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Abstract Quantum entanglement, a special correlation that  can exist 
between subsystems of quantum mult ipart i te  systems, is increasingly seen as 
one of the most specific physical resources of quantum world. I t  is a resource 
that  is not only behind the fact that  quantum information processing can 
be more efficient than classical ones and that  quantum communication can 
be both more efficient and more secure than classical one, but, and this is 
perhaps the main point, also behind an increasing confidence that  quantum 
entanglement can lead to new quantum information processing technology and 
to a new, and deeper, understanding of important  and complex (quantum) 
physics phenomena. 

In this paper we concentrate on this new physical resource and on its 
various, sometimes even mysterious, consequences and impacts on computa- 
tions and communications. In addition, we briefly summarize main problems 
and outcomes of the research concentrating on the understanding of the struc- 
ture, laws and limitations of entanglement itself. 

Keywords: Quantum Information Processing, Quantum Entanglement, Bound 
Entanglement, Quantum catalysts, Non-locality, Quantum Algo- 
rithms, Quantum Cryptography, Quantum Communication. 

w Introduct ion  
Informal ly ,  en t ang lemen t  is a fea ture  of  q u a n t u m  ob jec t s  t h a t  causes par-  

t icles to exhib i t  nmch closer cor re la t ions  t han  classical  ob j ec t s  do. For  example ,  
due to the  q u a n t u m  en tang lement ,  a measu remen t  of  one of  the  par t ic les  of  an 
en tangled  s t a t e  can  de t e rmine  in s t an t aneous ly  some p rope r t i e s  of  the  re la ted  
en tang led  par t ic les ,  even if t hey  are  far away. Because  of t ha t ,  and  due to  the  
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specific features of quantum measurement, entangled particles can exhibit a cer- 
tain non-locality" features. This can lead, on one side, to various mysterious 
and paradoxical phenomena. On the other side, in spite of the fact that the 
above non-locality features cannot be used for direct communication, because 
the outcomes of quantum measurements are not uniquely determined, only their 
probabilities are, they can be used to create certain (instantaneous) coordination 
among distant parties sharing entangled states. This can have qualitative and 
quantitative impacts on quantum information processing, communication and 
cryptography. 

Quantum entanglement used to be seen, practically till 1993, especially 
due to the accompanying non-locality impacts, as being behind various myste- 
rious and weird phenomena of quantum world, and of interest only (mainly) to 
the philosophers of science (physics). 

Currently, quantum entanglement is increasingly seen as important  infor- 
mation processing resource and even as a new potential gold mine for science and 
technology. However, it still may be a long way to go to determine fully signifi- 
cance of this resource for quantum information processing and communication, 
because quantum entanglement is a very complex phenomenon. 

It has been also increasingly often realized that quantum entanglement is 
at heart of quantum physics and represents perhaps its deepest departure from 
the classical physics. Many fundamental theoretical problems of quantum me- 
chanics and quantmn information processing and communication are related to 
entanglement. Moreover, perhaps the main difficulties at the implementation of 
real quantum information processing and communication system are connected 
with the need to create, store, transmit and manipulate entanglement. .2 

Quantum entanglement is considered to be of large importance for theory 
and practice of quantum information processing because it allows: 

�9 to perform tasks that  are not possible without (quantum) entanglement - 
for example quantum teleportation; 

�9 to speed-up computations (very much in some cases, it seems); 
�9 to economize (even exponentially) communications; 
�9 to increase capacity of (quantum) communication channels; 
�9 to perform perfectly secure communications; 
�9 to develop more general and powerful theories of computations and com- 

munications; 
�9 to develop a new and better understanding of the key quantum phenom- 

ena and, by that,  a deeper, information processing based, understanding of 

*~ It is th is  " q u a n t u m  non-local i ty" which e n t a n g l e m e n t  exhibi ts ,  t h a t  be longs  to t he  mos t  
specific and  controversia l  issues of the  q u a n t u m  world. A set  of part icles  in an  en tangled  
s ta te  can  therefore  be  seen as a special q u a n t u m  channe l  t h rough  which ou t comes  of one 
m e a s u r e m e n t  can  have  i n s t an t aneous  impac t  at  m u c h  d i s t an t  places. 

Non-local i ty  of t he  physical  world is not  a new idea in physics.  T h e  exis tence  of non-  
local p h e n o m e n a  has  been a s sumed  by Newton  when  he developed theo ry  of gravity. It 
has  been la ter  re jected by Eins te in  when  he developed theory  of relativity. 

Various ways  to see "non-local effects" are closely related to f u n d a m e n t a l  ques t ions  
concerning  t he  n a t u r e  of the  physical  real i ty  and  causa t ion .  

.2 More t h a n  45000 pages  wi th  the  t e rm  "en tang lemen t "  have been found on internet .  46) 
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Nature; 
�9 to develop new information gathering methods and tools for physics and 

technologies. 

Quantum entanglement can also be characterized and quantified as a fea- 
ture of quantum system that  cannot be created through local quantum opera- 
tions and classical communications among the parties. 

The following features and properties of quantum entanglement are of 
special interest and importance. 

�9 Entanglement does not depend on a particular representation of quantum 
system. 

�9 Entanglement enables and is consumed by a variety of tasks. 
�9 Entanglement obeys a set of as yet not fully understood principles of be- 

havior. 
�9 Entanglement is shared according to not yet well understood laws and lim- 

itations. 
�9 Power of entanglement as a resource is analogous to that  of shared random 

bits in (randomi,Ted) classical computations. 

For a more detailed description of quantum entanglement as a resource 
see, 2~'2~), for a systematic presentation of results concerning entanglement it- 
self see.2~ For a systematic description of quantum information processing 
fundamentals see. 17,23,24) 

w Basic Concepts of Quantum Entanglement 
The definition of entanglement of pure biparti te states is simple and nat- 

ural. A pure s tate  Ir of a biparti te quantum system A | B is entangled if Ir 
cannot not be expressed as a tensor product  of pure states from A and B. An 
example of such a state is so called EPR state. 

IEPR} = ---~2 ([00) + I l l)) 

of the quantum system /-/2 | expressed in the s tandard basis.*" Therefore, 
in each quantum bipart i te system there are pure states for which subsystems do 
not have their own pure state. 

The case of entanglement of the mixed states of bipart i te systems seems 
to be slightly less natural. A mixed state p is entangled if p cannot be written 
as a convex combination of the products of mixed states 

k 

P = ~7~PiPA,i @ PB,i, 
1 

i=1 

*3 Where  Hn denotes  Hi lber t  space of d imens ion  n. E P R - s t a t e  is one of four Bellstates 

t h a t  form a bas is  in H2 • / / 2 .  All Bell  s t a t e s  are said to con ta in  1 ebit of en tang lement .  
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where PA,i (PB,i) a r e  mixed states (density matrices) of the quantum system A 
(B). It can be shown that  a mixed state is entangled if it cannot be represented 
as a convex combination of products of quantum pure states. 

Example 2.1 
The following one-parameter family of so called Werner states belong to important 

1 
mixed states and these states are entangled if and only if p > ~. 

Wp = p l r162  + ~ - I ,  0 < p _ < l ,  

Actually, in both definitions there is the same idea behind: a state is entangled 
if it cannot be created by two parties provided they perform quantum opera- 
tions only on their local subsystems and at doing that they communicate only 
classically. 

Both definitions generalize naturally to the case of multipartite systems. 
However, it has turned out that it is useful to consider many different types of 
multipartite entanglement. An entangled state of an m-parti te quantum sys- 
tem $1 | $2 | . . .  |  is called ( .A / [  1 : J~2 : - ' '  : fldk)-separable, where 
fl41, fl42,. �9 �9 , AJk is a partition of the set {1, 2 , . . .  , n}, if it is separable with 
respect to the tensor product of the quantum system SM~ that  are themselves 
tensor products of quantum systems { Sj I J E A4i}. 

Entanglement is only one type of non-classical correlations among parti- 
cles. Quantum states of a bipartite system that  are not product states (of two 
states of both (sub)systems) can be seen also as being quantumly correlated even 
if they are not entangled. 

w Creation of Entangled States 
There are various ways how to create entangled states. Some of them 

indicate how difficult it has to be to implement some quantum gates and to 
perform some measurements. 

1. Experimental generation using special physical phenomena. While quite 
a bit of progress has been obtained in creation of bipartite entanglement, 
design of multiparti te entanglement is still in infancy. 

2. An application of some unitary operations to separable states. For example, 
all Bell states can be obtained if XOR operation is applied to the separable 
states Ir where a C {0, 1} and Ir is a suitable qubit state. 
Actually, a two-qubit gate is called entangling if it can create an entangled 
state when applied to a separable state. Entangling gates are very impor- 
tant. Indeed, it holds12): A two qubit gate forms with one-qubit gates a 
universal set of gates if and only if it is an entangling gate. 

3. Entanglement swapping, s'~) This is a transformation, by measurement only, 
of distant, and never-before-interacting, particles into entangled ones. 
If particles P1 and P2 are in the EPR-sta te  and so are particles P3 and P4, 
then the Bell measurement of particles P2 and P3 makes particles P1 and P4 
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4. 

to be in the EPR-state.  Entanglement swapping was already experimentally 
verified. ~) 
Measurement of separable state with respect to a basis consisting of entan- 
gled states. 

w History of Entanglement 
A brief history of entanglement can be summarized as follows: 

1901 Quantum mechanics was born due to Planck. 

1935 Einstein, Podolsky and Rosen 1'~) pointed out non-locality aspects of en- 
tanglement (and they showed that  entanglement has counterintuitive impacts 
and represents the most striking departure of the quantum physics from classical 
one), and SchrSdinger ~ introduced the term Vershri~nkung whose loose 
English translation gives the term entanglement." 

1964 Bell ~) derived (Bell) inequalities allowing experimentally verify non- 
locality impacts of entanglement (and validity of quantum mechanics). 

1982 Aspect 1) performed the first convincing experimental verification of Bell 
inequalities. 

1991 Ekert 18) pointed out that  entanglement can be used for secure crypto- 
graphic key generation. 

1993 Bennett  et al. 4) discovered quantum teleportation and by that  they 
showed that  entanglement can be a useful resource. 

1996 Zeilinger's group 8) experimentally demonstrated quantum teleportation. 

1998 Bound entanglement - a special not-distillable form of quantum entan- 
glement was discovered by Horodeckis family. 2"~ 

w Classical Analogue of Quantum Entanglement 
There are two reasons why it is of interest/importance to try to find and 

explore good classical analogues of such a key quantum concept as entanglement: 
(i) to find out those features of quantum entanglement that look as inherently 
quantum, but are actually classical (because they are in common with a clas- 
sical analogue); (2) to find ways how to import some questions from quantum 

entanglement to classical domain and vice versa. 
Collins and Popescu 1~) worked out an approach for finding a good clas- 

sical analogue of quantum entanglement based on an analogy of the behavior 

of quantum entanglement under LOCC (local quantum operations and classical 

.4 The EPR-paper concentrated on non-locality that quantum entanglement manifests and 
consequently on the question of the relation between quantum theory concepts and phys- 
ical reality. Schr6dinger recognized profoundly non-classical correlation between the in- 
formation which entangled states give us about the whole system and its subsystems. 
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communication) and of the behavior of secret correlations under LOPC (local 
classical operations and public communications). Actually, the fact that  secret 
classical correlations are a powerful resource has already been well known and 
much explored in the area of classical computations. 

Their overall analogy is based on the following particular basic analogies. 

quantum entanglement 
qubit 

ebit 
quantum communication 
classical communication 

secret classical correlations 
secret bit 
secret shared bit 
secret classical communication 
public classical communication 

where by secret (classical) communication we mean communication through a 
channel to which an adversary has no (has some) access. 

Main derived analogies are then: quantum teleportation - one-time pad 
cryptosystem; entanglement purification - classical privacy amplification, and 
SO o n ,  

The main inside coming from this analogy is that  entanglement and secret 
classical communication are deeply related and one should not be viewed without 
the other. 

w Power of Entanglement for Computation and Information Pro- 
cessing 
It is intuitively clear that entanglement plays an important  role in those 

quantum algorithms that  exhibit much better  performance than known classical 
algorithms for the same tasks. It is less clear how to demonstrate such intuition 
formally and convincingly. 

In case of pure states, it is already known that  without a possibility to 
have states with increasingly growing multiparti te entanglement we cannot have 
with quantum algorithms an exponential speed up comparing to the classical 
case. This follows from the following results of Jozsa and Linden. 3~ 

Definition 6.1 
Given an integer p, a pure state Ir of n qubits is said to be p-blocked if no p +  1 
qubits of lr are entangled (after tracing out the remaining qubits). 

Theorem 6.1 
Consider any quantum algorithm working on pure states (with increasing input 
size). Suppose there is a fixed p such that  all states produced by the algo- 
r i thm during computations are p-blocked. Then the algorithm can be simulated 
classically in polynomial time. 

However, it is not clear whether the necessity of having increasingly grow- 
ing entanglement can be demonstrated also for the case of computations with 
mixed states. 

Quite surprisingly, situation is different for oracular computation prob- 
lems. Indeed, for some oraculum problems one can get even more than expo- 
nential speed up, with respect to the classical algorithms and with respect to 
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the number of queries as a complexity measure, using only quantum superposi- 
tion. As shown by Meyer, ~4) this is the case for the so-called Bernstein-Vazirani 
problem: Given a black-box function f :  {0, 1} m --* {0, 1) such that f ( x )  = a.  x f o r  
some a, find a. 

For this problem, that  requires classically O(m) queries in the worst case 
there is a quantum algorithm that  performs only one query and requires no 
entanglement. "~ 

Let us now mention some of the main success in design of quantum algo- 
rithms 

1. Bernstein and Vazirani r) gave the first example of a superpolynomial sepa- 
ration between probabilistic and quantum oracular computation. 

2. Simon 44) gave the first example of an exponential separation between prob- 
abilistie and quantum oracular computation. 

3. Shor 4~ designed polynomial time quantum algorithms to factorize integers 
and to compute discrete logarithms - -  what would allow to break the RSA 
and other cryptosystem. For these problems no classical polynomial time 
algorithms are known. The key new techniques used is that  of Quantum 
Fourier Transform. 

4. Grover 2~ showed that quantum search in an unordered database of n el- 
ements needs only ~ queries, what would allow to break the DSA cryp- 
tosystem. Classically, n queries may be needed. Key new technique used 
was amplitude amplification. 

5. Childs et al. 16) showed that  also using a new technique of continuous quantum 
walks an exponential speed-up in quantum algorithms can be obtained for 
a special graph oracular searching (reachability) problem. 

However, it is also interesting to notice that quantum entanglement does 
not play an important  role in the current theory of quantum automata (quantum 
finite automata,  quantum Turing machines, quantum cellular automata).  

On the other side, entanglement plays an important  role in a surprising re- 
sult 48) that  PSPACE has 2-round quantum interactive proof systems. The point 
is that entanglement allows to create from many-rounds interactive protocols a 
new few-rounds protocol. 

There are several other ways entanglement is of importance/interest  for 
quantum information processing. 

�9 It was shown 21) that entanglement is a computational primitive because it is 
possible to realize any quantum computation by starting with some GHZ 
states and then performing only one qubit operations and Bell measure- 
ments. In addition, it was shown ~) that  universal quantum computation is 
possible by starting with a proper multipartite entangled state (a sort of a 
computational substrate) and then performing only single-qubit measure- 
ments. 

*J Perhaps  a proper  conclusion in this case is tha t  number  of queries of a black-box function 
is not a (physically) appropria te  measure  to s tudy complexity of q u a n t u m  algorithms. 
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�9 Entanglement can also serve as a catalyst. It  can allow to perform quantum 
processes that  are otherwise impossible, and in such a way that  entangle- 
ment used during such processes, as a "catalyst," is not consumed by the 
processes themselves, Therefore, the entanglement that  has been used can 
be "returned back" at the end of the process. Indeed, it was shown 29) that  
there are pairs of pure states (1r 1r such that  using LOCC one cannot 
t ransform [r into 1r but with the assistance of an appropriate  entangled 
state I~b), a catalyst,  one can transfer 1r into 1r using LOCC, in such a 
way tha t  the s tate  ]~b) is not changed during the process. 
Moreover, it has been shown 2) tha t  entanglement can serve as a super- 
catalyst tha t  not only allows to perform operations otherwise impossible, 
but during such a process the catalyst  can even increase its entanglement.  
Another surprising discovery 47) is that  there is an infinite family of biparti te 
states {l~(n))}~l such that,  for any ~ > 0 and any bipart i te state [r the 
transformation 

I,(n)) ~ | Ir 
can be obtained, with fidelity bet ter  than 1 - e, for all sufficiently large 
n, without any communication, neither quantum nor classical. This means 
that  it s l:,ossible to embezzle[C) from #(n)), by removing small amount of 
entanglement from I#(n)), causing arbitrarily small disturbance to [#(n)). 

w Power of Entanglement for Communication 
There are four basic ways entanglement can bring new quality to commu- 

nication. 

Quantum teleportation: 4) Provided that  two parties, say Alice and Bob, share 
maximally entangled pure states, Alice can teleport her new unknown 
state Ir in n-dimensional Hilbert space by performing local quantum 
operations on their particles and then sending to Bob 2 lg 2 n bits obtained 
as the classical result of a measurement.  These bits are then used by Bob 
to choose a proper unitary operator  to apply to his particles to get them 
into the (still unknown) state Ir 
The above method of teleporting a quantum state has been generalized 
in many ways. Interesting and surprising results have been also obtained 
at the study of question what happens if the party teleporting a state has 
a full classical knowledge of the state. Is it reasonable to expect that  in 
such a case either less ebits or less bits are needed for teleportation, at 
least in some cases? 

The answer is, surprisingly, positive. Indeed, it has been shown s'~2) that  
in such a case there is a non-trivial tradeoff between the amount of ebits 
and bits needed. 

Teleportation uses two bits to teleport  one qubit. Dense coding, 4) is a 
dual operation to teleportation. I t  uses one qubit to send two bits. A 
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very general study of quantum teleportation and dense supercoding pro- 
tocols, as well as their relation to some important classical mathematical 
problems, has also been done. 49) 

Decreasing communication complexity: While in quantum computation we 
merely believe that  quantum tools allow exponential speed-up for some 
tasks, in quantum communication we can prove that  quantum tools can 
bring exponential savings. *~ 

Indeed, for some communication tasks quantum communication complex- 
ity can be much smaller than the classical communication complexity. For 
example, for the following dating problem: Alice and Bob have diaries for 
next n days specifying for each day whether they are free (1) or busy (0) that 
evening. How many bits they need to exchange in order to find out whether there 
is a day in which they could spent evening together? 

Communicating only classically, Alice and Bob need to exchange n bits 
in the worst case. When communicating quantumly, O ( v ~  lg n) bits are 
sufficient for them to solve the dating problem. 137 

For some other problems exponential speed-up can be obtained using 
quantum communication. 3s) 

Increasing capacity of quantum channels: If two communicating parties share 
some entangled states then communication capacity of their channel can 
be increased and there is no upper bound how big increase can be. 5) 

Increasing security of communication: There are two basic ways entanglement 
plays a role in quantum cryptography: a positive one and negative one. 

Positive is the fact that  quantum entanglement allows perfectly secure 
transmission of information and absolutely secure generation of secret 
random keys. 

Indeed, in case two parties share enough EPR states they can encode a 
state to be transmitted through a sequence of qubits and then to teleport 
these qubits. This is an absolutely secure way of transmission because by 
that  no physical systems are transmitted. Moreover, by sharing n pairs of 
particles in the EPR state, both parties can implement quantum one-time 

*~ Let us s tar t  our  discussion of quan t um  communicat ion by pointing out  that  there have 
actually been good reasons to believe that  quan t u m communicat ion cannot  be of special 
use. Indeed, Holevo theorem says tha t  no more than  n bits of classical information 
can be communicated by t ransmi t t ing  n qubits  - unless two communicat ing parties are 
entangled, and in such a case at most  twice as many classical bits  can be communicated,  
using q u a n t u m  dense coding defined above. 

In addition, entanglement  itself cannot  be used to t ransmi t  information - -  otherwise 
faster than  light communicat ion would be possible. Our  intuition therefore says tha t  there 
should be negative answers to the following fundamental  questions: 1~ 

�9 Can entangled parties make bet ter  use of communicat ion channels than  non-entangled 
parties? 

�9 Can entangled parties benefit from their entanglement even if they are not allowed 
any form of direct (classical or quan tum)  communicat ion? 

However, such views turned out to be wrong. 
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pad cryptosystem without a need to share a classical key. 9) Again, this is 
absolutely secure way of transmission. 

There is also an easy and unconditionally secure way for two parties, Alice 
and Bob, to make use of entanglement to generate a random binary key. 

Indeed, let Alice and Bob share n pairs of particles, each pair in the 
entangled EPR-state.  If both parties measure their particles in the stan- 
dard basis (and it does not mat ter  in which order), they receive, as the 
result of their measurement, the same random binary string of length n. 
This way of binary key generation is absolutely secure, because, again, 
no information is transmitted. 

Negative impact has entanglement on security of such basic quantum 
protocols as for bit  commi tmen t .  It can be shown that,  due to the fact that  
by using entanglement one party can always cheat, no unconditionally 
secure bit commitment is possible 33) (in non-relativistic physical setting). 

There are also other ways quantum entanglement is used in cryptography: 
for quantum authentication protocols, quantum secret sharing and so on. 

w Entanglement as a Main Tool to Fight Decoherence 
Till 1995 there was strong pessimism whether meaningful quantum infor- 

mation processing would eventually be possible. The main reason behind was 
qu a n tu m  d e c o h e r e n c e  - the fact that due to unavoidable entanglement of any real 
computational quantum system with its environment, fragile quantum super- 
positions, that  are behind powerful quantum parallelism, get exponentially fast 
destroyed. 

In addition, it has been believed that  efficient quantum error-correcting 
codes cannot exist because: (a) number of quantum errors seemed to be infinite; 
(b) quantum copying, needed to create redundancy, so vital for classical error- 
correcting codes, is impossible; (c) measurement of an erroneous state would, in 
general, irreversibly destroy the state. However, Shor 41'42) have shown that not 
only quantum error-correcting codes, but also quantum fault-tolerant computa- 
tions, are possible. (The main idea is to use multipartite entanglement to fight, 
in polynomial time, exponentially fast growing decoherence - caused actually by 
the entanglement of the system with its environment.) 

w Entanglement versus Energy 
For a long time energy used to be arguably the main resource to consider 

at the study of physical systems. Once entanglement is seen as a resource, it is 
natural to ask about the relation and analogies between energy and entangle- 
ment. 

The thesis that  information is physical, and that the role of information in 
physics is analogous to that of energy in thermodynamics, leads naturally to the 
search for information processing principles and laws, especially for principles 
and laws analogous to those in thermodynamics. It is only natural that  quantum 
entanglement is expected to play the key role in such principles and laws. One 
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such principle, the counterpart  of second principle of thermodynamics,  seems to 
be no-increasing of entanglement principle - -  under LOCC. 

The counterpart  to the first principle of thermodynamics  is the preser- 
vation of (quantum) information in closed quantum systems: Entanglement of 
composed system does not change under unitary processes on one of the subsystems. 

9.1 Thermodynamics and Entanglement 
The above entanglement processing principles are connected with a belief, 

of some, that  there are laws governing entanglement processing that  are anal- 
ogous to those of thermodynamics  and that  exploration of these analogies can 
be very useful for understanding basic laws of entanglement processing. The 
entanglement is then considered 2s~ to play the role of energy .7 (and distillation 
of pure entanglement to drawing work). This entanglement-energy analogy has 
been explored recently 2s) and it was postulate that  

�9 entanglement is a form of quantum information corresponding to internal 
energy; 

�9 sending of qubits corresponds to a work. 

One of the key obstacles for a t tempts  to develop a " thermodynamic of 
entanglement" is irreversibility of entanglement processing. It  is an open prob- 
lem how to get around this difficulty and to develop a really deep and useful 
entanglement-energy analogy. 

w How Far beyond Usual Borders Can We Get with Entangle- 
ment? 
Once entanglement is seen and demonstrated as a new resource, it is 

natural to ask how much can entanglement help to understand some of the very 
fundamental and exciting challenges of current science: 

�9 Can entanglement help to understand our universe and its creation? 
�9 Can entanglement help to understand brain? 
�9 Can entanglement help us to get beyond Turing? 

There have been recently a variety of papers on these subjects, seen often 
as controversial, but hardly some generally accepted "hard-core" results. 

w Basic Problems Concerning Entanglement 
Since entanglement is such an important  and puzzling resource, a much 

deeper exploration of entanglement is needed to make a bet ter  and broader use 
of this resource. 

A bet ter  understanding of quantum entanglement, of ways it is charac- 
terized, created, detected, stored, manipulated, t ransformed (from one form to 
another), t ransmit ted,  shared and consumed (to do some useful work), as well 
as of various types and measures of entanglement,  is theoretically perhaps the 

.7 Pure state entanglement can be seen as analogous to mechanical energy and mixed state 
entanglement as analogous to energy that must be partly accumulated in the form of heat. 
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most basic task of the current quantum information processing research. In 
short, quantitative and qualitative theory of the entanglement is much needed. 

It is interesting also to observe that  the whole field of quantum informa- 
tion theory, and especially of quantum entanglement, is currently mainly theory 
driven. It did not arise because of observations from some experiments or from 
specific needs of some applications. 

Basic problems concerning entanglement itself can be summarized as fol- 
lows. 

1. 

2. 

3. 
4. To 
5. To 
6. To 
7. To 
8. To 
9. To 
10. To 
l l .  To 
12. To 

To develop ways how to create reliably, and on demand, pure entangled 
states? 
To find out how to distill efficiently pure entanglement from mixed states? 
To determine which macroscopic objects can be entangled? 

develop methods to determine whether a given state is entangled? 
explore relations between entanglement and non-locality. 
study entanglement monotones and invariants. 
create and explore good measures of entanglement. 
discover laws and limitations of entanglement transformation. 
explore how to detect and utilize bound entanglement. 
study different types of multipartite entanglement. 
study laws and limitations of entanglement sharing. 
explore how robust and how frequent is entanglement in Nature. 

In the following we will deal briefly with some of the above problems. 

11.1 Entanglement of Macroscopic Objects 
It is often said that one of the puzzling facts about Nature is that  two 

key features of the microscopic quantum world, superposition and entanglement, 
have not been (much) seen in the macroscopic world. 

One of the main tasks of the current experimental research in quantum 
information processing and communication is to demonstrate that  both super- 
position and entanglement can be witnessed not only on particles. 

There are already significant results along these lines that  indicate that  
research in this direction can have far reaching impacts on future quantum in- 
formation processing technologies and even far beyond that.  

Zeilinger's group, 11) demonstrated superposition for special molecules. 
Polzik's group, 31) has demonstrated robust entanglement of two objects 
consisting of about 1012 atoms. 

11.2 Bound Entanglement 
Some of the key applications of entanglement require that  communicat- 

ing or cooperating parties, say Alice and Bob, share maximally entangled pure 
states. This is practically very difficult to achieve., A way out is that  parties 
share copies of a mixed entangled state and then use LOCC to distill out of 
them some pure maximally entangled states. Several procedures for doing that  
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are known. It has been therefore assumed that mixed entangled states are so 
much useful how much of pure entangled states one can distill out of them. Dis- 
covery, that there are so called bound entangled states, (BE-states), a resource, 
from which no useful (pure) entanglement, a real resource, can be distilled, if all 
parties work quantumly only locally, has been very surprising. 2T) 

A simple example of a multipartite BE-state is the state 45) 

4 
1 

i=l 

where i = 1, 2, 3, 4, are all Bell states. 
The existence of BE-states has been seen as a puzzling phenomenon. Such 

states cannot be used at many important  applications of entanglement,  such as 
teleportation, where maximally entangled pure states are needed. Of interest 
and importance has therefore been to find out whether we can make any use at 
all of BE-states. There are now several results showing that  this is indeed the 
c a s e .  

First of all, in case of mult ipart i te  systems, a BE-state  can be distil- 
lable if some groups of parties "get together." Indeed, if we denote parties 
as A , B , C , D ,  then the state (1) is {A,B} : { C , D } - ,  {A,C} : { B , D } -  and 
{A, D } :  {B, C}-separab le .  

Secondly, BE-states can be activated, 2,) and super-activated. 4a) In addi- 
tion, a protocol has been developed, so called remote information concentration 
protocol, as) that  tha t  can make essential use of BE-states. 

Activation of bound entanglement,  or so called quasi-distillation, refers to 
the process in which a finite number of free entangled mixed states are dis- 
tilled with the assistance of a large number of BE-states, but without such an 
assistance no useful entanglement can be distilled from these states. In a super- 
activation, two BE-states are combined (tensored) to get a state which is not 
bound entangled. In other words, in this case BE-states are activated by BE- 
states and one can distill entanglement out of them. 

11.3 Quantum Correlations and Non-locality 
There is already quite a bit of understanding of quantum non-locality, due 

to quantum correlations, of simple bipart i te systems in H2 | 1-12, but situation 
is quite different in the case of quantum systems of higher dimensionality or for 
many-part i te  systems - even though such an understanding could be of large 
importance for gett ing deeper and new insights into how and why quantum 
mechanics differ from the classical mechanics. 

In order to get a bet ter  understanding of quantum non-locality, that  is 
behind the fact tha t  quantum entanglement is such an important  information 
processing resource, it is of large importance to study the following questions: 

�9 which are good measures of non-locality; 
�9 how much classi,~al communication is required to create quantum correla- 

tions; 
�9 how non-locality scales with the number of parties involved. 
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It would seem that to study non-locality is the task of physics with little 
theoretical computer science (methods) can do in that area. However, it has been 
recently shown 14) that  this is not the case and that, for example, combinatorial 
techniques used to study lower bounds for classical communication complexity 
can be used to quantify the amount of non-locality exhibited by quantum cot- 
relations. For example, these methods have been used to get some insight, for 
some Bell experiments, into the minimum detector efficiency, as a non-locality 
measure, for which the resulting correlations can still be reproduced, by a local 
hidden-variable theory. In particular, it has been shown that at least O(n lg n) 
classical communications are needed in case of n-partite systems and that the 
maximum detector efficiency required to close detection loop decreases with n 
by O(1/n).  "~ 

11.4 Volume and Frequency of Entanglement 
Once it has been discovered that there are various types of quantum states 

it is natural to try to get some insight into how many of different types of states 
we have. 

In case of separable and entangled states, in behind is actually a very 
natural question: is the world more classical than quantum or not - -  do we have 
more entangled or more separable states? 

Questions concerning volume and frequency of certain types of states are 
also of large interest for implementation considerations and for numerical simula- 
tion and analysis tasks as well as for quantum computation and communication. 

In this connection there are three natural questions to ask for any type 7" 
of states. 

�9 Given a state Ir of type T, is there always a ball, in some reasonable 
distance measure, around Ir such that all states in that ball are of the 
same type T?  

�9 Are there states of the type T such that  some ball of non-zero radius contains 
only states of the type T? 

�9 Is it true that  in any ball there is a state of the type T?  

It has been shown 51) that there are separable, entangled and bound en- 
tangled states such that a ball around them contains the same type of states. 
Volume of these sets of states is therefore non-zero (for a chosen distance measure 
and volume). 

Concerning frequency, numerical results 51) show that ratio of the volume 
of separable states and also of bound entangled states to the volume of all states 
goes down exponentially with the dimension of the system. 

These results also show that a pure state is more likely to be entangled, 
and a mixed state is more likely to be separable. 

*~ In order  to s t u d y  how much  classical c o m m u n i c a t i o n s  are needed  to reproduce  q u a n t u m  
correlat ion a mode l  is used in which par t ies  are classical and  t hey  are  not  allowed to 
c o m m u n i c a t e  af ter  receiving inputs ,  bu t  can  sha re  r a n d o m  bits.  Such a mode l  is known 
in physics  as a LHV-mode l  (local h idden  variables).  (As a l ready d iscussed  in Section 5, 
shared  r a n d o m  bi ts  are ac tual ly  classical ana logue  of q u a n t u m  en tang lemen t . )  
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