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1. Introduction

Quasiconformal mappings are homeomorphisms for which, by definition, the
infinitesimal distortion of conformality is uniformly bounded. More precisely,
a homeomorphism f:D — D’ with D,D’ C R” is K-quasiconformal if f &€
W 1oc (D) and

0)) |7 (x0)|" < KJy(x)

holds for a.e. x € D. By results of Mori [M], Bojarski [B] and Gehring [G2],[G3]
the bound (1) on the infinitesimal level restricts the behaviour of f under larger
scales and, in particular, leads to bounds on local distortion of metric quantities
like distance, length and area. For instance, if £ C D is a compact subset and
a = KV3-mwe have the estimate

() [ f(x) = f(¥)] = Mi|x—y|*,

whenever x, y € E. Moreover, if A C E is measurable, the inequality for the Le-
besgue n-measures

3) | fA]| = M,|A|*

holds for some exponent 3 > 0 depending only on n and K. Equivalently
(G f (Jr(x)Pdm < M3 < oo, p=pnK)>1.
E

Here in (2)-(4) the constants M; depend on f and E. Finally, even though the
length or rectifiability of a curve ¥ C D need not be preserved under f, one ob-
tains from (3), (4) bounds for the Hausdorff dimension dimy (f(y)) < n for a
rectifiable curve v, see [G3].

In general, the estimates (2), (3) or (4) do not hold in the whole domain D and
hence it is natural to ask when do the local distortion bounds lead, in turn, to
global ones. In the case of the Hélder continuity the following important notion
was introduced by Gehring and Martio [GM1], see also [BP].
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1.1. Definition. Let D C R” be a proper subdomain. We say that D sat-
isfies a quasihyperbolic boundary condition, (qhbc) for short, if there are con-
stants ¢;,c, such that

d(xO, aD)

(5) kD(x,X()) = lOg W + ¢,

for some (fixed) point x, € D and for all x € D.

In (5) d(x,0D) denotes the Euclidean distance to the boundary dD and k), the
quasihyperbolic metric

. ds
kD(x,,xz) = 1nf{j; m 1X1,X € ’y} .

Then, as shown by Gehring and Martio, if D’ satisfies the condition (qhbc) and
fi:D— D’ is quasiconformal, the estimate (2) holds in all balls B C D with «, M,
independent of B. Under additional conditions on D this yields then the global
Holder continuity of f, see [GM1].

Recently, the global area distortion was studied by Martio and Viisdld [MV]
who proved that J, € L”(D) for some p > 1 or, in view of (1), that | f'(x)| €
LP(D) for some p > n, if f: D — D’ is quasiconformal with D bounded, uniform
and D’ a John domain. (Note that trivially J; € L'(D) when D’ is bounded or
has finite volume.) The purpose of this paper is to look for the geometric prop-
erties of D or D’ that characterize the higher integrability of the derivative in the
whole domain D. Unexpectedly, one arrives at the same answers as in the case of
the Holder continuity.

1.2. Theorem. Let D' C R” be a domain satisfying a quasihyperbolic
boundary condition. If D C R" and f: D — D’ is quasiconformal, then

f | £/ (x)|?dm < o
D
for some p > n. Here the exponent p depends only on n, D’ and the dilatation

K(f).

In the converse direction we have

1.3. Theorem. Let D C R” be a bounded uniform domain and f: D — D’
quasiconformal. Then | f'(x)| € L*(D) for some p > n if and only if D’ satisfies
a quasihyperbolic boundary condition.

As an interesting special case we conclude that for univalent functions in the
unit disk the global area distortion (3) is equivalent to Hoélder continuity.
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1.4. Corollary. Let f be conformal in the disk A = {z € C: |z| < 1} with
JA C C. Then the following conditions are equivalent:
@) [,|f'(z)|Pdm < oo for some p > 2.
(b) | f(z) — f(w)] = M|z — w|* for some constants M < =, 0 < o < 1, and
vz, w € A.

After presenting the necessary preliminaries in sections 2 and 3 we give the
proofs of the above results, with some generalizations, in section 4. We shall
also briefly consider there the lower global integrability of | f’(x)|, i.e. the case
p < n, and study how far the property “for all domains D and all quasiconformal
f:D- D', |f'| €LP(D) for some p > n” characterizes the domains with quasi-
hyperbolic boundary condition. In the last section we consider the connections
between the Holder continuity and the higher integrability for the more general
class of quasiregular mappings.

Notation. Throughout this paper D denotes a domain in R",n > 2,
and L?(D), 1 < p < oo, the Banach space of measurable functions #: D —R U
{—o0,00} for which the norm |u|.rpy = (f,|u|?dm)'? is finite.

For any pair E,F C D of disjoint sets we define the modulus of E and F rela-
tive to D by

mod(E, F;D) = mod(A(E,F;D)),

where A(E, F;D) is the family I" of curves joining E and F in D, and mod(I')
is the modulus of T'; see [V, 6.1]. Furthermore, we abbreviate mod(E, F;R") to
mod(E, F).

We say that D is a John domain, cf. [MS], if there is a constant » > 0 and a
point x, € D (called the John center of D) such that each x € D can be joined to
X, by a curve v:[0,a] - D, parametrized by arc length, such that (0) = x,
v(a) = x, and B(vy(t),bt) C D for all ¢ € [0,a]. We call D uniform [MS] if
there is a constant b = 1 such that for all x, y € D we find a curve v joining x to
y in D with

I(y) <blx—y| and B(v(t),% min{#,/(v) — t}) C D;

here ¢ € [0,/(y)] is the arc length parameter of v and /() its length. Recall that
by [GM]1, 2.18, 3.9 and 3.11] a bounded uniform domain is a John domain, a
John domain satisfies the condition (ghbc), and, respectively, a domain satisfy-
ing the condition (ghbc) is bounded.

Finally, the operator norm of a linear mapping A is denoted by | 4|, and we
also use |x| for the length of a vector x. The constant w,_, is the (n — 1)-
measure of "1
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2. Holder continuity and Minkowski dimension

We begin by reviewing the basic notions and ingredients needed for the proofs
of Theorems 1.2-1.4 and recall first the definition of local Lip,-functions, due
to Gehring and Martio [GM1]. If D C R” is a domain and f a continuous func-
tion on D, we say that f belongs to the class loc Lip, (D), 0 < a < 1, if there is
a constant M < oo such that

|f(x) = f)| = M|x —p|*

whenever x, y lie in a ball B contained in D. Note that, in general, this need not
imply that the Holder estimate holds for all pairs of points x,y € D. For a
quasiconformal f the loc Lip,-property controls the boundary distortion of the
mapping.

2.1. Lemma ([GM1, 3.4]). Letf:D— D’ be a K-quasiconformal mapping
and 0 < a < KVU="_ Then f € loc Lip, (D) if and only if there is a constant
M < oo with

d(f(x),dD") < Md(x,0D)*, x € D.

In addition, with loc Lip, classes one can nearly characterize the domains that
satisfy the quasihyperbolic boundary condition.

2.2. Theorem ([GM]1, 3.17, 3.20)).
(@) If D’ C R" is a domain with a quasihyperbolic boundary condition then
Jor any domain D and for any quasiconformal f: D — D', f € loc Lip, (D)
Jor some o > 0; here a = a(n, K, D’).
(b) Conversely, if f: D -~ D’ is quasiconformal, if f € locLip, (D) and if D
satisfies a quasihyperbolic boundary condition then so does D’.
However, the assumption f € loc Lip, (D) alone in the converse part of 2.2
does not imply that the image domain D’ satisfies a quasihyperbolic boundary
condition and hence both assumptions in (b) are really needed. Indeed, it turns
out that f & locLip, (D) for each quasiconformal f: D — D', « = a(f) > 0, also
if D’ is a bounded M-QED domain; by Example 2.5 below, these two classes of
domains do not coincide. Here, following the terminology of [GM2], we call D’
an (M-)quasiextremal distance domain or an M-QED domain if for any pair
Ky, K, C D of disjoint continua

) mod(Ky,K;) < Mmod(K,,K,;D).

2.3. Theorem. Let f be a K-quasiconformal mapping of a domain D onto
a bounded M-QED domain D'. Then f &€ locLip, (D) for o = (KM)V0—",

Proof. We shall show, in fact, that it suffices to assume the inequality (6)
for a fixed, non-degenerate continuum K; C D",
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Suppose that the inequality (6) holds for some K| and for all continua K; C
D' disjoint from K. Write K; = f~!(K{). By Lemma 2.1 it suffices to show that
there is a constant ¢ with d(f(x),0D’) < cd(x,dD)* for all x € D. Since D’ is
bounded we may assume that d(x,dD) < by, = d(K,,dD).

Let x € D with d(x,dD) < b, and write x’ = f(x). Pick a point y € 4D with
|x —y| =d(x,dD) and let F be the half open line segment joining x and y in D.
Clearly d(x’,0D’) < dia(F’), where F’' = f(F). Hence it suffices to show that
dia(F’) = c|x — y|*. By [V, 7.5]

1—n
mod(F K ;D) < wn_l(log ,xlf’ﬂ) ,

and thus the quasiconformality of f implies

1-n
mod(F’, {;D’)sKw,,_,<log lef)yl) .

Fix z, € K1, and pick a Mobius transformation ¥ mapping z, to c. Moreover,
select a point z, € K| with |z, — z;| = dia(K{)/2. Then for any x’ # y’' € F’

[¥(22) =¥ (X)) _ 22 = x|z =] _ dia(D’)?
[V(x) =¥ |x =y ||za—z| ~  dia(K))|x - y'|’

It follows that

d(UKiYF) _,  dia(D)
dia(yF’) ~  dia(Kj)dia(F’)’

This estimate together with [G1, Theorem 4] and the conformal invariance of the
modulus yields

mod(F’,K{) = mod(yF’,yK})

dia(D’)? 1=n
= e (I"g “(1 4 Sk dia(F) ) )

2 w,_ (log(c/dia(F")))' ",
where
o= dia(D’)?
" dia(K7{)
and A, depends only on n.

Approximating F’ from inside by continua Kj C D’ the condition (6) and the
above inequality imply

mod(F,K{;D’) =z w,_,/M(log(c/dia(F’)))"".
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We conclude that

log by < (KM)V=Dlog
|x =yl

and the claim follows.

L
dia(F’)’

Remark. It is possible to modify the above argument to prove the follow-
ing extension of [GM1, 3.30] concerning uniform domains:

Let D and D’ be bounded M-QED domains. If f is a K-quasiconformal map-
ping of D onto D’, then both f and f~! are uniformly Holder continuous with
exponent o = (MK)V4-m,

We turn then to the other basic ingredient in the study of global integrability,
the boundary dimension. While in most contexts the Hausdorff dimension is the
correct tool to study the size of a set, in our case we must use the analogous but
more geometric Minkowski dimension: If E is a compact setin R, 0 < § < n
and r > 0, set

k
M¥E;r) = inf{kr‘s tEC UB(x,-,r)}.
1

The Minkowski content of E is now

M E) = lim sup M(E;r).

Thus in the definition of the Minkowski content the set E is covered by balls all
of equal radii r whereas, in comparison, the standard é-dimensional Hausdorff
measure H?® allows coverings with arbitrary radii < r; hence H¥(E) < M%(E)
for any set E. Moreover, as is easily seen, M? is not a measure, but still in many
cases the Minkowski dimension

dimy, (E) = inf{6: M¥(E) < o}
describes the geometry of E better than the Hausdorff dimension
dimg(E) = inf{6: H3(E) < o0 }.

A remarkable connection between the Minkowski dimension and the Holder
continuity was found by Smith and Stegenga [SS], who proved the following using
an argument due to Jones and Makarov:

2.4. Theorem. If D is a domain in R" which satisfies the quasihyperbolic
boundary condition, then

7 dim,,(8D) < n.
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For us this result will be useful in finding the precise relation between global
Holder continuity and integrability of the derivative.

On the other hand, the class of bounded M-QED domains does not satisfy (7)
as the next example shows. Combining with 2.4 (or by elementary calculation)
we have a bounded M-QED domain which does not satisfy the quasihyperbolic
boundary condition. And conversely, Becker and Pommerenke constructed a sim-
ply connected plane domain D with the quasihyperbolic boundary condition which
is not a quasidisk and hence not a M-QED domain, cf. [BP],[GM2].

2.5. Example. Let F C [0,1] be a compact subset with Hausdorff di-
mension equal to 1 but length H'(F) = 0; such examples are easily constructed,
for instance, by taking the union of Cantor sets F, C [1/k,1/(k — 1)] with
dimy(F,)=1—1/k. Let F"=F X -+ X F (n times) and set D = B"(2vA)\F".
Since the projections of F” along the coordinate axis have vanishing (n — 1)-
measures, D is QED: This follows from the ACL-characterization of Sobolev
functions, see e.g. [Z, 2.1.4], and the equality of the modulus and the variational
capacity [H, 5.5]. However, clearly dim,,(dD) = n.

Another example can be obtained with the choice

F=1{l/logk:k € N,k = 2}.

By a simple estimate one can show that dim,,(F) = 1 and dim,,(F”") = n. Since
F" is countable, D = B"(2¥yn)\F" is QED.

3. Average derivative

The global integrability of the derivative of a quasiconformal mapping f de-
pends on the distortion properties of the Jacobian J;. For conformal mappings
these can be obtained from the well-known Koebe distortion theorem. However,
since a quasiconformal mapping has derivatives only in the generalized or Sobolev
sense, pointwise estimates cannot hold in the quasiconformal case. Therefore we
need a substitute, the average derivative a; introduced in [AG].

3.1. Definition. Let f be a quasiconformal mapping in a proper subdo-
main D C R” and set B(x) = B(x,d(x,3D)/2). Then the average derivative is
defined by

log J,(») dm(y)), xeD.

( )— X <__1.___.
Grix) =cxp n|B(x)| Jsw

Note that if n =2 and f is conformal, then a;(x) = | f’(x)| by the mean value
theorem, and that for any quasiconformal mapping the integrals of | f’(x)| and
as(x) are comparable, see 3.4 below. Moreover, the counterpart of the Koebe
distortion theorem holds for ay.
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3.2. Theorem ([AG}]). Iffis K-quasiconformal in a domain D C R", then

d(f(x),3/D) d(f(x),4fD)
“dmopy == d(xap)

where c,,c, depend only on n and K.

To compare more closely the derivatives | f'| and a; we need to recall the lo-
cal integrability properties of | f’|. This is most conveniently done in terms of the
A,-weights of Muckenhoupt; a similar (but considerably more technical) argu-
ment could, of course, be presented with the help of the known distortion the-
orems of quasiconformal mappings.

Let Q C R” be a cube and w = 0 integrable on Q. We say that w belongs to the
class 4, = A,(Q), 1 < p < o, if the inequality

1
']

57 . (17 [ wrovam)”
— | wdm=C w VD dgm
Q'] Jor Q| Jor

holds for each parallel cube Q' C Q and for a fixed constant C < o. Then the
following conditions are known to be equivalent, cf. [GCRF}:

8.a) we A,(Q) for some 1 < p < oo,

(8.b) There exist constants ¢; < o and ¢ > 0,
such that for each parallel n-cube Q' C Q,

L fw“'*dm<c<Lf wdm)l+£
10| Jo Q] o '

In addition, the constants in (8.a) and (8.b) depend only on each other and not
on the particular cube Q or function w.

According to Gehring’s L?-integrability result the derivative of a quasiconfor-
mal mapping belongs locally to 4,. More precisely,

3.3. Theorem (Gehring, [G3]). Let D C R” be a domain, f be K-quasicon-
Jormal on D and Q C D a cube with dia(fQ) < d(fQ,dfD). Then there is an expo-
nent p, > n and a constant b < oo, both depending only on n and K, such that

1 1/po
(11 [, opam] ™ =o{g [ 1 onam

Jor each parallel n-cube Q' C Q.
Combining these estimates we obtain

3.4. Theorem. There exists an e = e(n,K) > 0 such that whenever f is K-
quasiconformal in a domain D C R” then
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clf as(x)?dm sf | f(x)|?dm SC,,f as(x)? dm
D D D

holds for all —e < p < n + €. Here the constants c,,c, depend only on n, K, and p.

Proof. We start with a distortion inequality due to Gehring, see [V, 18.1].
There exists an increasing function 6: (0,1) - R, depending only on the dimen-
sion n and the dilatation X, such that lim,_,8(¢) = 0 and

|f(x) =S <0< |x =y
d(f(x),dfD) =~ \d(x,0D)

is satisfied by all K-quasiconformal mappings f of the domain D. Consequently,
if we choose the constant A = A (n, K') small enough, the assumptions of 3.3 are
satisfied for a cube Q C D whenever dia(Q) < Ad(Q,dD). Then

L Ariream) ™ <o [ 11 am
Q'] Jo 191 Jo

for all parallel cubes Q' C Q. Moreover, in view of (8), | f’'| € A,, (Q) for some
Dy < oo,
Next, let Q C D be a cube with

©) ) x.y €D,

1

(10) Adist(Q,dD) = dia(Q) < N dist(Q,dD)

|

and let x; be the center of Q. From (9) and the Koebe distortion theorem 3.2 we
see that

ar(x) <cap(y), xy€Q
and that

1 ’|n Klf(Q)' d(f(xo),afD)
I_Qlfglfldm5 10| S“( d(x,,3D)

On the other hand, as in [AG, 2.8] we get (d(f(xy),dfD)/d(xy,dD))" <
cs| @7, f'|" dm and hence

n
) =< C3a5(X0)".

1
af(xo)” =< Cs I—Ql— L |f’|"dm.

Finally, applying these estimates, Holder’s inequality, and Gehring’s theorem
3.3 we obtain

1 170 1
af(xo)5c5(@fg|f’|"°dm) Sbcs@Llflldm

Sc6<_l_f |f'|”“'”"dm)l_p].
19| Jo
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However, Holder’s inequality shows also that for any integrable function g and
any e >0, (|Q|7'f,lg(x)| " dm(x))™" < |Q|Yf,|g(x)| dm(x). Therefore

1 1= 1/n
(@fglflll/(l—pl)dm) = ('l‘é_|fQ|f'|"dm> =< c3a,(xp).

Here and above all the constants depend only on n and K. In conclusion, these
inequalities imply that if e = e(n,K) = min{py — n,1/(p; — 1)} and —e < p <
n + ¢, then

a1 lfaf(x)palmsf |f’(x)|”dmsCf a,(x)? dm (x).
Clo 0 0

By the well-known Whitney decomposition argument, see [S, p. 16], we can ex-
press D as a union of cubes Q;, such that (10) holds for each Q;. Hence the the-
orem follows from (11).

3.5. Corollary. lete=¢e(n,K) >0 be as in Theorem 3.4, let —e < p <
n + e and suppose f: D - D' is K-quasiconformal. Then

if (”f")"_”d”’sf (af)"deCf (a;-1)"Pdm,
CJp D Py

where C = C(n,K).
Proof. Since J(x) < | f'(x)|" = KJ:(x) a.e. x € D and

[spam= [ gescp-am= [ y-sam,
D D D
the claim follows from 3.4.

4. Integrability of | /7|

We can now study the global distortion properties of a quasiconformal map-
ping f: D — D' Recall that | ' (x)| € L"(D) if and only if D’ has finite volume
and that | f'(x)| € L?(D) for a p > n whenever f satisfies globally the area dis-
tortion estimate (3). Analogously, one can ask what are the properties of D or
D’ that imply | f’ (x)| € L?(D) for some p < n. Indeed, since L”'(D) N L?2(D) C
L™ (D) when p, < r < p,, we see that if | D’| < o and f: D — D’ is quasiconfor-
mal, there is an interval 7/ C R containing » such that | f'| € L?(D) forallp € L.
In general, however, I may reduce to the single point I = {n}.

4.1. Example. Let D= {z€ C:Im(z) > 0,|z — 1| > 1/2} and f(2) =
1/logz. Then f is conformal in D, fD is bounded (and hence | f’| € L*(D))
but | f'| & L?(D) if p # 2.

Thus it is natural to look under what geometric conditions we can find num-
bers p; = p,(n,K) < n and p, = p,(n,K) > n such that | f’| € L?(D) whenever
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f:D—- D’ is K-quasiconformal and p; < p < p,. The case K =1 and D’ = A, the
unit disk of the complex plane, is well known: If f: D — A is conformal, it fol-
lows from elementary distortion theorems that | f'(z)| € L#(D) for 4/3 < p <
3. Here the lower bound 4/3 is known to be sharp and Brennan [Br] conjectured
that p < 4 is the best upper bound; so far the best known estimate is p < 3.399
due to Pommerenke [P].

In this section we first study the higher integrability of | /| where more detailed
information can be obtained and then turn to the case p < n. As a corollary of
4.5 and 4.10 we then have the following far-reaching extension of the case of the
unit disk A.

4.2. Theorem. Let Q C R” be a John domain and let K = 1. Then there
are exponents p, = p,(n,K,Q) < n and p, = p,(n,K,Q) > n such that for any
domain D C R” and any K-quasiconformal f: D — Q we have

flf’(x)l”dm<°°, P <p<p,.
D

4.A. Higher integrability. We begin with a simple consequence of the in-
tegrability of | f’|?, p > n, which surprisingly turns out to characterize the
quasiconformal mappings with this property when dim,,(dD") < n.

4.3. Lemma. Let f be quasiconformal on a domain D C R". If | f'| €
L?(D) for some p > n, then f € locLip, (D) witha =1 — n/p.

Proof. Iff;,i=1,...,n, denote the coordinate mappings of f, then by the
Sobolev’s imbedding theorem, se¢ e.g. [BI, 1.7],

1¥/7]
| fitxy = fi(»)| = C(p,n)lx—yl“”/”UB lVf,-I"dm>

whenever x, y € B, a ball contained in D. Since |Vfi(x)| < |f'(x)|, 1 =i=<n, the
claim follows. |

We can now prove the main result of this section.

4.4. Theorem. Let D’ be a bounded domain in R" with dimy,(0D’) < n.
If f: D - D’ is K-quasiconformal, then the following conditions are equivalent:
(@) f € locLip, (D) for some 0 < o < 1.
(b) | f'| € LP(D) for some p > n.
Here o and p depend only on each other, n, K and dim,,(8D’).

Proof. By Lemma 4.3 we only need to show that (a) implies (b).
If g = f~! is the inverse mapping, then according to Theorem 3.4 and Corol-
lary 3.5

f |f’(x)|"dmsC(n,K)f a,(x)"?dm
D D’
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for n = p < n + ¢(n,K). Moreover, a,(x) = c,d(g(x),3D)/d(x,dD") by 3.2
and from 2.1 with f = g~! we obtain d(g(x),dD)* = c,d(x,3D’) because f €
locLip, (D). Thus

flf’(x)|"dmsc3f d(x,0D')*dm
D D

where 6 = (n — p)(1 — 1/a) = 0.
Finally, we use the condition dim,,(dD’) = 8 < n. As shown in [MVu, 3.1],
this is equivalent to requiring that for each 6 < n — 3 we have

[{x € D :d(x,dD’) < r}| < |dD’ + B"(r)| < c4(8)r?,

for all r < ry = dia(dD’). Hence, by change of variables,

fd(x,aD’)‘adm=f {xe D :d(x,aD’)~% > t}| dt
D 0

=178\ D | + af l(xeD :d(x,dD') < t}|t~ dt
0

<

when 0 < § < n — 8. Therefore we conclude that | f'(x)| € L?(D) if n<p <
n + minfe,(n — 8)/(1/a — 1)}.

Proof of Theorem 1.2. If D’is a domain in R” with a quasihyperbolic
boundary condition, then dim,,(dD’) < n according to Theorem 2.4 of Smith
and Stegenga and, moreover, each quasiconformal f: D — D’ belongs to some
class locLip, (D), 0 < a < 1, by Theorem 2.2. As D’ is bounded {GM1, 3.11],
the claim follows from Theorem 4.4.

Since John domains satisfy a quasihyperbolic boundary condition, Theorem
4.4 also extends the theorem of Martio and Viisdld [MV]:

4.5. Corollary. Let D' C R" be a John domain and f:D — D’ K-quasi-
conformal. Then

f | f/(x)|?dm < o
D

for an exponent p = p(n,K,D’) > n.

Yet another consequence, useful for domains of infinite connectivity, can be
obtained from 4.4.

4.6. Corollary. Let D’ be a bounded M-QED domain in R" and suppose
that dim,,(dD’) < n. Then for each K-quasiconformal f:D — D', | f'(x)| €
LP(D) withp = p(n,K,D’) > n.



QUASICONFORMAL MAPPINGS 215

We do not know whether the assumption dim,,(dD’) < n in Theorem 4.4 is
really necessary. In many situations it can be dropped and we give a general for-
mulation of this phenomenon; Theorems 1.3 and 1.4 will then be special cases of
this result.

4.7. Theorem. Let D C R" be a domain with a quasihyperbolic boundary
condition and let f: D — D' be quasiconformal. Then the following are equivalent:

@) |f'(x)| € LP(D) for some p > n.

(b) f € locLip, (D) for some 0 < a < 1.

(c) D’ satisfies a quasihyperbolic boundary condition.

Proof. If |f'| € L?(D) for some p > n, then by Sobolev’s imbedding,
Lemma 4.3, f € locLip, (D). Thus (a) implies (b).

Since D satisfies a quasihyperbolic boundary condition, the implication (b) =
(c) follows from Theorem 2.2(b). Finally, if (¢) holds, f € loc Lip, (D) for some
0 < a < 1 by Theorem 2.2(a). Since also the boundary D’ has Minkowski dimen-
sion strictly less than n, by Theorem 2.4, we see from Theorem 4.4 that (¢) im-
plies (a).

To summarize the above results, the higher integrability of the derivative of a
quasiconformal mapping f: D — D’ essentially depends only on the geometry of
the domain D’. One is therefore led to axiomatize this property.

4.8. Definition. We say that a domain @ C R” is a Gehring-domain, if
for all K = 1 there is a number p = p(K) > n such that

f | f(x)|?dm < o
D

for each domain D and each K-quasiconformal mapping f: D — Q.

It is clear that Gehring domains all have finite volume. Moreover, in the case
of finitely connected plane domains this class admits a geometric characterization.

4.9. Proposition. Let D be a finitely connected domain in the plane R?,
Then D is a Gehring domain if and only if D satisfies a quasihyperbolic bound-
ary condition.

Proof. Since a finitely connected plane domain is conformally equivalent
to a bounded uniform domain, the claim follows from Theorems 1.2 and 1.3.

There are, however, Gehring domains even in the plane that do not satisfy the
quasihyperbolic boundary condition. In fact, the latter M-QED domain D C R”"
introduced in 2.5 gives a particular example.

We conclude this section with two open problems.
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(A) Is Theorem 4.4 true without the assumption dim,,(dD’) < n?
(B) Does there exist a geometric characterization for Gehring domains?

4.B. Lower integrability. If the domain D’ C R” has finite volume,
[plf (x)|"dm < K[, J;(x) dm = K|D'| whenever f:D — D’ is K-quasiconfor-
mal. If also | D| < o, | f'| € L?(D) for all p < n by Holder’s inequality. How-
ever, for a general domain D we get lower integrability only under special
assumptions on the image D',

4.10. Theorem. Let D' be a John domain. Then for each K = 1 there
is an exponent p < n such that for any domain D and any K-quasiconformal
f:D-> D),

f |f (x)|?dm < oo.
D
Proof. Let x; be the John center of D’. We prove first that if g is K-quasi-
conformal on D’ with gD’ C R”, then
(12) d(g(x),3gD’) < Md(x,0D’)~%, x €D

where M = ¢,d(g(x,),0gD’) and ¢; < o, { > 0 depend only on n,K and the
constants of D',

Indeed, if x € D', let v: [0,a] — D’ be a path parametrized by arclength with
v(0) = x, y(a) = x, and

B(~(t),bt) C D) O<t=a.

Moreover, set {, =a and define 7, = (1 — b/2)t,_;, KEN. As |y (t;) =y (=) =
(b/2)ty_y < Ld(y(#-1),dD’), by the inequality (9) we have |g(y(#)) —
g(v (1-1))| < cod(g(v(#_,)),0gD") where ¢, = co(n,K). Consequently,

d(g(y(%)),38D") < (1 + ¢o)d(g(y(#-1)),08D’)
=< (1 + ¢)*d(g(x),38D’).

If now d(x,dD’) < 3a, choose the smallest positive integer k such that 3¢, <
d(x,0D’). Then

d(x,0D") < 3t,_; = 3aN!, A=(1-b2)<],
and as |x —y(&)| < 4 < 3d(x,0D’), |x — v(t)| < 3d(y(t),3D’). Thus
d(g(x),0gD") < (1 + co)d(g(y(#)),0gD’)
< (1 + co)**'d(g(xo),3gD")
=M d(x,0D’)~¢
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where M, = (1 + ¢3)*(3a)’d(g(x,),8gD’) and log(l + ¢,) = ¢log(1/\). If
d(x,dD’) = 3a, |x — x| = a < 1d(x,dD’) and we have |x — x,| < }d(x,,0D’).
Hence inequality (9) yields

d(g(x),0gD") < (1 + co)d(g(x,),0gD") < Mod(x,0D’)~*
where
M, = (1 + ¢0)(3/2)¢d(x,,dD")*d(g(x,),3gD")

in this case. In brief, these estimates give (12) with M = max{M,,M,}.
To complete the proof we apply Theorem 3.2 and formula (12) with g = f~!
to get a,-1(x) < ¢, d(x, dD’)~'=% and then Theorems 3.4, 3.5 to estimate

(13) f |f|?dm < czf ar-1(x)"?dm < c;f d(x,0D) ¢dm
D D’ D

where e = (n — p)(1 + {) > 0. By [MVu, 6.4] the Minkowski dimension of the
boundary of a John domain is always strictly less than n and so the last integral
in (13) converges when 0 < e < n — dimy,(dD’), i.e. whenn — (1 + {)~Y(n —
dim,, (D)) < p < n.

5. Higher integrability for quasiregular mappings

Suppose that D is a bounded domain and let f: D — D’ be a quasiregular map-
ping. In the previous section we saw that if f lies in loc Lip, (D) for some 0 <
o < 1, if it is one-to-one and if, in addition, D is sufficiently smooth then
| f'| € L?(D) for some p > n. Here we establish the following analogue of this
result for general quasiregular mappings.

5.1. Theorem. Let f:D — D’ be a quasiregular mapping that lies in
locLip, (D) for an o € (0,1]. If D is bounded and if dimy,(dD) < na, then
| f'| € LP(D) for some p > n.

Before turning into the proof of Theorem 5.1 we produce an example which
shows that in the class of all quasiregular mappings to have | f’| € L?(D), p>n,
it is not sufficient only to assume f € loc Lip, (D) for some 0 < o < 1. Indeed,
we shall show that in the plane the condition o > dim,,(dD) — 1 is necessary for
higher integrability; note that A — 1 - A\/2 as A = 2.

5.2. Example. Let FC [0,1] be a self-similar fractal set satisfying the open
set condition with dimg (F) = A/2, 1 < A < 2, see [Hu]. Then also the Minkow-
ski dimension dim,,(f) = A\/2; in [MVu, 4.19] this was shown in the case where
F is isotropic, but this extra assumption is unnecessary: Indeed, by [Hu] F sup-
ports a measure p such that ¢, RV? < u(B(xy,R)) < ¢,RV? for all x, € F and
R < dia(F). Moreover, if ¢ is given we cover the set {x ER:d(x,F) <t} by k(t)
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balls B(x;,t), x; € F, such that at each point no more than two of them intersect
and hence

k(t)
l{x € R:d(x,F) < t}] <2k(t)t <c, 'V w(B(x;,1))
i=1

< 20,1 V2u(F)

= ¢y t17V2,

Therefore, by [MVu, 3.1], /2 = dimg(F) < dimy, (F) < N/2.

Set D = B*(2)\ (F x F) C C. Now dim,,(dD) = \ and we shall show that if
| f'| € L3(D) for all (non-constant) analytic f in loc Lip, (D) then o > A — 1.
Namely, as H'(F) = 0, it follows that any function f analytic in D and satisfy-
ing | f’| € L%(D) is absolutely continuous on almost every line parallel to a co-
ordinate axis. Hence such an f extends to an analytic function of B2?(2).
Therefore, if | f’| € L2(D) for each analytic f € loc Lip, (D), F X F is remov-
able for all o-Holder continuous analytic functions on C\ (F X F) and hence, by
[Ga, 4.5, \=dimy,(FX F) <1 + a.

The proof of Theorem 5.1 is based on the following lemmas. We consider con-
tinuous real valued functions u in W, .. (D) that satisfy the Caccioppoli type
inequality

(14) fqu|"dmst |u — uyp|"dm
0 12l J20

whenever 2Q C D; here the constant ¢ is independent of Q and u,,, denotes the
mean value of ¥ over the cube 2Q.

5.3. Lemma. Suppose that u satisfies (14). Then there is a constant ¢ and
an exponent p > n independent of u such that

1 1/p 1 | | 1/n
(15) (—f Vu "dm) se(—-—f Vu "dm)
o1 Jo! ™ 101 0
Jor any cube Q with 2Q C D.

Proof. The Sobolev-Poincaré inequality and (14) yield

1 1/n 1 1/n
<@L|Vu|"dm> 5c,<wﬁg|u(x)—uzg|”dm>

<c<Lf |Vu|”/2dm)2/n
~ Q]

whenever 2Q C D. The inverse Holder inequality due to F. W. Gehring, as stated
in [BI, 4.2], implies then (15).



QUASICONFORMAL MAPPINGS 219

5.4. Lemma. Suppose that D is a bounded domain with dim,,(dD) =
N < n. If u € loc Lip, (D) satisfies (14) and if o > \/n, then Vu € L?(D) for
some p > n.

Proof. Let Q be a cube with 4Q C D. Then (14) and (15) imply

/n
fqu|”dm5cl|Q|(—1—f IVu;"dm)”
0 19| Jao

/n
< c2|Q|"2”/"(f |u(x) — u4Q|”dm)p .
40
Since 4Q C D is uniform and u € loc Lip, (D), this yields by [GM1, 2.24]
(16) f |Vu|?dm < c;dia(Q)"—rU-,
Q

Now let W be the Whitney decomposition of D as in [S, p. 16] and denote by
N; the number of cubes Q in W of sidelength 27/, i € N. Since D is bounded and
dim,,(dD) = N < n, [MVu, 3.9] implies that for any N > \, N; < ¢2¥, | =
1,2,..., where c is independent of i. Hence (16) gives for each N > A

f |Vu|?dm < ¢, i 2i=ntp(i=a),
D i=1

The sum converges whenever p < n + (na — \)/(1 — a) and thus the claim fol-
lows.

Proof of Theorem 5.1. Each coordinate mapping &;, i = 1,...,n, of the
quasiregular mapping f satisfies (14) by [GLM, p. 54]. Hence the claim follows
from Lemma 5.4.

Remark. As is well-known, weak solutions of quasilinear elliptic equations
of the type
V-A(x,Vu) =0

with appropriate conditions on A (see [GLM])) satisfy (14), hence the conclusion
of Lemma 5.4 holds for these weak solutions as well.

Note added in proof. B. Hanson and P. Koskela have recently answered the
problem (A) of section 4 in the negative.
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