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Generalized 
Flatland 

With illustrations by the author A Hexagon* 
Based on the gospel of GENERALITY as proclaimed by the POLYGONS 

~ ost o f  m y  readers will  be f a m i l i a r  w i th  the sad story o f  m y  grand- 

father, an honourable square and eminen t  mathemat ic ian  of  FLAT- 

LAND who was condemned to lifelong impr i sonmen t  f o r  c la iming to 

have been abducted to SPACELAND, a world somewhere "out there" 

that  extends our  two-dimensional  FLATLAND by a third di- 

mension. Of course  nobody, not  even I, his grandson (a hexa- 
gon), bel ieved in his s tory until, on the eve of the new mil- 
lennium, I mysel f  was abduc ted  to GENERALIZED FLATLAND. I 

discovered that  this world extends our  flat world and the 
worlds  of  graphs and project ive planes  in a complete ly  nat- 
ural manner.  As our  world is popula ted  by polygons such as 
triangles, quadrangles/squares,  pentagons,  etc., this exten- 

sion of  our  world  contains generalized polygons, both us sim- 
ple ones and much more compl ica ted  ones  of  breathtaldng 
abst ract  beauty. I also found that  GENERALIZED FLATLAND co- 
incides with the land of  mathemat ica l  buildings of  rank 2 as 

conceived by one of  our foremost  mathemat ic ians  J. Tits. 
This means  that  all non-trivial mathemat ica l  buildings are 

made  up of  nat ives of  this myster ious  land. 

Preface 
I will tell  you my s tory  and, as evidence of  my  claims, show 
you drawings  of  my abductors ,  the four smal les t  nat ives of  

p rope r  GENERALIZED FLATLAND. These drawings  are  exten-  
s ions  of  beautiful  render ings  of closely re la ted  highly ho- 

mogeneous  graphs  such  as  the comple te  graph on four  ver- 
t ices,  the Pe te rsen  graph, and the Coxete r  graph (Fig. 1). 
In fact, c loser  inspect ion  d isc loses  that  my  abduc to r s  share  
many  of  the r emarkab le  p roper t i e s  of  these  graphs  and are  
even more  symmetr ic  than  the graphs they  extend.  I hope  
tha t  the  overwhelming evidence I have compi led  will con- 

vince even the mos t  scept ica l  among you that  there  is re- 
al ly life "out there" beyond  FLATLAND, and tha t  we are  able, 
and  have an obligation, to claim our  rightful p lace  in full 

GENERALITY. 

A Painting in the Sand 
It was  the last  day  o f  our  2000th year.  I spen t  this  all-im- 
por t an t  day  at  the  s i te  of  some  recent ly  d i scovered  ruins  
in the  deser t  of  OZ. After  unear thing some  mys te r ious  
mathemat ica l  wri t ings and drawings  in the  ruins  they  were  

excavat ing at  the  time, the archaeologis t s  in charge had  in- 

*Dedicated to my dear grandfather Edwin E. Abbot (1838-1926), the author of the infamous Flatland--a Romance in Many Dimensions [1]. 
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Figure 1. The complete graph on 4 vertices, the Petersen graph, and the Coxeter graph. 

vited me to jo in  their  exped i t ion  as  mathemat ica l  adviser .  

I had  gladly accep ted  their  offer  and  on that  very  day  s ta r t ed  
dec ipher ing  the mathemat ica l  inscr ipt ions  tha t  covered  all 
the  wal ls  and floors. It soon b e c a m e  clear  to me tha t  wha t  

had  been  d iscovered  here  were  some  of  the ~ t i n g s  of  the 
famous  mathemat ica l  p rophe t  J. Tits, in which  he c la ims 
that  there  is  a world he refers  to as  GENERALIZED FLATLAND 
tha t  ex tends  our  world.  Of course  every child knows  that  

these  wri t ings had been  condemned  as  heresy  and de- 
s t royed  a long t ime ago. I was  afraid to  reveal  m y  discov- 
ery to  my  col leagues in fear  tha t  they  might  des t roy  wha t  
tu rned  out  to be of  true mathemat ica l  beauty,  even though 

not  referr ing to some real  wor ld  as  c la imed by the prophet .  
My col leagues  had a l ready re t i red  to their  tents  while I was  
still  t rying to unravel  the  myster ies  of  a pentagonal  paint-  

ing (Fig. 2) that  occupied  the in ter ior  of  one of  the rooms.  
After  severa l  hours  of  work,  I summar ized  in mathemat i -  

cal language what  I had learned  so far from the inscr ipt ions  
a b o u t  GENERALIZED FLATLAND and its natives. 

The  g e o m e t r y  o f  GENERALIZED FLATLAND. Remember that a 

(point-line) geometry consis ts  o f  a nonempty set of points 

and a nonempty  set  o f  subse ts  of  the poin t  se t  cal led lines, 
such that  every po in t  is contained in at  leas t  two  lines and 

every line conta ins  at  leas t  two points.  Two geometr ies  are  
isomorphic if  and  only if there  is a bi ject ion be tween  the 
point  se ts  of  the  two geometr ies  tha t  ex tends  to a bi ject ion 
be tween  thei r  l ine sets.  

Every graph can  be in terpre ted  as  a geometry.  Here the 
ver t ices  of  the  graph are  the points,  and  assoc ia ted  with 
every edge is a l ine consis t ing of  the  two  ver t ices  conta ined  
in this edge. In par t icular ,  an ordinary n-gon is a geom- 

etry that  is i somorph ic  to the geomet ry  of  ver t ices  and 
edges of  a regular  n-gon in the plane,  tha t  is, one of the na- 
tives of  FLATLAND. 

Just  as a graph can have mult iple edges,  that  is, two or  
more edges that  connec t  the same two vert ices,  a geom- 

etry can have mult ip le  lines that  cannot  be  dis t inguished 
by jus t  looking at  the  points  conta ined  in them. 

Let uj be a geomet ry  with poin t  set  P and line set  L. A 
geometry  ~ '  wi th  po in t  se t  P '  and line set  L '  is contained 
in ~, if the fol lowing three  condi t ions  are  satisfied: (1) P '  C 

P;  (2) every line in L '  is conta ined in a line in L; and (3) no 
two lines of  L '  are  conta ined  in one line of  L. 
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The natives of  GENERALIZED FLATLAND are the generalized 
polygons. Every generalized polygon is a generalized n-gon 
for some n --> 2 and has an order (s, t), 1 <- s, t. 

Generalized 2-gons, 3-gons, 4-gons, etc., are also called 
generalized digons, triangles, quadrangles, etc., respec- 
tively. Furthermore, an ordinary digon is just  a graph con- 
sisting of  two vertices that are connected by two edges. If 
a generalized polygon is of  order  (s, t), s = t, we also say 
that it is of  order s. A generalized n-gon is f i n i t e  if it con- 
tains only finitely many points and lines. 

H o w  I c a m e  to  GENERALIZED FLATLAND a n d  w h a t  I s a w  t h e r e  

Although I did not fully understand these words, everything 

that  I had learned in university seemed to suggest that  we 
ordinary n-gons are the only generalized polygons and that 
therefore GENERALIZED FLATLAND = FLATLAND. A t  the same 
time I felt an irresistible urge to study the drawing (Fig. 2) 
further. At that point only a few grains of  sand in the hour- 
glass separated us f rom the new millennium. 

Clearly, this drawing was  supposed to be a picture of  
some geometry with 15 points and 15 lines (the 5 sides of 
the pentagon plus the 5 medians plus 5 circle segments), 
each point contained in 3 lines and each line containing 3 
points. The overall shape seemed to suggest that this was 
a generalized pentagon, but I quickly discovered a number  
of  quadrangles in the picture, no digons and no triangles, 

Figure 2. A sandpainting of the QUADRANGLE. 
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though. A true general ized quadrangle  of  o rder  2? Every- 
thing in me revol ted against  the mere  idea and I exc la imed  
aloud: "GENERALIZED FLATLAND, what  nonsense!" 

Stra ightaway I became  consc ious  of a p resence  and 
someone  whispering, "Nonsense,  is it  indeed?" At the  santo 
t ime the paint ing on the f loor  s eemed  to come alive and 

f ight  in f ront  of  my eyes  first  tu rned  into a square,  then into 
a pentagon,  and  then it t ook  on ever- increasing "gonalities" 
until, finally, it  consol ida ted  into a 15-gon. 

STRANGER: "What kind of  mathemat ic ian  are you not  to be- 
lieve in ax ioms and proofs  that  your  own mind suppl ies  to 

you? Do you really have to see  to bel ieve? Behold, then, as 
I am the general ized quadrangle  whose  shadow you have 
been  s tar ing at for such a long time." 

I: "Pardon me, my Lord, but  a l though you seem to have 
many  gonal i t ies  they all s eem to be dist inct  and  uncon-  

nected,  and  at the momen t  I only see  a 15-gon." 
STRANGER: "Why, of course this is because  I am thick-- that  

is, a general ized polygon that  has  at  least  3 points  to every 

line and at  least  3 lines through every point. One of  us thick 
ones jus t  does  not  fit into FLATLAND, and a thin general ized 
polygon like you can only see  one of  my ordinary n-gons at  

a time. Ah, I can see it in your  eyes, you still don ' t  bel ieve 
me. Stay!" [I was inching my way  towards  the ent rance  of  
the room.] "I will prove to you that  GENERALIZED FLATLAND v e 
FLATLAND. Let me first tell you about  the generalized digons, 

the s imples t  generalized polygons.  In a generalized digon 
there  is a line that  contains  all the points  of  the geometry,  
and  all l ines are jus t  copies  of  this  line. Of course  tltis also 

implies that  every point  is contained in all lines. Q.E.D." 
I: "Dear  Sir, with all due respect ,  but, being jus t  a collec-  
t ion of  ident ical  copies  of  a line (which most  cer ta inly  lives 
in FLATLAND), I cannot  but  think of  these  geometr ies  as  l ines 

who p re t end  to be more  than  wha t  they real ly are. If this  
is the  only evidence you can muster ,  I have to say that  I am 
not  convinced."  

STRANGER: "Of course you are right, but  how can you be so 
hasty? Following good mathematical  practice, I s tarted by cov- 
ering all those examples that, although not really having a life 
of  their  own at first sight, still fit the axioms. Now, listen fur- 
ther. The next  step up from you ordinary polygons are the 
s l im generalized polygons. Being neither  thin nor  thick, they 

are lost  inanimate souls caught be tween your world and mine, 
present  in both yet not  belonging to either. For  example, the 
simple square grids are examples  of  slim generalized quad- 
rangles. Mistaking these pitiable beings as natural features, 
you have built  your cities based  on their  underlying structure." 

As he said this the s t ranger  po in ted  to a drawing of  a 
grid in one  of  the corners  o f  the  r o o m  (see Figure 3). 

I: "Hmm, again these  beings  can  still  be  cons idered  as  be- 
longing to FLAT~ND, and as you said  yourself,  they  are  re- 
al ly quite dead  and amount  to nothing special." 

STRANGER: "Ah, yOU are  real ly  very hard  to please.  How shall  
I convince  you? Well, all good  things come in three,  so let  
us  move  on to the general ized triangles.  By Axiom Q2, a 

Figure 3. A grid and its dual, two slim generalized quadrangles. The  

black and gray lines in the grid correspond to the points of the cor- 

responding colour in the graph. (The dual makes its appearance later 

in the story.) 

general ized n-gon, n > 2, does not  conta in  any digons. This 

jus t  means  that  2 of  its points  are connec t ed  by  at  most  1 
line and that  2 of  i ts l ines in tersect  in at  mos t  1 point. This 
observat ion and Axiom Q3 imply that  in a general ized tri- 

angle 2 poin ts  are  conta ined  in exact ly  1 line and 2 lines in- 
te rsec t  in exac t ly  1 point." 
I: "Walt, that  sounds  very  familiar! Doesn ' t  this  mean that  

the th ick genera l ized  tr iangles are  ju s t  the  project ive 
planes?" 
STRANGER: "Finally, you are beginning to  unders tand.  Gen- 

eral ized t r iangles  are  something your  mathemat ic ians  have 
known for a long time, only not  by  thei r  rightful name." 
I: "Oh yes, I see. But still, project ive  planes,  or  general ized 

triangles, are  ju s t  abs t rac t  mathemat ica l  s t ructures .  They 
do not  real ly  exist ." 

STRANGER: "That does  it! Deeds are called for and  not  words. 
I will introduce you to the members  of  my  family: the POLY- 
GONS consisting of the DIGON, the TRIANGLE (also known as the 

smallest  projective plane or  the Fano plane), the QUADRANGLE 
(myself), and the Siamese twins the HEXAGON and its dual. We 

are the only generalized polygons with exact ly 3 points on 
every line and 3 lines through every point. As our names sug- 
gest, we are generalized digon, triangle, quadrangle, and hexa- 

gon, respectively. As a family we occupy as prominent  a po- 
sition in GENERMJZED FLATLAND as my brother  the TRIANGLE does 

among the projective planes. Now, out of  your  plane you go!" 

At this  m o m e n t  an unspeakable  ho r ro r  se ized me and I 
was no longer  "in" the  room with the  painting. Neverthe- 
less, I was  still  ab le  to see  it in a s t range way  that  reminded  
me very much  of  the  account  of  SPACELAND tha t  my grand- 
father  had given. I no t iced  that  the  paint ing had  changed, 

as now a small  drawing of  a hexagon was  visible at  the spot  
where  I had  s tood  jus t  a moment  ago. I tu rned  "around" 
and for the first  t ime I beheld  the QUADRANGLE in all his glory 

and real ized tha t  jus t  as  the paint ing was  his shadow, the 
addi t ion to the  pa in t ing  was my own. Before I had been  
separa ted  f rom FLATLAND I mus t  have u t te red  a loud cry, be- 
cause  some  o f  the  a rchaeologis t s  were  nmning  towards  the 
very spo t  I had  occup ied  jus t  a momen t  earlier.  

T h e  TRIANGLE 

QUADRANGLE: "Now listen, you need  to learn  as  much as you 
can about  us if, on your  return, you don ' t  wan t  to share 
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Figure 4. The most famous shadow of the TRIANGLE. 

your  grandfa ther ' s  fate. Meet  my b ro the r  the TRIANGLE, the 

smal les t  projec t ive  plane!" 

The 7-Gonality of  the  TRIANGLE He vanished,  and his p lace  
was  taken  by  a s t ranger  who  in t roduced  himself  as the 

TRIANGLE. I no t iced  that  my fr iends the  archaeologis t s  were  
frant ical ly gestur ing at the  paint ing on the floor, which had 
also changed  its shape. Clearly, this  was  the  shadow of  the 

TRIANGLE (see Figure 4 for  a recons t ruc t ion  of wha t  my 
fr iends saw). As one person,  my compan ions  were  seized 
by a great  fear, and first fled the room, then  the excavat ion 

site, and finally the deser t  itself, never  to return. 

TRIANGLE: "Although being very small  and  easi ly unders tood,  

I hold  the  key  to  a full unders tanding  of  m y  more  compli-  
ca ted  b ro thers  the HEXAGONS and the QUADRANGLE! To illus- 

t ra te  wha t  I mean  by this, l need  to show you a very  spe- 
cial shadow of  mysel f  on a regular  7-gon and derive a nea t  
labell ing of  my points  and lines that  will  prove ex t remely  

useful  in unders tanding  the HEXAGONS. If yOU count  care- 
fully, you will f ind that  I and  my shadows  have exact ly  7 

poin ts  and 7 lines." 

While he was  saying this he was turning inside out  in a 
comple te ly  unexpla inable  manner  and his shadow took  on 
a 7-gonal appearance .  Then he made  a sudden  movement  
that  resu l ted  in the mir ror  image of  this  7-gonal shadow 

(Fig. 5). 
In bo th  cases  the  points  of  the shadow were  the 7 poin ts  

of  the  underlying 7-gon, and its l ines were  the images  of  

Figure 5. The TRIANGLE in terms of positive and negative Fano trian- 

gles. 

one of  the two tr iangles under  success ive  ro ta t ions  through 
360/7 degrees  a round the center  of  the 7-gon. 

[: "How marvellous! Who would have guessed  by jus t  look- 
ing at your  initial shadow,  which only exhib i ted  symme- 

t r ies  of  o rders  2 and 3, that  you also have a symmet ry  of 
o rde r  7. By combining  all these  symmet r i es  we arr ive at  a 
to ta l  of  2 �9 3 �9 7 = 42 symmetr ies .  Your b ro the r  ment ioned  

that  you are also an incarnat ion  of  the smal les t  project ive  
plane. As such you should  have even more  symmetr ies ,  is 

that  not  so?" 
TRIANGLE: "That is t rue indeed. In fact, jus t  as  your  shadow 

does  not  capture  your  full being, our  shadows  only capture  
par t  of  our  complex  s tructure.  I t rus t  that  you are familiar 

wi th  the concept  of  a symmet ry  group of  a geometry?  Well 
then, jus t  r e m e m b e r  that  for me and my bro thers  our 

symmet ry  groups  act  sharp ly  t ransi t ively on the o rdered  
(n + 1)-gons conta ined  in us, where  n is our  gonality. This 

means  that  the  orders  of  these  groups  coincide  with the 
number  of  o rdered  (n + 1)-gons conta ined  in us." 
:: "Wait, bea r  with me while I am trying to under s t and  what  

you jus t  said. You are  a general ized triangle, therefore  your  
gonal i ty  is 3. F rom wha t  you jus t  said it is c lear  that  the  or- 
dered  quadrangles  conta ined  in you are very  impor tan t  to 

you." 
TRIANGLE: "So far your  reasoning is flawless,  but  can  you 

deduce  how many  such o rdered  quadrangles  are  conta ined  

in me?" 
~: "] will try. You conta in  7 poin ts  from which  to choose  the 
first  ver tex  p of  an o rde red  quadrangle.  Any of  the  re- 

maining 6 points  can be chosen  as the  second  ver tex  q. The 
connect ing  line of  p and q contains  one fur ther  poin t  that  
cannot  be chosen  as  the  third ver tex  r. This means  that  
there  are only 4 poin ts  left  to choose  this  ve r t ex  from. The 

l ines connect ing  p and q, p and r, and  q and r conta in  a to- 
tal  of  6 points.  This means  that  the last  ve r t ex  s in the  quad- 
rangle is the  remaining 7th point.  This implies  that  you con- 

tain a total  of  7 �9 6 �9 4 = 168 quadrangles!  This means  that  
your  symmet ry  group has  o rder  168. You are  t ruly sym- 

metric!" 
TRIANGLE: "Very good. You real ly think that  I am very  sym- 
metr ic?  Wait until  you encoun te r  the QUADRANGLE and the 

HEXAGONS. Their  symmet ry  groups have orders  720 and 

6196, respectively!" 
I: "Fantastic,  but  wha t  about  the DIGON?" 
TRIANGLE: "Well spot ted.  Its symmet ry  group has  o rder  36, 
and  I am sure  you will be able to verify this  for  yourse l f  
once  you think about  it  for a moment .  But enough of  this. 
We do not  have much time. Let us  again cons ider  my  7-go- 

nal  shadows.  I call the  l ines in the shadow that  co r r e spond  
to the  left and right d iagrams positive and negative Fano 
triangles. One more  mode l  of  me is hiding in this  picture.  
Its poin ts  are  the  left  Fano  t r iangles  and its l ines a re  the 
r ight  Fano  tr iangles.  Here a poin t  is abs t rac t ly  conta ined  in 

a line if and only if the cor responding  t r iangles  have ex- 
act ly  one ver tex  of  the  underlying 7-gon in common.  You 
will unders tand  wha t  I mean  by this af ter  you have been  

ins t ruc ted  in the myster ies  of  doubling." 
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The punishment of doubling 

TRIANGLE: "The double (also incidence graph) of  a point-l ine 

geomet ry  is the graph whose  ver t ices  are the  poin ts  and 
l ines of the geometry.  Two ver t ices  are connec t ed  by an 
edge if and only if they  co r respond  to a po in t  and a line 

such  that  the po in t  is conta ined  in the line. Note that  all 
the  informat ion abou t  a geomet ry  is conta ined  in its dou- 
ble, which means  tha t  you  don ' t  real ly die when  you are 

doubled.  On the o the r  hand, s ince doubles  also get 
squashed into your  FLATLAND, it is general ly  be l ieved  that  
we  lose all awareness  of  ourselves  after  having been  dou- 

bled. In fact, t radi t ional ly  the wors t  pun i shment  for  a th ick 
general ized polygon is to be doubled, and this  is exac t ly  
wha t  is going to happen  to us POLYGONS if the  o ther  thick 

general ized polygons  find out  about  us ta lking to you." 
I: "If I unders tand  you correct ly,  then the double  of  one of 
us  ordinary  n-gons should  be  an ordinary 2n-gon and, since 
we live in FLATLAND to s tar t  with and our  s ta tus  is direct ly  

dependen t  on our  gonality,  doubling should  be ju s t  about  
the  bes t  thing that  can  happen  to one of  us." 
TRIANGLE: "You are  very  quick; but, unlike you thin ones, 

mos t  thick general ized polygons  cease  to be  general ized 
polygons  after  being doubled,  and their  gonal i ty  is irre- 
t r ievably lost  in the  p roce s s  of  doubling." 

I: "But why? After  all, any ordinary  k-gon in a geomet ry  be- 
comes  an ordinary 2k-gon in its double  and any ord inary  l- 
gon in the double  comes  f rom an ord inary  l/2-gon in the 

original geometry.  So, any doubled  geomet ry  conta ins  only 
ord inary  n-gons with even n. Also, if the  original  geomet ry  
conta ins  no ord inary  k-guns with k < n, then  the double  
conta ins  no ord inary  k-gons with k < 2n. Doesn ' t  this  im- 

p ly  that  the double  of  a general ized polygon is j u s t  another  
general ized polygon?" 
TRIANGLE: "YOU forgot about  Axiom Q1. Your arguments  only 
take care of  Axioms Q2 and Q3. In fact, it is exact ly  the gen- 
eralized n-gons of  order  t that  turn into slim generalized 2n- 

gons after doubling. This means  that, for example,  we the 
POLYGONS are still generalized polygons after having been  dou- 
bled. Using this revolut ionary insight, my brothers  and I dis- 
covered we could del iberately double ourselves, live in this 
s tate in FLATLAND for ex tended periods of  time, and revert  to 

our  usual states whenever  it p leased us. It was  during those 
visits that we took a liking to your kind and decided to help 
you claim your rightful p lace  in GENERALIZED FLATLAND." 

He p roceeded  to demons t ra te  what  he mean t  by  dou- 
bling himself, a p roces s  too  awful to descr ibe  in detail ,  at 

the  end of  which he (or  his double)  co inc ided  with  his 
shadow. Figure 6 shows  the double  of  the TRIANGLE whose  
ver t ices  have been  label led  with the two different  k inds  of  
Fano  triangles. It is c lear  that  this double  is a s l im gener- 
al ized hexagon.  

The  HEXAGONS 

TRIANGLE: "So far it  s eems  that  we have found in you a fit 
apos t le  for the gospel  of  GENERALITY. But let  us see  how you 

fare in the p resence  of  the  HEXAGONS." 

Figure 6. The double of the TRIANGLE. Vertices are connected by an 

edge if the triangles in their labels share exactly one point of the un- 

der ly ing 7-gon. 

A n a r r o w  e s c a p e  With a laugh he vanished  and his p lace  

was  t aken  by  a being so glor ious in appearance  and 
complex i ty  tha t  at first I was  too  dazzled to pay  any 
a t tent ion  to wha t  the being was  saying. But even when  I 
had  r ecove red  enough to pay  a t ten t ion  to  the  noise  

emanat ing  f rom it, I could not  make  out  any words.  Also, 
the being s eemed  to f l icker be tween  two comple te ly  
different  s tates.  As I watched,  it became  more  and more  
agi ta ted and s ta r ted  making threa ten ing  moves  towards  me. 
Finally, something  c l icked into p lace  in my mind, and  

flicking open  a certain page in my  no tebook  I r e read  a 
passage  that  I had  t rans la ted  ear l ier  on and that  had  made  
no sense  to me at that  time. 

The dual of  a geometry  ~ is cons t ruc ted  by interchang-  
ing the  roles  of  points  and l ines in ~.  More precisely,  its 
po in ts  are  the  lines of  uS, and  to every  point  of  u5 corre-  
sponds  a line of  the  dual  consis t ing of  all l ines in ~5 con- 
taining this  point. A geomet ry  is cal led self-dual if it is 
i somorph ic  to its dual, and an i somorph ism be tween  a 
geomet ry  and its dual  is cal led a duality. 

Clearly, I thought  to myself, if  all this  is true, then  we 

ord inary  n-gons  are self-dual; the  dual  of  a grid is a com- 
ple te  b ipar t i te  graph; and, come to th ink of  it, there  was  
such a graph drawn right nex t  to the  grid that  the QUAD- 

RANGLE had poin ted  out  to me (see  again Figure 3). Also, 
s ince  the  TRIANGLE and the QUADRANGLE are  the only small-  
est  th ick  general ized tr iangle and  quadrangle,  they mus t  
both  be self-dual, that  is, coincide  with their  duals. In fact, 
the self-duali ty of  the TRIANGLE fol lows immedia te ly  f rom 

its descr ip t ion  in terms of  Fano  tr iangles,  and a duali ty cor- 
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responds to a reflection of Figure 6 through its vertical sym- 

metry axis. On the other hand, the HEXAGONS must  be two 

separate geometries that are forever intertwined by a du- 

ality; what  I was witnessing here was the two HEXAGONS 

speaking to me at the same time. Time was running out, 

and if I didn' t  want  to be squashed under  the weight of the 

HEXAGONS, I had to find a way to communicate  with them. 

I started blinking my eyes and ears in unison with the flick- 

ering of the HEXAGONS and, lo and behold, I was able to see 

and hear only one of them. 

HEXAGON: "Congratulations. One moment  longer, and we 

would have doubled you (and your  intelligence)." 

Here he laughed a mischievous laugh, and it occurred 

to me in a flash that I had jus t  missed a unique opportuni ty  

to raise my gonality from 6 to 12. 

A simple numbers test 

HEXAGON: "But then again, doubling is a fairly painful  

process and you might not  have enjoyed it. Anyway, please 

refer to me as the (Cayley) HEXAGON. I will speak for both 

myself  and my dual. In the future you may encounter  other 

geometries who will pre tend to be one of us POLYGONS and 

try to dissuade you from lighting the fire of GENERALITY in 

FLATLAND. Therefore, let us start  by deducing some basic 

propert ies of us HEXAGONS, such  as the number  of our points  

and lines, and a simple test that will allow you to distin- 

guish us from any impostor. 

"You have seen that  poin ts  and  l ines play similar  roles. 

So let us  refer to the points  and l ines of a geometry jo in t ly  

as its vertices, and induct ively define a dis tance be tween  

the vertices. The vertices at d is tance 1 from a point  are 

the l ines through this point,  and  the vertices at d is tance 

1 from a line are the points  on this line. Given a ver tex e, 

the only ver tex at dis tance 0 from e is e itself. A vertex is 

at d is tance n > t from e if it is no t  at dis tance m < n and 

if it is at dis tance 1 from a ver tex at distance n - 1 from 

e. The diameter  of a geometry is the max imum dis tance 

be tween  two of its vertices. As an immediate  consequence  

of Axiom Q3 we see that  a generalized n-gon has diame- 

ter  n." 

r: "Does this mean  that if e is a point, then all vertices at 

odd and even distances from e are lines and points, re- 

spectively?" 

HEXAGON: "That is correct. Given one of our vertices e, we 

can now count  the number  D e of vertices at distance n from 

e using the axioms, the inductive definition above, and the 

fact that there are exactly 3 vertices at distance 1 from e. 
e We conclude that Dg = 1, D~ = 3, D e = 2Dg-t for 2 --< n --< 

5. If e is a point, then a line is at distance 1, 3, or 5. This 

means  that there is a total of 3 + 12 + 48 = 63 lines. The 

dual a rgument  yields that there are also 63 points. Conse- 

quently, D~ = 63 - (1 + 6 + 24) = 32. 

"Simple counting arguments  also show that  a geometry 

with 63 points  and 63 lines is one of us HEXAGONS if and only 

if, for all n with 1 -< n --- 5 and vertices e, the numbers  D e 

coincide with the corresponding ones in us HEXAGONS. Us- 

ing similar arguments,  simple counting criteria can be de- 
duced for any finite generalized polygon." 

~: "Of course. In fact, I can see immediately that a geome- 

try with 7 points  and 7 lines is your  brother  the TRIANGLE if 

and only if DE = 3 and D~ = 6 for all its vertices." 

From TRIANGLE t o  HEXAGON 

HEXAGON: "Very good. Now behold my shadow (Fig. 7). 

Pretty, isn ' t  i t , . . ,  but  I am sure you would not  be able to 

remember  it, if I didn' t  tell you a little bit more about  the 

way I am built. In the following I will describe my vertices 

in terms of the vertices of my brother  the TRIANGLE. To avoid 

confusion, I will refer to vertices of the TRIANGLE as T-ver- 

tices and vertices of me the HEXAGON as H-vertices. A point- 

line pair  {p, L} of a geometry is called a flag or anti-flag if 
p is or is not  conta ined in L, respectively. 

"Look at me closely. Can you see that I have 4 different 

kinds of H-points? These are the T-points (7), T-lines (7), 

flags (7 T-points �9 3 T-lines through a T-point = 21 flags) 

and anti-flags (7 T-points - 4 T-lines not  through a T-point = 

28 anti-flags) of the TRIANGLE. This gives a total of 7 § 7 + 

21 + 28 = 63 H-points. There are two different kinds of H- 

lines containing 3 H-points each. H-lines of the first kind 

are sets of the form {p, L, {p, L}}, where {p, L} is a flag of 

the TRIANGLE. Clearly there are as many  H-lines of this type 

as there are flags of the TRIANGLE; that is, there are 21 such 

H-lines. An H-line of the second kind is of the form {{p, L}, 

{q, M}, {r, N}}, where (1) {p, L} is a flag; (2) p, q, and r are 

the 3 T-points conta ined in L; (3) L, M, and N are the 3 T- 

lines through p. This implies that both {q, M} and {r, N} are 

anti-flags. It is clear that there are two such H-lines asso- 

ciated with every flag of the TRIANGLE, that  is, there are 42 

such H-lines. This gives a total of 21 + 42 = 63 H-lines." 

I: "Wait, wait, let me check this using the numbers  test. 

Hmm, from what the TRIANGLE has told me about itself I 

know that its symmetry group acts transitively on its sets 

of points, lines, flags, and anti-flags. This means  that none  

of these objects is distinguished in any way, and it suffices 

to check that the numbers  D e pan  out for the four essen- 

tially different kinds of H-points and the two essentially dif- 
ferent kinds of H-lines. Now, if we t a k e . . . "  

A magic labelling of H-points and H-lines 

HEXAGON: "Correct, correct, but  the rest  is jus t  t r iv ia l  book- 

keeping. I am afraid we don' t  have the t ime for this right 

now. Instead, let us draw my shadow based on the above 

description. We start with the model  of the TRIANGLE whose 

points and lines are positive and negative Fano triangles, 

as in Figure 6. With respect to this model  there are 9 es- 

sentially different H-points of the HEXAGON as illustrated by 

the first row of labels in Figure 8. The remaining (labels of) 

H-points are the images of these 9 labels under  successive 

rotat ions through 360/7 degrees a round the center  of the 
underlying 7-gon. 

"We replace every label by a simpler label as indicated 

by the second row in Figure 8. Rotated labels get replaced 

by new labels that have been rotated in a corresponding 
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Figure 8. Labels for the points of the HEXAGON. 

manner .  Note that  the new labels  co r respond  in a na tura l  

way  to all 1-, 2-, and 3-element  subse t s  of  the set  consist-  
ing of  the  7 ver t ices  of  the underlying 7-gon. In te rms of  the 
new labels  there  are 9 essent ia l ly  different  kinds of  l ines of  
the HEXAGON; see Figure 9. 

"It is c lear  that  every symmet ry  and duali ty of  the  TRI- 
ANGLE induces  a symmet ry  of  the  HEXAGON. Encoded  in the  

labels  is an order  7 symmet ry  of  the  TRIANGLE and an o rde r  
2 symmet ry  that  co r responds  to a duali ty of  the TRIANGLE. 
Using the labels,  it is easy  to recons t ruc t  my shadow; see  
Figure  7." 

I: "I under s t and  all this. Excep t  for  the  s tep where  you re- 
p lace  the  original labels  by new labels.  It s eems  that  the  
new label  assoc ia ted  with a label  containing two Fano  tri- 

angles  is e i ther  the symmet r ic  difference of  the  two trian- 
gles o r  the  complement  of  this difference." 

Strength in projective spaces 

HEXAGON: "Ah, yes that  is correct .  In fact, the main  source  
of  our  p o w e r  can be expla ined  using the mathemat ica l  op- 
erat ion that  cor responds  to this 's tep. '  Let S be a set  wi th  

an odd number  ISI > 1 of  e lements ,  and let $1/2 be the set  
of  all nonempty  subse ts  of  S with fewer  than IsI/2 elements .  

If A, B ~ $1/2, A r B, let  D be the  symmetr ic  difference of  
A and B and define A ~ B to be  D if D E Su2 or  S \ D oth- 
erwise.  We define a geomet ry  ~6(S) whose  point  set  is S and 
whose  l ines are  the sets  {A, B, A G B} where  A and B are 
dis t inct  e lements  of  S. Every line in this  geometry  conta ins  
3 points .  Fur thermore ,  given two poin ts  P and Q on a line, 

the  th i rd  po in t  on the line is a lways  P ~ Q. This impl ies  
that  any two points  in the geomet ry  are conta ined  in ex- 
act ly  one line. Closer  inspect ion  reveals  that  the  geomet ry  

is i somorph ic  to the project ive  space  of  d imension ISI - 2 

over  the field with two elements,  for shor t  PG(iS ! - 2, 2). 

See [10] and [8] for more  details  about  this represen ta t ion  
of  PG(IS I - 2, 2). 

"As you have a l ready  observed,  the  rule that  assigns a 
new label to one of  the  original labels  can also be s ta ted  in 
terms of  the opera t ion  0 .  Here S consis ts  of  the  ver t ices  

of  the underlying 7-gon, and if a label  consis ts  of  two Fano  
tr iangles A and B (sets  of  three vert ices) ,  then the new la- 
bel  is A �9 B. 

"With the above  remarks  it should be  c lear  to you that  
my H-points coincide  with the points  of  the  5-dimensional  
project ive space  PG(5, 2). Fur thermore ,  . . .  " 

I: "I think I know what  you are getting at. Your lines are 
a l s o . . ,  wait, let  me double-check t h i s . . .  Yes, any two H- 

points  on any o f  your  H-lines |  up to the  third H-point 
on this H-line." 

HEXAGON: "Exactly! This means  that  l am a subgeomet ry  
right at the cen te r  of  this  project ive space,  which  is an im- 
por tan t  source  of  p o w e r  for me." 

I: "So there  real ly  are  beings that  live in spaces  of  a di- 
mension grea ter  than two, jus t  as my grandfa ther  claimed 

(al though this d imens ion  is quite different  f rom the 'tangi- 
ble '  d imensions  he had  in mind!)." 

Hyperplanes, Heawood graph, and Coxeter  graph 

I: "How miracu lous ly  all this fits together!  But I am sure 
that  there  is much  more  beauty  hiding in your  shadow. For  
example,  I jus t  no t i ced  that  every one of  the  H-line labels  
in Figure 9 conta ins  exact ly  one i sosceles  triangle. This 

seems to suggest  that  the  H-points that  co r r e spond  to these  
labels  form a very  special  set  of  points." 

HEXAGON: "We have indeed  made the right choice  in select-  
ing you to be our  messenger!  Your r emark  reminds  me of  

Figure 9. Labels for the l ines of  the HEXAGON. 
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something else we should talk about.  By now you will prob-  
ably have guessed  that  the kind of  conversa t ion  we are  hav- 

ing is ex t remely  dangerous.  It is only poss ib le  during the 
first hours  of  a new millennium, because  at  this t ime the 

BUILDINGS we are  par t  of are too  busy  ce lebra t ing  to broad-  
cas t  every word  that  is sa id  to the  res t  of  ( thick) GENERAL- 
IZED FLATLAND. To be  able to communica te  wi th  us even af- 

ter  your  re turn  to FLATLAND, yOU have to know a little abou t  
the flat  subgeomet r ies  that  my different  kinds of H-points 

and H-lines co r respond  to. 
"A geometric hyperplane H of a geomet ry  is a se t  of  

points  such that  every line e i ther  conta ins  exact ly  one poin t  

of  H or  is comple te ly  conta ined  in H. The set  of  all flag H- 
poin ts  ( i sosceles  tr iangles)  is a special  geometr ic  hyper-  
p lane that  in tersec ts  every H-line in exact ly  one poin t  

(every one of  the  labels  in Figure 9 conta ins  exact ly  one 
such tr iangle).  Imagine that  we remove  the points  of  this  
hyperp lane  from me and my H-lines. Then we are left with 

two famous  graphs:  the Coxete r  graph, and  the double  of  
the TRIANGLE, which  in FLATLAND is alSO known as the Hea- 

wood  graph. 
"The ver t ices  of  the  Heawood  graph are  the  H-points that  

co r respond  to po in ts  and l ines of  the TRIANGLE. The edges  
of  this graph are  induced  by the H-lines of  the  point/ l ine/flag 

type. The pic ture  of  the Heawood  graph right in the mid- 
dle of  my shadow in Figure 7 co r re sponds  to Figure 6. 

"The ver t ices  of  the Coxeter  graph are  the  H-points cor- 
responding  to the  anti-flags of  the TRIANGLE. The edges  of  
this  graph are  induced by the H-lines of  the flag/anti- 

flag/anti-flag type. This co r r e sponds  to a wel l -known rep- 
resen ta t ion  of  the Coxete r  graph; see  [6]. Also, the p ic ture  
of  this  graph in the  middle of  Figure 7 corresponds ,  via  

some obvious  rearrangements ,  to the mos t  famous repre-  
senta t ion  of  this graph dep ic ted  in Figure 1 (three 7-gons 

jo ined  toge ther  via  7 ex t ra  points) .  
"By the way, the presence  of  a specia l  hyperp lane  as 

above dis t inguishes  me from my dual. Also, af ter  you are  
back  in FLATLAND I will keep these  two graphs  immersed  in 
FLATLAND SO t h a t  y o u  c a n  communica te  with me via e i ther  

one of  them." 

M i s f o r t u n e  S t r i k e s  

At this momen t  the BUILDING we were  hiding in s tar ted  shak- 

ing violently. 

HEXAGON: "We are  discovered! Dear friend, a lways remem- 
ber  wha t  we have told you today,  and no mat te r  what  hap- 
pens  now you should  be able  to find me and my bro thers  

again and finish wha t  we have begun. Beware  of the OCTA- 

GON in the  PENTAGON~ b e c a u s e . . .  " 
THUNDERING VOICE: "HEXAGON, y o u  and your  bro thers  have 
commi t ted  the  heinous  cr ime of  communica t ing  with the 

thin ones.  Fo r  this  you will suffer the  terr ible  fate of  

doubling." 
At this  momen t  the ceiling s l ammed  down on my new 

friend and me, and we were both  squashed back  into FLAT- 

LAND. When I rega ined  consc iousness  it was  morning, and 

I found myself  in the very  room where  all this  had started.  
I automat ica l ly  a s sumed  tha t  the night 's  adventure  had 
been  a d ream induced  by  what  I had read  on the wails. But 

then  I d iscovered that  all the  writ ings had  vanished  and that  
none  of my compan ions  was  anywhere  to be  seen. I also 

found, to my ut ter  amazement ,  that  my gonal i ty  had been  
ra ised  to 12--I  had been  doubled.  Although still  somewha t  
shaken,  l immedia te ly  s ta r ted  looking for the  doubles  of 

the  POLYGONS--to no avail. I real ized that, using my doubled  
IQ and the unproces sed  notes  in my notebook,  I first  had 
to deduce  as much as  poss ib le  about  the POLYGONS and their  

doubles;  then, to convince  you my fel low f la t landers  of 
thei r  existence,  locate  their  whereabou t s  in FLATLAND, and 

with  their  help claim our  rightful p lace  in full GENERALITY. 

T h e  QUADRANGLE and  t h e  omeN 

It was  a long jou rney  back  home. I spent  mos t  of  the t ime 

organizing my notes  and developing a mathemat ica l  theory  
o f  GENERALIZED FLATLAND. 

Fol lowing the p roc e du re s  the HEXAGON had  in t roduced  
me to, it was easy to show that  the QUADRANGLE has  15 points  

and  15 lines, that  its d iamete r  is 4, that  D~ = 1, D~ = 3, D~ = 
6, D~ = 12, D~ = 8 for all ver t ices  of  the QUADRANGLE, and 

that  these  numbers  suffice to recognize the  QUADRANGLE 
among geometries .  I also found a geometr ic  cons t ruc t ion  

of  the  QUADRANGLE as a derived geometry at a poin t  of  the 
HEXAGON; see [3]. However,  this  cons t ruc t ion  is ra ther  com- 
pl icated,  and execut ing it within the shadow of  the HEXA- 

GON yields  a model  of  the  QUADRANGLE with only very  few 
symmetr ies .  After  two s leepless  days  and nights, I finally 
succeeded  in recons t ruc t ing  the  shadow tha t  I first  saw in 

the  ruins. 

The Shadow of the aUADRANaLE revisited Let S be the set  of 
ver t ices  of  a regular  pentagon.  The points  of  the shadow 

are  all e lements  of  $1/2, that  is, all 1- and 2-element  subsets  

of  S. The lines are the par t i t ions  of S into two 2-element  
subsets  and one 1-element subse t  of  S. Then there  are 
essent ia l ly  3 different  kinds of  poin ts  and  3 different  kinds 

of  lines, as i l lustrated by  the labels  in Figure 10. Of course  
this  represen ta t ion  para l le ls  the represen ta t ion  of  the 
HEXAGON as a subgeomet ry  of  the project ive  space  PG(5, 2) 
and  identif ies  the  QUADRANGLE as a subgeomet ry  right in 

the  middle  PG(3, 2). Using the labels,  it  is poss ib le  to 
recons t ruc t  the shadow of  the  QUADRANGLE as in Figure 7. 

Geometric hyperplane and Petersen graph Just l ike the 
HEXAGON, the QUADRANGLE also contains  geometr ic  hyper-  
p lanes  that  in tersec t  every line in exact ly  one point.  One is 

visible right in the  cen t re  of  i ts shadow. It consis ts  of  the 
five 1-point subse t s  of  S. If we remove the po in ts  of  this 

hyperp lane  from the QUADRANGLE and its lines, we are  left 
wi th  the famous Pe te rsen  graph. Also, the  p ic ture  of  

this  graph in the d iagram of  the QUADRANGLE in Figure 7 
co r re sponds  to the mos t  famous represen ta t ion  of  this 
graph depic ted  in Figure 1 ( two 5-gons jo ined  together) .  I 
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Figure 10. The points and lines of the QUADRANGLE. 

assume  that  the QUADRANGLE planned  to s tay in touch  with 
us  in this  form. 

F o r  comple teness '  sake  I r emark  that  the l ines of  the  TRI- 
ANGLE are  geometr ic  hyperplanes .  After  delet ing one of  
these  hyperp lanes  from the TRIANGLE, we are  left  wi th  the  

comple te  graph on four  vert ices.  As you are  p robab ly  
aware,  this  graph, the Pe te r sen  graph, and the Coxe te r  
graph are  a lmost  as  homogeneous  as the POLYGONS they  are  
con ta ined  in; see [2]. 

The derived geometry and from DIGON to QUADRANGLE You 

are  asking me where  in all this  the  DIGON fits in? Al though 

I never  had the honor  of  meet ing  the DIGON, I found it very  
easy  to recons t ruc t  its shadow (see Fig. 7). Note that  it 

con ta ins  3 poin ts  and 3 lines, and  that  every line conta ins  
all the  points.  Your first  r eac t ion  may be s imilar  to mine  
when  the QUADRANGLE ill"St in t roduced  me to general ized 

digons: "What's the  big deal?" Well, it turns  out  tha t  there  
is a labell ing of  the  QUADRANGLE in terms of  the  DIGON that  
is the  d i rec t  equivalent of  the  labell ing of  the  HEXAGON in 

t e rms  o f  the  TRIANGLE: The po in t s  of  the  QUADRANGLE are  the 
points ,  lines, and flags of  the  DIGON. There are  two kinds  of  
lines. The lines of  the first  kind are  of  the form {p, L, {p, L}}, 

where  {p, L} is a flag of  the DIGON. The lines of  the  second  
kind are  of  the form {{p, L}, {q, M}, {r, N}} such tha t  {p, q, r} 
and {L, M, N} are the poin t  and  line sets  of  the  DIGON. 

T h e  D o u b l e s  of t h e  POLYGONS 

It s eems  obvious to me that  the  POLYGONS in tended  to be  
p r e sen t  in FLATLAND in the  form of  some special  graphs.  Ac- 
cording  to their  original p lan  they  would  be  surveying 

p r o p e r  GENERALIZED FLATLAND by using only the po in ts  of  one 
of  the i r  special  geometr ic  hyperplanes ,  with the  res t  of  thei r  
bod ies  immersed  in FLATLAND (in this  form they  are  a lmos t  

invisible).  If this is wha t  they  are  doing, then to get  in touch  
with  them we have to loca te  the  graphs  in Figure  1 and Fig- 

ure  6. Of course  it is also poss ib le  that  even surveying jus t  
using a geometr ic  hyperp lane  is too  r isky at  the  m o m e n t  

and they  are existing only as  their  doubles  and are  fully im- 
m e r s e d  in FLATIAND. 

My invest igat ions had confn~med my bel ief  that  the  POLY- 
GONS had revealed their  mos t  symmetr ic  shadows  and sub- 

geometr ies  to me. I therefore  p roceeded  to recons t ruc t  the  
most  symmet r ic  represen ta t ions  of  thei r  doubles.  

I had  a l ready  encounte red  an a t t ract ive  picture of  the 
double  of  the  TRIANGLE ill Figure 6. Also, it  tu rned  out  that  
the double  o f  the  DIGON is the comple te  b ipar t i te  graph on 

6 ver t ices  in Figure 3. Of course  this  mean t  that, wi thout  
my real is ing it at  the  time, the DIGON had been  p resen t  in 
this form th roughout  my conversa t ions  with his b ro thers  
right nex t  to thei r  shadows.  

To cons t ruc t  the  bes t  pic ture  of  the double  of  the QUAD- 

RANGLE, I cons ide red  the pa th  in this  geomet ry  depic ted  in 
Figure 11. Since this  is a path,  two of  i ts ad jacent  ver t ices  
co r respond  to a flag in the QUADRANGLE. Fur thermore ,  this 

path  conta ins  the  different  kinds of  po in ts  and lines in Fig- 
ure 10 exac t ly  once,  except  for i ts beginning and its end, 
which are two poin ts  of  the same kind. If we fit toge ther  

the 5 images  of  this  path under  ro ta t ions  of  the 5-gon un- 
derlying the labels,  we arrive at a pa th  that  contains  every 

point  and  line of  the  QUADRANGLE exac t ly  once and is in- 
variant  under  the  rotat ions.  This enables  us  to draw a pic- 
ture of  the double  such  that  the ver t ices  of  the  graph are  

the ver t ices  o f  a 30-gon, two ad jacent  ver t ices  of  the 30-gon 
are connec ted  by  an edge, and ro ta t ions  through 360/5 de- 
grees a round  the cen te r  of  the 30-gon leave the double  in- 
variant.  F igure  12 is a picture of  the double  that  has been  

cons t ruc ted  in this  way. This also shows  that  the QUAD- 
RANGLE conta ins  15-gone like the one I saw in the ruins and 
that  it is self-dual. Note that  the ref lec t ion through the ver- 

t ical symmet ry  axis  of  the d iagram co r r e sponds  to a dual- 
ity of  the QUADRANGLE. 

Figure 13 shows  a similar pa th  in the HEXAGON which can 

be used to mode l  the  double  of  this  geomet ry  on a regular  
126-gon such that  two adjacent  ver t ices  of  this  polygon are  
connec ted  by  an edge, and ro ta t ions  through 360/7 degrees  
a round the cen te r  of  the polygon leave the  double  invari- 
ant. See [9, Sect ion 13.5] for a p ic ture  of the  double  that  
has been  cons t ruc ted  in this way. 

W h e r e  to F rom Here?  

When I finally arr ived back  in my hometown,  I d iscovered  

that  in my  absence  I had been accused  of  high t reason  and 
the pol ice  were  looking for me everywhere .  All this re- 

Figure 11. A special path in the QUADRANGLE. 
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Figure 12. The double of the QUADRANGLE, a generalized octagon. 

minded me so much of what  had happened to my grandfa- 

ther. Of course I was only a boy when he first told me about  

his abduction,  and at that t ime his story sounded like the 

ramblings of a madman  to me. But now that I had been  ab- 

ducted myself  and reconsidered what  he had told me with 

my doubled intellect, it all made perfect mathematical  

sense. So, why had he been  locked away for something that 

our  incredibly intelligent multigonal rulers should have rec- 

ognized as the truth? And why were the authorit ies after 

me all of a sudden? I needed time to think. Since the po- 

lice were looking for a hexagon I did not  have to fear too 

much, of course. 
But the HEXAGON had warned me to beware of the "OCTA- 

GON in the PENTAGON." What had he meant  by this? A (gen- 

Figure 13. A special path in the HEXAGON. 

) 
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eralized) octagon in a (generalized) pentagon? There must  
be infinitely many such combinations! On the other  hand, 
the way  he had pronounced  PENTAGON and OCTAGON was very 

similar  to the way he p ronounced  the names of  his brothers.  
Did this suggest that  I had to look for the smallest  thick gen- 
eral ized pentagons and oc tagons  and that these were  per- 

haps  somehow related to the  POLYGONS? I re turned to my 
studies,  and after a couple  of  weeks  of  hard work  I uncov- 
e red  some more f imdamental  proper t ies  of general ized poly- 

gons that  suggested an answer  to my problem. 

All general ized n-gons we have to worry  about  are  f i -  
nite, that  is, both  their  poin t  and  line sets  are  finite sets. 
R e m e m b e r  that  by Axiom Q1 a general ized n-gon u5 is of  

order (s, t), s, t -> 1, if every line contains  s + 1 po in ts  and 
every po in t  is conta ined in t + 1 lines. If s = t, we  also say  
that  ~5 is of  order  s. This means  that  the POLYGONS are  the 

genera l ized  polygons of  o rde r  2. Also, we ord inary  n-gons  
are, up to isomorphism,  the unique general ized n-gons of  
o rde r  1. A general ized po lygon  is sl im if e i ther  it  or  its dual  

is of  o rde r  (2, m) for  some m > 2. If ~ is not  an ord inary  
n-gon, then, by a ce lebra ted  resul t  of  Fel t  and Higman [7] 
(con temporar ies  of  the  p rophe t  J. Tits), n = 3, 4, 6, 8, or  

12, and, if n = 12, then ~6 is slim. 
The smal les t  slim general ized n-gons can be  shown to 

be  unique up to i somorph i sms  and duality. These geome- 

t r ies  a re  the general ized 2-, 4-, 6-, 8-, and 12-gons of  o rde r  
(1, 2) and their  duals. The first  (trivial) geomet ry  is the  
graph consis t ing of 2 ver t ices  tha t  are connec ted  by  3 edges  
( this  is the  DIGON minus  one of  i ts points,  that  is, minus  one 
o f  i ts geometr ic  hyperplanes) .  The remaining four  geome-  

tr ies  a re  the doubles  of  the POLYGONS. This means  tha t  all 
smal les t  non-trivial general ized polygons  are  re la ted  to the  
POLYGONS. 

So, obviously, there are no non-ordinary general ized pen- 
tagons. Hence the PENTAGON must  refer to something em- 
bedded  in FLAT[AND. Of conI~e the shape of most  of  our  build- 
ings here  in FLATLAND is that  of  a pentagon and the building 

that  houses  the best-kept  secre ts  of our government  is THE 
PENTAGON. Could that  be it? Was the HEXAGON trying to warn  
me of  my own government? All of a sudden everything 

seemed  to make sense. Clearly, the OCTAGON Was a thick gen- 
eral ized octagon that  had immersed  one of its mult igons into 
FLATLAND and under  the pre tence  of  being a circle was  rul- 
ing our  land. Further  s tudy revealed that  this OCTAGON is most  

p robab ly  a generalized oc tagon of  order  (2, 4) having 1755 
points  and 2925 lines. So far I have been able to show the 
exis tence of  only one such octagon. As I suspec ted  it is a 
dis tant  relative of the POLYGONS: Its derived geometry  is the 
unique generalized quadrangle of  order  (2, 4) which in turn 

contains  the QUADRANGLE. I bel ieve that  this general ized oc- 
tagon is unique but  have not  yet  been able to prove it. 

Fol lowing this d i scovery  I j o ined  the mathemat ica l  un- 
derground.  Since governments  are  not  in teres ted  in wha t  

mathemat ic ians  are  writing and mathemat ic ians  are exact ly  
the audience  able  to apprec ia te  this r epor t  for what  it is, I 
am submit t ing this account  to a popu la r  in ternat ional  math- 

emat ical  journal ,  the  perfect  forum for subversive mathe-  
mat ical  writings. 

For  a more  deta i led  exposi t ion  of  the  mathemat ica l  the- 
ory of  genera l ized  polygons  and the a l l -encompass ing  the- 
ory of  ma themat i ca l  buildings, see  the  recen t ly  d iscovered  

manuscr ip ts  [4], [12], [14], [16], and [17]. See [5], [9], [10], 
[11], and [13] for  fur ther  informat ion abou t  the POLYGONS. 

Enough said, my  dear  fel low flat landers.  Go forth and 
seek  out  the  POLYGONS and then onwards  to full GENERALITY! 
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