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ABSTRACT

In a recent paper author and Mishra [1] have studied the recurrent
properties of conformal curvature tensor, conharmonic curvature tensor,
concircular curvature tensor and projective curvature tensor in a
Riemannian manifold. In another paper author and Mishra [2] have defined
a new curvature tensor and obtained its relativistic significance. In this
paper the geometrical properties of the new tensor in a Riemannian mani-
fold have been discussed.

INTRODUCTION

Ler us consider n-dimensional Riemannian manifold V,, with Riemannian
metric tensor g. Let R (X, Y, Z) be ths curvature tersor of V,

R (X, Y, Z) def DxDYz — DyDXz - D[X, Y] Z. (l . 1)
Let us put
RX,Y,Z, W) =g (RX, Y, Z), W). (1.2)

Then for Riemannian manifold, we have

R(X, Y, Z, W) = — 'R(Y, X, Z, W) (1.3)
RKY,Z, W) =—"R(X, Y, W, Z) (1.4)
R Y, Z, W) ="R(Z, W, X, Y) (1.5)

R Y, Z,W)+'RY,Z, X, W) +'R(Z,X,Y, W) =0. (1.6

In our previous paper [2] a new curvature tensor has been defined to
obtain its relativistic significance

Wi, Y, 2) def R(X, Y, 2) + 1 [g(X, 2) r (V)

—-g(Y,2)r(X)] 1.7
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where Ric (X, Y) def g(r(X), Y), Ric dcnoting thc Ricci tensor. Let us
put

"W (X, Y,Z, W) =g (W2 X, Y, 2), W) (1.8)
then for a Riemannian manifold, we have
W2 (X, Y, Z, W)= — "Wy (Y, X, Z, W) (1.9)
"Wo(X, Y, Z, W) + "Wy (Y, Z, X, W) + "W, (Z, X, Y, W) =0.
(1.10)

We know [1] that manifold V, is called a recurrent manifold if

(D:R)(X,Y,Z)=B(MHR(X,Y,Z) (1.11)

where B (T) is the recurrence parameter.

It is alled a Riccl recurrent if

(D;Ri¢) (X, Y) = B(T) Ric (X, Y). (1.12)
The projective curvature tensor is given by
WY, Z) =R(X,Y,2) + n_i—l [Ric (X, Z) Y

— Ric(Y, Z) X). (1.13)

The tensors
VX, Y, Z)

=R(X,Y,2)— 15 [Ric(Y,Z) X~ Ric(X, D) Y

— XD r (N + 2V D+ o— 1y =
XY, D)X —g(X,Z)Y] (1.14)
L(X,Y,2)
=R, Y, 2)— 1 [Ric(Y,Z)X — Ric(X, 2) Y

—gX, 2)r(Y) + g(Y, Z) r (X)] (1.15)
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and
C(X Y, 27
R

nn—

=RX Y. 2) — o= B(L D)X —g(X,2)Y)  (1.16)

are called conformal, conharmonic and concircular curvature tensor respec-
tively [1}.
2. Definition (2.1).—We shall call the manifold V,, to be Wy-recurrent
if
DOW)(X,Y,Z) =B(TMW.(X, Y, Z). 2.1y

THeOREM (2.1): If a Riemannian manifold is Wyrecurrent and Ricci-
recurrent, then for the samec recurrence parameter, it is recurrent.

Proof—From (1.7), we have
(D,W2) (X, Y, Z)
= (DR (X, Y, 2) + — [g(X, Z) (Drr) (Y)
— g (Y, Z) (Dyr) (X)]. (2.2)
Let the manifold be Wyrecurrent and Ricci-recurrent, then (2.2) becomes
B (T) W2 (X’ Y’ Z)
=(DR)X, Y, Z) + ’?T(Tl) X, Dr(Y)— g, Z) r(X)]
(2.3)
which after rearrangemcnt gives
B[ Wa(X, Y, 2)— . £, D (V) ~ g (¥, D) r (¥}
= (DR (X, Y, D). (2.9

If we substitute (1.7) in (2.4), we get
BMORXY,ZD=DORX Y, 2 2.5)

which proves that the manifold is recurrent.
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THEOREM (2.2) : For a Ricmannian manifold, we have
W (X, Y, Z)
=V(X,Y,2) + - [Ric(Y, 2) X — Ric (X, Z) Y]

- W—l)l(,,_—z) [g(X,2) r(Y)— g (Y, Z) r (X)]
'quﬁmﬂﬂﬂnax—ﬂKEY] (2.6)

W2 (X, Ya Z)
=L(X,Y,2) + 1 [Ric(Y, Z) X — Ric (X, 2) Y]

- (—an)l(T_—“z‘) X, Z)r(Y)—g(X,5)rX)]. (2.7

W.(X, Y, Z)
~CKY, D+ 25 e D (V) — (Y, D1 (X)]
+ e B DX~ (X, D) Y] @9
and
Wa(X, Y, 2)
=WX Y, 2+ ;25X D r (V) - g(¥, ) r ()
+ Ric (Y, Z) X — Ric (X, Z) Y] (2.9)

Hence, from (2.6), if the manifold is conformal recurrent and Ricci-recurrent,
then for the same recurrence parameter, it is Wy-recurrent.

Proof—The proof follows the pattern of Theorem (2.1).

Note (2.2).—If we replace the conformal recurrent condition by con-
harmonic recurrent, concircular recurrent and projective recurrent conditions
and use equations (2.7), (2.8) and (2.9) respectively, then we get three more
theorems like Theorem (2.2). Similarly, if we take that the manifold is W,-
recurrent and Ricci-recurrent then for the same recurrence parameter, with
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the help of equations (2.6), (2.7), (2.8) and (2.9) it is conformal recurrent,
conharmonic recurrent, concircular recurrent and projective recurrent 1espec-
tively, to give four more theorems like Theorem (2.2).

THEOREM (2.3) : For a Riemannian manifold, we have

Wo (X, Y, Z)
= 1 (PR Y, ) + (- 2L (X, Y, Z)]— W(X,Y.Z)
(2.10)
Wo (X, Y, Z)
=nl 1[0 =2) VXY, 2) +nC XY, D] - WX, Y, 2)

(2.11)
Proof — Using equation (1.7), (1.13), (1.14), (1.15) and (1.16) we get
the result.

3. In this section we shall study the n-ply recurrent propsarties of the
curvature tensors in the Riemannian manifold.

Definition (3.1).—The Riemannian manifold will be called n-ply recurrent
if
(Dxle' cew Dxn R) (X, Y, Z) =da (Xl’ XZ cee Xﬂ) R. (X, Y, Z)
3.1
and n-ply Ricci-recurrent if

(Dy,Dy, ... D Ric) (Y,2Z) = a(X;, X5 ... Xn) Ric (Y, Z) (3.2)

where a (X;, Xs ... Xp) is called a recurrence tensor of order (0, n).

Definition (3.2).— We shall call a manifold Wy-n-ply recurrent if
(Dx Dy, ... Dy W) (X, Y, Z)=a Kin - X)W (X, Y,2). (3.3)

From (1.7), we have
(DxDx, --- DxaW2) (X, Y, Z)
= (Dx,Dx, --- Dx, R (X, Y, Z)
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+ .1 g(X. 2 (OxDy, ... Dy (V)
— &(Y, Z) (Dx, Dy, ... Dx,r) (X)]. 3.4)

Let the manifold be Wo-n-ply recurrent and n-ply Ricci-recurrent then
after rearranging (3.4) becomes

a (%3 X o Xe) [Wal(X, Y, 2) = -2 {6 (X, D) 1 (V)

— (¥, Z)r (X}
= (Dg,Dy, -.- Dx,R) (X, Y, Z). (3.5)

Substituting from (1.7) in (3.5), we get

a (Xl’ Xz, ooy Xn) R (X, Y, Z) = (Dxle. “ s DXNR‘) (X, Y, Z)
(3.6)

which proves that the manifold is n-ply recurrent. Hence we have the
theorem.

THEOREM (3-1) : If a Riemannian manifold is Wyn-ply recurrent
and Ricci-n-ply recurrent, then for the same recurrence tensor it is n-ply
recurrent.

We can similarly have a set of theorems like theorem (2.2) in this case
also.

I am thankful to Prof. R. S. Mishra and Pt. Ram Hit for useful discus-
sions.
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