential it can be used to search the magnetic sample surfaces by
means of the spin polarized low energy electron diflfraction, which introduces a new
dimension to surface physics. The last problem is presented in our recent paper [9].
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