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1 Introduction

Here we study the behavior of energy minimizing harmonic maps into round
cones, specifically, maps from a region Q <R™ into €, where, for >0,

C=C={(x, yeR?xR:y=|x—1*|x]},

with the induced metric from either the Euclidean metric of R? x R~R?*!?
in case k21 or from the Minkowski metric of IR? x R ~IR”! in case O <k <1.
Thus [L2] €, is a singular (for x + 1) Riemannian submanifold which is positive-
ly curved for x> 1 and negatively curved for k < 1. For a discussion of harmonic
maps into singular spaces, in particular, negatively curved spaces, see the impor-
tant recent work [G-S] of Gromov and Schoen.

Our motivation for studying harmonic maps into such cones comes from
an Ericksen model for nematic liquid crystals [E2, L1, H, 1.2, L4, V] where
m=3 and p=3. Several results on partial regularity of energy minimizers have
been discussed in {L.1, H, Am, L2] with [L2] giving the most general results.
Briefly, a minimizer u is Holder continuous everywhere for all positive x and
Lipschitz for 0<x < 1. It is morcover real analytic away from the set u™! {0}
which has (except for the degenerate case u=0) Hausdorff dimension <m—2
for k>1 and dimension <m—1 for k< 1. Here we give one improvement (3.4)
in showing that

if k>1 and p=3,
then u~ '{0} hasdimension <m—3 andisisolated for m=3.

We also give some discussion concerning the asymptotic behavior of a minimizer
u near a point of u~'{0}. As in [L3], and [Al], the monotonicity of frequency
allows useful consideration of possible homogeneous blow-ups of v at points
of Q. Let B” denote the unit ball in R™ In 3.2 we obtain a full classification
of the possible homogeneous harmonic maps from B? to €,. By dimension
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reduction [L2] this is relevant for understanding the codimension one and codi-
mension two singularities of energy-minimizing harmonic maps from B™ to
C..
Note that, a mapping depending on only one variable given by a constant
speed geodesic passing through the vertex of €2 is minimizing if and only if
k =1. The nonminimality when k> 1 may be established by a variation which
peels the geodesic off the vertex. Here the first variation of energy is —oo.
We generalize this construction in 2.2 to show that,

for k>1, thereis no nonconstant energy minimizing map from IB?
to @€} whose image hits 0 and is contained in a subcone C2.

Combining this with the classification result 3.2 and standard dimension reduc-
tion arguments leads to the above improved dimension estimate.

In § 4 we discuss the use of cones in the Ericksen model of nematic liquid
crystals. As described in [L1, H], one considers, for a region Q<R?3, a map

u=(v,w): 2Q-C3.

One may recover from this map the two relevant physical quantities of the

Ericksen model, the director field n=— (which is defined wherever v+0) and

v
|v]
the orientation order parameter s=|v|=|x—1
of u is given by

—1

*|w|. In terms of these, the energy

fIvulPdx+ § Wolk Hulydx= [ [s*[Vn|* +x|Vs|*]dx+ | Wo(s)dx
0 Q 0 o

where W, (see [E2, § 5-7]) is a positive smooth function which has a unique
minimum in the interval (0, 1), has derivative 0 at 0, and has limit cc on approach
to either endpoint —% or 1. As discussed in [L2], the zero order term W,
does not affect the estimates on the singularity set or the existence or structure
of the homogeneous blowups. In particular, by [L2] and the present paper,

the zero set u ™' {0} has dimension £2for 0<xk <1
and is isolated forx>1.

Specific examples with k <1 of 2 dimensional singular sets have been obtained
in [A-V]. Many physical examples of singularities of dimensions 0, 1, and 2
in liquid crystals and other mechanical systems are described in [K].

In § 4 we consider additional cones that are particularly useful for liquid
crystal applications. Since it is usually not physically natural to distinguish
the director n from —n, it is useful to consider the director lying in the real
projective plane RIP2. When the orientation order s is assumed constant, as
in [H-K-L], there is, as noted in 4.1, little change in results. For the general
Ericksen model, we consider a target ¥, that is essentially a cone over real
projective space. Fortunately, most of our present work, including the classifica-
tion of homogeneous minimizers of 2 variables, carries over, with some adjust-
ments. However, because IRIP! is not contractible in RIP?, the construction
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of 2.2 is not always applicable. In contrast to maps to €2, we now obtain
the weaker result that

the singular set of an energy-minimizing map from B3 to ¥,
has dimension <1 forx>1.

This singularity estimate is nevertheless optimal, as seen in 4.2, and is in accord
with most observed nematic liquid crystals. We appreciate the remarks of
R. Meyers that one should expect line singularities in nematic liquid crystals
even for k> 1. We also thank J. Ericksen for his continual encouragement.

As a final remark, we recall that the mathematical derivation of the order
parameter [E2, § 2] leads to the range —1<s<1 for the order parameter. Thus
it makes sense to allow negative s and consider maps into corresponding truncat-
ed double-cones X, and X,. With these cones, one has a homogeneouse degree
1 minimizer 1nduced by a stralght line passing through O from the upper cone
to the lower cone. So the new singular set estimate

dimu~'{0} =2,

which we now obtain for a nonconstant minimizing map u into X, or X,,
is opt1ma1 for all p and x. We also observe that use of the cone X, overcomes
the sign ambiguity, pointed out by FEricksen [E2, § 2], that arises with an
R3-valued model based on the function s-n.

A serious restriction on the applicability of the present work to nematic
liquid crystals is the absence of a treatment of the general (non-equal-constant)
Oseen-Frank energy functional. It is an open problem whether our estimates
of the singular set continue to hold in such a general context.

2 Harmonic maps into subcones

In this section, we show that, for k>1, a nonsmooth energy minimizing map
into €} cannot have image in the lower dimensional subcone €2 (R?x {0}
xIR)~@Z. To motivate this, consider the simple case of a piecewise constant-
speed geodesic map u of the interval [ — 1, 1] into €2 with u(0)=0 and |u(—1)|
~|u(+1)|=4:0 Here u(t) is simply —tu(—1) for t<0 and tu(+1) for t20. To
be minimizing, even harmonic, the (minimum) angle between v_, and v, with
respect to the €2 metric must be at least n. (To see this geometrically simply
unroll €7 isometrically to a sector in the plane.) This means the Euclidean
angle must be at least 7k ~*. Thus, for x> 1, the curve fails to be minimizing.

In the following we use spherical coordinates (p, w), p=|x|, w=-""for a
point xeR™. x|

2.1. Theorem. Suppose x> 1 and h is a finite energy map from B™ into the subcone
C2n(RP™ ! x {0} x R)y=TZ . Suppose also that h is homogeneous so that

h(p, w)=p*(¥ (@), 0, ]/ k= 1|¢ (@)])

Sor some 0> 0 and mapping y:S™ ' »IR?" " with y £0. Then under the variation
h*:B"™ - CZ,

W (p, w)= (0", A(1— p), )/ — 1}/ p>* Y 1>+ A2 (1 — p*)),
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the energy E(1)= [ |V h*|*d x is continuous. Moreover, if m<2 or if
B

K <2<x+m—2
k—1 m—2

then E has a local maximum at 0; in fact,

i LEG)— E(0)]

A0 A

<0.

Proof. We compute, at almost every xeIB, the partial derivatives

hi,.=(p“lh,.,0, VE=Lov b, )
' Ve PR+ A=)
(a0 o Vie—lp® 4= 0= per )
p Vpuw/lz iz(l—p"‘)z
— ( l/—(pltlfl2 21— )))
%)?

Vo WP +22(1—p

. X
where w,, w,, ..., w,_ are orthonormal vectors perpendicular to w=-—. Then
the energy integrand is x|

V(W =p > LI+ ()
(<= 1) PP Ll v,
— p2a—2 2 i
g [g"”“’*'+p“|l//|2+w1—p“)2

(=1 (p** |y *—22% p*(1 —P“)l'l/|2+/14(1—/)“)2))]
PP+ A2 (1 —p%? '

a2(|l//|2+/12+
Thus,
s ST AR A

G—Da2p?™ 2 " pEYEE A= WE Te=D)
ST P )
PP T (1o

12
<
=0+(K_1)

AP P =27 (= gl P+ (1= )
PRI+ 22 (1—p7)?
Ay (o) + 2w () oo 2w

a PR+ A2 (1—p%)?
=i*(F+G) where

P00 () . | (o) Za‘l].

PRI = T e P 21— p?

F=
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First note that by simply dropping the term p2*|i|? in F, we obtain the pointwise
bound

F.(K_l)a2p2a~2§xa2p2a 2

Decomposing G into its positive and negative parts, G=G . — G _ and dropping
the term A2(1—p%? in G ., we similarly estimate

G (K—I) 2 2a 2<Ka2p2a 2

Note that the function p?*~? is integrable on IB™ even for m=1 because in
that case the finiteness of the energy of h requires that «>%. From the inequality
VRSV (RO)2+ 22 (F+ G L) (k—1) a2 p?* 72

ély(h0)12+2i2xa2)02a 2

and the dominated convergence theorem, we now deduce the continuity in A
of the energy E(A). [E()—E(0)]

To estimate the quotient ~ o we treat separately two cases:

Case m<2. Here we estimate the G_ term from below by chosing p, so that

<(xi 1)) p%“:—;— and checking that

§ jG (k—-Da?p?* 2pm 1dpdf

§m-10

2k—1Da
sm-1 @ pZahMZ_*_;‘Z(l_pa)Z

pza—zpmfldpdg

which approaches
Po
n(k—1)o? | p" Pdp=o0 as A0

]

by monotone convergence. Thus for m<2,

i-0 A Sm-1 0
=lim | jl(F+G+ G )(k—1)a?p** 2p" 1dpdf=— o
190G 1§

Case m=3. Here, by dropping the term 4%(1 — p®)?, we obtain another pointwise
bound

|G|(K— 1) a2p2a~2§Ka2p2172+(K_l)azp—z,
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and now
1

[ Jxa?p** 2+ (xk—1Da’p Y p" 'dpdw<oo
sm-1 0

because m= 3. We conclude, using dominated convergence and the hypothesis,

[E@—EO] _ lim | jl(F+ G)-(k—1)a?p** 2p™ " 'dpdd

X—)OSm—l 0

lim

-0 A2

1
= [ [limF-(xk—1)a?p** 2p™ 'dpdw

Sm-1 O 40
1
+ | fHimG-(xk—1a?p** 2p" 'dpdw
gm-1 g 470

1
:0+a2 j‘ j(Kp2a+m_3~(K~1)pm_3)dpd(U
$m-10
:a2%m*l(§m~l)< K (K*I)

Qa+m—2) (m—2)

)<0. |

2.2, Corollary. For x>1 and p=2, there is no nonsmooth energy minimizing
map u: B2 — CP with image in the subcone

CEn(RP ' x {0} x R)~C2~ .

Proof. For such a map u with singular point aeB?, one sees from [L2] that
u(a)=0 and any homogeneous blow-up h of u at a is a nonconstant homogenecous
energy minimizing map from B? to C? with image in the same subcone
C2~(R? ! x {0} x R). But then one may use the variation h* of 2.1 to contradict
the energy minimality of h. [

3 Homogeneous energy minimizing maps

The dimension reduction argument for estimating the size of the singular set
of energy minimizing maps gives interest to the problem of classifying all noncon-
stant homogeneous energy minimizing maps from B™ to €2. As discussed above
in § 2, the answer is simple for m= 1. Here the order « of homogeneity is necessar-
ily one, and the map is given by two constant equal-speed geodesic rays through
0 whose angle, with respect to the €2 metric must be at least n. So necessarily
k =<1 with equality only if the rays form a straight line.

The case m=2 offers many new possibilities described in 3.2 below. A useful
tool for the study of energy minimizing maps (or more generally stationary
[S]) harmonic maps is the holomorphic quadratic differential.

3.1. Lemma. Suppose h:B? — QP is an energy minimizing map. Then the local
coordinate expression

defines a holomorphic quadratic differential w" on IB2.
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Proof. One may follow the proof of the first part of [J], and note that only
smooth variations of the parameter domain are used. The vanishing of the
first variation of energy with respect to such variations proves the holomorphi-
city. O

3.2. Theorem (Classification of homogeneous minimizers from IR? to @C,). Sup-
pose h(r, 0)=r*@(0) is a nonconstant homogeneous energy minimizing map from
R2? to C,=C? where a>0 and ¢: IR — €, is absolutely continuous and 2 n periodic.
Then

o=,k 1|¥[y]) where y: R—>IR?

has, after suitable orthogonal changes of coordinates in domain and range, one
of the following forms:

(1) (constant length)
With k>0, a=mx"* for some me{1,2, ...y and 2> 0 such that k<1 for p23.

Y (0)=A{cos mb, sinm8,0, ..., 0).

(2) (piece-wise constant direction)
With 0<x <1, a=1m for some me{2,3, ...}, and 1 >0,

Y(O)=AintmO—0,)v, on [0,,0,.,] for £=1,2,....m,

2n(f—1)

where 8,= and the v,’s are unit vectors in R? such that the ( Euclidean)

angles between consecutive vectors vy, v, Vs, ..., V,,, v; are all at least ik,

(3) (varying lenght, varying direction)

With K=~2r—n£, a=3%m for some £€{1,2,...}, me{2,3,...}, and a, b, ceR such
that k<1 for p=3,

Poy(f)=(a cosymb,bcost mO+csinimb,0,...,0)
where P(r cos 6,7 sin 0, x5, ..., x,)=(r cos k10, rsink 16,x,, ..., x,) for r>0,
fe(—n, n), and (x5, ..., x,)eR? "3,

Proof. First observe that the condition k<1 for p=3 in conclusions (1) and
(3) is required by 2.2. Next we derive some differential equations. Since h is
smooth away from k™' {0} and |@|*=x|y|*, we may differentiate ¢ near every
point 6, with ¢(6,)=+0 to find the relations

E l/’l//()
2

where we use subscripts to denote partial differentiation. Near such a point
we may derive the Euler-Lagrange equation for y by considering a variation

h=r* ()", k=112 ¢"))

+) <pg=(we,|x~1| ) PR
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with ' (r, )=y (8)+t{(r, 6) where { is smooth, 27 periodic in 0,
R=sup{r:{(r, 8)+0for some 0} < o0,

and |t| and spt { are small enough so that {, does not vanish on spt {.
Then

h:=(°”“”lﬂ'+r“tc,,ar"*l1x——1i1‘|w’|+r“|x—1lw" |tuf‘r|>’

hy =1, e — L (U )1/ ")),
to 12
(5EL) v 2 a1 ),
|ht|2_a2r2a Zth!2+r2a'tCr[2_+_2ar2az—1(lpt_tcr)
W'-t,)
v|?

+a?r2 2k — 1P+ r2% ke —1|

+20r2* Y= 1| tL,).

d

By the energy minimality of h=h°, we find that
O=— d

t hl 2
dt = 02 I [(h ( )]dx
= [oczrz“_Z(//~C+ocr2“'ll/1-C,+oc2r2°‘_2|tc—1|t//-C—+—rxr2°‘—1|K—1|l//-C,
Br

(WY)W +y-Ly)
12

7. j vk [2dx=

+r2 2y Lo+ 2 e — 1]

{8

f[r%azr“—lw-cmr“w-c,
0
¥y 0

2n
= |
0

+ 12 g L+ 120 e — 1]

ly1?
+72a_lll€——1| (l//‘//e))(;pfa)
Wl
2
_rZa—1|K_1|<M)¢.g]drde
Il
where K=1+|k—1|. Noting that {y,=0 and letting Q= v 1//2 , we deduce that
the weak equation ||
(%) Yoo+ [Ro? +k—1] Qp+|k—11Q*] Y =0

holds on any interval on which i does not vanish.



Singularities of nematic liquid crystals 583

Fortunately we may simplify this ODE by considering the holomorphic qua-
dratic differential " associated with h as in the 3.1. Here " equals f(z)dz>
for some entire function f. Clearly f has the form r?*~2 (f). In particular,

either w"=0
or a=4mandf(z)=Cz**"2forsome me{2,3,...} and CeC~ {0}.
First we consider the case w"=0. Here we differentiate to find that

a—1

hy=ar*" o, hy=r"g,,
and

(ar2u~2)

1(0P)e=ar**"2(¢- )
=h,- (%)=(hx cos 0+ h, sin 0)-(—h, sin 6+ h, cos 6)
=(—1h,)*+1h,|?) cos 0 sin 6+ (h,-h,)(cos* 8 —sin? 6)=0.

Thus, 1(W1)e=v Yo=x""(¢ s =0, || is a positive constant i, 0 =0, and
the ODE(##) becomes simply

l//gg + K o= 0
which is now valid for all 8. Since s is periodic of period 2x,
2

Rol=m

for some integer m. Moreover, the vector ¥ maps into a 2 dimensional subspace.
To check this, we may choose a nonzero mutually orthogonal vectors v,,
Vo, eoor Voo 2€RP with ;- (0)=0=v,-1/,4(0), observe that each scalar functions
y=v;-y is identically zero because

yap+m2y=0 with y(0)=0= y,(0),
and conclude that ¥ has image in the 2 plane
V={xeRP:x-v;=0fori=1,2, ..., p—2}.

After rotating R? to make ¥V =R?x {0}, we infer from the simplified ODE
that

Y =(x cosm{@—y), b cosm(0—-9),0, ...,0)
for some counstants a4, b, y, d. The condition [{|= 4 gives the form
Y = A(cos m(8 —y),sinm(6—y),0, ..., 0),
and we may rotate the domain to make y=0. Thus we obtain (1).
Now we turn to the case where
w"%0
so that

W' =r2"2p(0)dz? = Aeh 2222 d 2
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where 1> 0, felR, and a=1m for some me{2, 3, ...}; hence,
P(0)=A(cos(f+2a0—20)+isin(f+206~26)).
We may rotate the domain to make f=0. Returning to the definition of ",

we compute @(0) in terms of « and ¢(0). Since r>=x?+y? and tan 0="" we
see that x

hx:hr.rx‘}'hﬂ'ex:h’.<;x_>+h6'(LZX>’
r r

hy=h,-r,+hy-0,=h,- ( >+h,, (rx)

G () ()
e[ IG) = )

=[h,2 (P:G)]COS29 2h, (h"> sin 26
(=) im0+ 20, () con20)

On the other hand, the sum formulas show that

f=A(r**"2cos2af cos 20+r** 2sin2a0sin20)
—i(r** 2 cos 200 sin 20 —r**" 2 sin 246 cos 20).

Equating the real and imaginary parts, we conclude that the two vectors
2 h h@ 2a-2 2a-2 o
h? — . , 2h, and (ir cos 200, Ar**” “ sin 2a0)
are equal because they coincide after rotation by 2. We obtain the two formulas
h 2
o?|@|* —|@g|* =122 [hf “(‘f) ]= A cos 220,
2-2a h9 ‘ :
200 pg=2r h, o = —/Asin2ad.

Integrating the second one gives
lpl*=3%a "2 i(c+cos2ab)
for some constant ¢ > 1, and substituting into the first gives

[@p|2 =4 A(c—cos 2x0).
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We now use () to compute

Q__(;Ma sin 20(@
" (c+cos2ab)’
0 =(—2a2)(1 +c cos 2a0)
o (c+cos2a8)?

Substituting into (**) we find that

|k —1|(—sin? 200 +2+2c¢ cos 2a0)
(c+cos 2af)?

(#xx) Yo+ 02 [;EM ]n//=0

which is valid on R~y ~1{0}; that is, whenever ¢ +cos 2a6 is positive.
Rather than try to find suitable solutions of (xxx) for various ¢, we first
argue by the linearity of equation (x**) as before to see that,

for each component I of R~ ~1{0}, ¥ (I) always lies in some two
dimensional subspace V] of R”.

We now consider the two possible cases:
Case I Y Ay'=0 on every component I of R~y ~'{0}.
y(ty)

Here, we let v,=——— for some fixed point t;el. Then ¢y Av;=0 on I because

W (2,)]

Y A v, is a solution of (x*x) with the initial conditions
W Av)t)=y(t) AY(t)=0 and (¥ Av) )=y (t)ArY(t)=0.
Thus, on I, Y =g, v, for some positive function g, and
h=r*@O)=r"g;(0)(vy, |k — 1[})

is a harmonic mapping into the linear span of the vector {v;, |k — 1[%).

First, it follows that ¥ must vanish somewhere. Otherwise, I =IR and r*g;(0)
would be a real-valued harmonic function on the plane. This implies that the
function g, must be of the form 4, sin a{68—6;) so that g,, and hence ¥, vanishes
somewhere.

We now see that I has the form (8,,0;+d,) where 0<0,<0,+d,;<2=n and
Y(0,)=0=y(8;+d;). Then the rescaled function

H,(r, 0)= r(%)“ g ((i’-) 0+ 9,)

I

is a positive harmonic function on the upper half plane with boundary values
0 along the X-axis. By odd reflection about the X-axis, H; extends to a harmonic
function on the plane. Reasoning as above,

d

H(r,0)=1, r(7)a sin (g—:—) af
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where, by the positivity in the upper half plane, A,>0 and (%) a=1. In particu-

lar, d ,:g, being independent of I, must exactly divide 27 by the 2 n periodicity
of . Thus,

n ‘ e
d;=— and a=3m f{orsome positive integer m,
m

and we deduce that
Y(@)=4,(sinim@—6;)v;, on I

Since the holomorphic quadratic differential then satisfies
m2
|’ Z(T) A}rm=? on {(r,0):r>0andfel},

we see that A= 4, is also independent of I. These conclusions remain true under
the rotation of domain. So we can forget our initial normalizing rotation to
achieve =0 and again rotate the domain to get the intervals I to be in the
form

16,:(;2_7{_(_%___1*),277;{) for £/=1,2,...,m.

We now need to verify the necessity and sufficiency of the lower bound on
the angles between the consecutive v,=v;, as described in (2).

For this we will use the local fact that the composition of a geodesic curve
with a real-valued harmonic function is a harmonic map. This is easily verified
for maps into a smooth Riemannian manifold. For the present context of maps
into the cone €, we may, for example, use the smooth approximation of [L2].
Since each generating ray of €, is a geodesic in C,, it only remains to consider
the harmonicity of h(r, 6) near every point

(r,%) for r=0 and /=12,...,m.

For r>0 this is simply a question of whether each union of two rays generat-
ed by consecutive vectors v,, v,,, forms a geodesic in C, for £/=1,2,...,m
(where we set v,,, =V, for notational convenience). This is true if and only
if the rays meet at an angle ==, where the angle is measured with respect
to the metric induced from the Euclidean metric of R* in case k=1 or the
Minkowski metric of R® xIR~IR*! in case k< 1. This is the case if and only
if the Euclidean angle between the rays is at least nx*. Under these angle condi-
tions m=2 (because the angle between v, and itself is 0) and x<1. The case

=1 only occurs when m=2 and v,= —v,. To complete the proof of case 1,
we need to verify the harmonicity at 0 of an h satisfying the above conditions.
We'll show that h actually minimizes energy among maps having the same
boundary values on the unit circle. For this we’ll use the fact that each geodesic
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formed from a pair v,, v,,,; minimizes energy. Now consider a competing map
geH'(B? C,) with g|0B?=h|dB2 Note that # maps each sector

D;:{(r,@):0<r<1,0-—LeI{} for £=1,2,...,m
2m

into the geodesic formed by the 2 rays spanned by v,, v,,,. Let D denote
the unit upper half ball in R2, and f,: D> D, be the associated conformal
homeomorphism which maps, in polar coordinates,

z 2 i3
(r,0) to (rm’<}ﬁ)9+0‘+<ﬁ))'

Then (g-f,)|S' ndD=(hof,)|S' ndD. Moreover, we readily compute that, in
rectangular coordinates on D,

(hof)(x1,x2)=(4|x, }(—v,) for x,<0,
(he f)(xy, x3)=(Alx, )(ves1) for x,20.

Thus, for each fixed x, with 0<x, <1, the map (h-f,)(-, x,)} is a constant speed

energy minimizing geodesic in €,.. Using this minimality along with the confor-
mal invariance of energy, we conclude

P h2dx= [ |V (hof)|2dx
D, D

j+x%

Vi-x2 |45 of,
i ,(gf)

+V 2

dx,dx,

d(hef,)

0)( o (xl E] xZ)

2
W(Xl,xz) dx,dx,

s [IV(gefolPdx= [ [Vgl*dx.

D,

Summing in ¢ gives the desired energy minimality.
Case 2 (fy AY)(0,)+0 at some point 8,0, 27).

Here the linear span of y(6,) and (¥)(6,) is the two dimensional space ¥; which
contains  (I) where I is the component of R ~ ~ {0} that contains . Rotating
C,, we assume that V,=IR? x {0}. Note that h now has image in the 2-dimension-
al cone C? x {0}, for which we have the local isometry into R? given by simply
rolling along the rays of the cone. That is, near each ray

Ro={(r cosny, rsiny, [k —~112r,0, ..., 0):r>0} =« CZ x {0},
the formula

I(rcosf,rsin®,|k—112r,0, ...,0)=(xr cosk ™ (@ —no), kr sin k(8 —n,))
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defines a local isometry of €2 x {0} into R2. So, near any ray Q, of h™'(R,),
IT-h is a homogeneous-degree-a. IR?*-valued harmonic function. Thus I1oh has
the form

(Ar* cosa(0—0,), Br* cos a(6—6,))

for some real 4, B and 6,, 0,¢[0,2x). Assuming Q,, has argument in I, we
sec that 4 and B are nonzero and that 6,—6, is not a multiple of n. The
cosine sum formula shows that the image under IToh of an arc of §! lies in
a nondegenerate, noncircular, ellipse centered at the origin. In particular, by
analytic continuation, || never vanishes and I=IR. Let ¢ be the abolute value
of the winding number of /(#) about the origin, as 0 varies over a single period.
Then /40 and

kK '¢=a=4im for some me{2,3,...}.

Rotating the domain and using the cosine sum formula gives the form in conclu-
sion (3).

Finally we verify that each of the homogeneous harmonic maps h given
in 3.2(1) (2) (3) is, in fact, energy minimizing. In case k<1, €, has negative
curvature, and the argument of [H-K-W] implies that h|IB, is, for every r>0,
the unique harmonic map into €, with respect to its Dirichlet boundary data.

Suppose now that x> 1. Then, in accord with 3.2(1) (3) and 2.1, we only
have the case p=2. That is, €2 is an ordinary “ice-cream cone” which we
may, as above, slit open and map isometrically into sector in the plane via
the projection

II(rcos 0,rsin 0,(k—1)*r)=(kr cosk "1 0,krsink ™ 10).

In case, « is rational, say x =~ for positive integers i, j, we consider H=1ITohoz/,
J 4n

J
we define H(r,6) by rotating H(r 0~27) through an angle of T After j

which is defined in the sector 0<9<3~ For the second sector 2T<6

such extensions, we close up and obtain a continuous homogeneous harmonic
map from R? to R2. Since, for each r>0, H|B, is unique with respect to
its Dirichlet boundary values, so is h|IB,.

Finally suppose that x> 1 is irrational and, for contradiction, that one of
the homogeneous functions h:R? - €2 from 3.2(1) or 3.2(3) were not energy
mmlmlzmg Then, there would be an r>0, and a function g|B, » €2 with g|B,
=h|0B, giving the strict inequality

[ IPglPdx< [ |Vh|*dx.
B, 1B,

For any rational u> 1, let h,: IR? » €2 be the corresponding homogeneous func-
tion from 3.2(1) or 3.2(3). Then, for u sufficiently close to x,

FIVelPdx< § [Vh,|dx,
B, B,
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ln—11%
lk—11%
and completes the proof. [

where 7,(x, y, z)=(x, y,( )z) This contradicts the previous paragraph

3.3. Corollary. There are no nonconstant homogeneous energy minimizing maps
fromB* to C2if k> 1 and p=3.

Proof. Theorem 3.2 implies that such a map would have image in a subcone
C?. But this would contradict 2.2. [

34. Corollary. If k>1, p=3, and u is a nonconstant energy minimizing map
from B™ to €2, then u~'{0} has Hausdorff dimension <m—3 and is isolated
for m=3.

Proof. This follows from 3.3 by Federer’s dimension reduction argument as

in[L2]. 3

3.5. Remarks. There remains the interesting question of classifying homogeneous
harmonic maps into €% of 3 or more variables. Of particular interest for liquid
crystals is the case of a homogeneous harmonic map

u: BP>Q2, u(pw)=p*“@(w) where a>0 and ¢: S$*->C..
To discuss this, we use the variables

)

s(pw)=p*|p(w), n(w)—|(p(w)|-

As derived in [L2] we obtain the Euler-Lagrange system

kAs—s|Vn|?=0,
s2An+2sVs-Vn+n|Vnf*s*=0.

In case || is a nonzero constant, the second equation becomes the equation
for a harmonic map from S$? to itself:

An+niVn*=0.
However, the first equation becomes

ko(x—1)
|V =——5—".

Referring to the classification of harmonic maps of S?, we see that the constancy

of |Vn|? on $? implies that n(x)-—-y(l%) for some orthogonal rotation y of

IR3. Moreover, « is a positive solution of ka(x— 1)=2. Thus,
X

if |p|=c, then ¢@=cy (Tﬂ) for some rotation y of R3.

It would be interesting to find solutions s, ¢ of the above system with ||
not being a constant.
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4 Other cones for liquid crystal models

As noted in [E1], [E2], most discussions of nematic liquid crystals do not
involve distinguishing the director field n from —n. Thus it is reasonable to
consider the director as having values in the real projective space RIP? rather
than in the sphere S2.

4.1. Remarks. In the simpler model [H-K-L] where one neglects the orientation

order s and considers minimizers of the Oseen-Frank free energy | W(n, ¥ n)dx
Q

among maps n: Q —S?, the qualitative properties obtained in [H-K-L] change
little with the replacement of §* by RP2. In fact one first notes that the Oseen-
Frank free energy is well-defined and H! weakly lower semicontinuous for such
maps. For Dirichlet boundary data of some finite energy map from Q to RIP?,
one may establish the existence of an energy minimizer by the device of [H-K-L,
§ 1]. As discussed briefly in [H-L1] the blowing-up argument of [H-K-L, § 2]
carries over for an arbitrary target manifold. One may use [S-U, 4.3] to replace
[H-K-L, 2.3] whose proof does not immediately carry over. Thus the singular
set Z is again a closed set of 1 dimensional Hausdorff measure zero. This means
that locally one may actually locally orient a minimizing line field to get a
corresponding minimizing unit vectorfield. In fact, suppose u: B,(a) — IRIP? mini-
mizes the Oseen-Frank free energy with singular set Z. Since the vanishing
of #'(Z) implies that IB,(a)~ Z is simply connected, we may lift u|(IB,(a) ~ Z)
to a map v,: B,(a)~Z —»S? with the same Oseen-Frank energy. Then v, is itself
minimizing which gives further information about the singular behavior of u.
For example, in the harmonic map case of equal Oseen-Frank constants, the
singular points are isolated and the precise behavior at a singularity for u follows
from that of v, (see e.g. [H-L1]).

One does find some differences with maps to IRIP? when one considers bound-
ary singularities. In particular, unlike [H-L1].

there exists an H* mapping ¢: dIB* — RIP? which admits no
extension to a finite energy map from B? to RIP2,

For example suppose ¢(x) is the horizontal line passing through x=(x;, x,, x3)
and (0, 0, x3) for xedB>~{(0,0, —1),(0,0, —1)}. Then, as in [H-L1], pe H*(0IB,
RIP?). But the existence of a finite energy extension would give an energy mini-
mizing map u: B* - RIP? with Dirichlet boundary data ¢. The regularity theory
would then imply that u|B*{x3=c} is continuous for all but finitely many
ce(—1, 1). But this is impossible because each curve @[(6B*)n{x;=c}] is not
contractible in RIP2,

4.2. Ericksen model. To obtain a target manifold more suitable for the Ericksen
model, we will essentially work with a cone over RIP2. More precisely, we
will say two points x, x'€R? are sign equivalent if x= + x', and define the projec-
tivised cone

V. ={(%, y): (x, y)e ¥, and % is the sign equivalence class of x}.

Here V,=C3 and V, has the quotient topology and the quotient metric whereby
the quotient map (x, y)e ¥, ~{(0,0)} = (%, y)e V,~{(0,0)} is a locally isometric
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2 sheeted covering map. Thus ¥, is metrically a cone over RIP?, equipped with
the round metric from its 2-sheeted covering S2.

We will briefly discuss how things carry over to the ¥, model. Theorem
2.1 does not carry over because RIP! is not contractible in RIP?2. However,
Lemma 3.1, whose proof has no relation to the target, is still true. Most of
the proof of 3.2 follows as before. Solving the resulting ODE, one needs only
make some simple modifications in the periodicity of the functions y(6). For
example, the constant length solutions of 3.2(a) now come from functions i (6)
where

Y (0)=A(cosmb, sinmb,0, ..., 0)
with >0 and m being a positive integer or now possibly a positive half-integer.

However, for each integer j, the closed curve

2nj .. .
[0, —rr%] covers its image with
even multiplicity and so is contractible away from the origin. In fact, it clearly

lifts to the closed curve Y

[ ,zii] in V,. Restricting to the wedge defined by
m
96[0, 7}]’ we can, upstairs in V,, apply the peeling-off construction of 2.1

provided that p=3 and x> 1. We conclude that in 3.2(a) with p=23 and x> 1,
Y (6) is determined by

Y (8)=A(cos(+40),sin(+16),0, ..., 0).

When p=2 or k <1, the other integer or half-integer values of m all give suitable
. The cases corresponding to 3.2(b) and 3.2(c) are similarly modified. Replacing
Corollary 3.4, is the estimate that

the zero set of a nonconstant energy-minimizing map from B3 to ¥,
has dimension <2 for 0< k<1 and dimension <1 for x> 1.

This is optimal. For 0<k =1 one has the rank-one maps of 3.2(2). For kx>1,
one may chose boundary data ¢:3B*— ¥, precisely as in 4.1. Let u be an
energy minimizer with boundary data ¢. Since u is continuous away from
u~1{0}, we conclude, as in 4.1, that u(BB* n{x;=a}) must contain 0 for each
ae(—1,1). In particular, dimu~'{0} 2 1.

Finally, we recall that the mathematical derivation [E2, § 2] of the director
field n and the orientation order function s leads to the range —4<s=<1. Thus
we also consider maps into the truncated double-cone

X ={( eV — k-1 <y<|x—1]}}
or, better yet, the projectivised truncated double-cone

Xo= {5 1) (x VeX,)
={(%3): (% yDeVeand 3|k~ 1} Sy in—11).

To handle simultaneously n and s, it is geometrically and analytically tempt-
ing to let n be a unit vector and work with the vector function s-n. However,
as J. Ericksen has pointed out [E2, § 2], one cannot unambiguously extract
the orientation order and director field from the vector s-n. Here use of the



592

cone X,
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overcomes this sign ambiguity. Thus, associated to a map u=(7, w):

Q- X, we have the well-defined order parameter

s=lk—1tw: Q@ - [—3,1]

and director

n=(%>: Q~s"1{0} > RPZ.

One may modify the classification of 3.2 for either X, and X,. The most signifi-
cant difference is the possibility of nontrivial rank one maps in the new version
of 3.2(b) even when x> 1. Then arise, for example, by using two rays from
0, one in the upper cone and one in the lower cone. The resulting minimizing
map on B3 has a 2 dimensional singular set, and this estimate may be obtained,
as in the previous cases, by the dimension reduction argument.
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