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1. Introduction

The Pompeiu problem can be formulated as follows [BZ]. Let X be a locally
compact topological space, dm a non-negative measure, G a Lie group acting
transitively on X, leaving dm invariant and K a compact subset of X (or X a family
of compact subsets of X) then the Pompeiu transform P = Pg (or P = Px) is the
map

P:.C(X) — C(G),

PO = [ L

a(
The Pompeiu problem is to decide whether P is injective for a given K (or family
K). Clearly, we can pose this problem for other spaces of functions in X, e.g.
L7, 1 < p < oo. A typical example is X = R", G = R" (acting as a group of
translations), dm = Lebesgue measure. Then

Pf(o) = (Xk *f)(-0),
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where xx is the characteristic function of K, ¢ (x) = xx(—x). f f e LP,1 < p <2,
and Pf = 0 almost everywhere, then

F(f) - Flxx) =0,

where F denotes the Fourier transform. If m(K) > 0, then F(xk) is an entire
function which does not vanish identically. It follows that F( f) = 0O almost
everywhere, so f = 0 almost everywhere. Hence P is injective, when acting in
LP(R"), 1 < p <2, for any compact set of positive measure. This reasoning fails
for L?(R"), p > 2, since we do not have the Fourier transform at our disposal.
It is easy to see that there are always exponential solutions f(x) = exp{i(a1x; +
-++ + anxn)} = €% so that convolution equation xx *f = 0. Namely, o € C”
such that F(xx)(«) = 0. This shows that Pg cannot be injective in C(R") when
G = R". Moreover, if one can find o € R* as above then Py is not injective
in L>(R"). An instance of this occurs when K a ball of radius r, then every
solution a of o - @ = %, x, a non-zero root of the Bessel function J n2 provides
a counterexample to the injectivity. These examples explain why it is customary
to consider the larger group of Euclidean motions G = M, in the case of R* for
the Pompeiu problem. There is presently a substantial lore of knowledge on the
Pompeiu problem for symmetric spaces of rank 1, X = G/K, and we refer the
reader to the delightful survey [Z2] for references and applications. More recently,
some interesting variations of the Pompeiu problem have been posed, for instance
a local version [BG1], [BG2], [BGY1], [BGY2], [Z1], i.e., only an open subset of
a Lie group acts on X. The need of considering an invariant measure is challenged
in the recent result [BP], Badertscher [B], Quinto [Q] and in many lectures by
the second author. In Carey—Kaniuth—-Moran [CKM] a different version of the
Pompeiu problem is considered (Actually it can be reduced to the one above for
special choice of X and G.) The present article is a natural continuation of our work
about the Heisenberg group H ”. This group can be represented as the boundary
of Siegel domain in C "*!, and as such, it makes sense to try to find out which
functions in H " are boundary values of holomorphic functions (CR functions). In
[ABCP] we characterized which elements of L>(H ") N C'(H ") are CR functions
in terms of vanishing integrals over spheres. We found out that a single radius
suffices for the Morera theorem in L?(H ”). To explain what this means in a simple
way let us restrict ourselves to n = 1, then H! can be identified as a set with C x R.
Letr > 0,8 =8(r) = {(z,0) : |z| = r},f € L>(H') N C'(H"), then if

(0.1) /S fla-(z,0))dz =0

for all a € H!, f is a CR function. This condition is also necessary. The reader
can easily supply the n-dimensional version of this result. This theorem holds for
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LP(H"), 1< p<?2,instead of L2(H "), and it is definitely false for L>°(H *). The
proof depended very strongly on having a good Fourier decomposition of functions
in L2(H ), due to Gindikin, and that the equation (0.1) is U(n) invariant.

In this paper we consider Pompeiu problems in L*°(H ") which are either U(n)-
invariant or T "-invariant, that is for collections KC of spheres or polydisks, and
characterize exactly the conditions on the radii that are necessary and sufficient for
the injectivity of Px in L°°(H ") and, a fortiori, in LP(H "), 1 < p < co. The Wiener
Tauberian theorem of Hulanicki and Ricci [HR] plays an essential part in our
proof. The lack of a supple version of the Paley—Weiner theorem for distributions
of compact support in H ” is what prevents us for the moment from extending
our investigation to the space C(H "). We conclude this paper showing that the
theorems obtained can be thought of as a quantized version of the corresponding
results in R”. We would like to thank Fulvio Ricci, Yitzhak Weit, and Lawrence
Zalcman for stimulating comments. We would also like to thank the referee
for his careful reading of the manuscript, which detected several errata, and for
pointing out to us the references in the Remark after Corollary 4.5. Agranovsky
and Pascuas would like to thank the National Science Foundation, which through
the grant DMS-9000619, made our collaboration possible.

2. Preliminaries

In this paper, we shall use the usual notations Z, = {0, 1,...}, Ry = (0,00), and
R* = R\ {0}. Consider the Heisenberg group H ", n > 1, as the set {(z,7) : z =
(z1,.--,24) € C", t € R} with the group operation

(z,8) - (w,8) = (z+w, t + 5+ 2Imz - W)
wherez - w =3, zjwj.

It is well-known (see Folland—Stein [FS]) that a basis of the left-invariant vector
fields (the Lie algebra H") on H " is formed by the vector fields Z;, Z;, where

g ._90 .
Zj—a—zj+lzj—a—t, forj—l,...,n,
= 8
i = 5, iZj5 or j=1,...,n,
and T_g
ot

Let a € H " be given, we denote by L, the operator of left translation:

(Laf)B) =f(a™" - b).
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For nice functions f, g on H *, the convolution f g is defined by

(fre)@= [ fla-b7)gB)m(b)

where dm(b) is the Haar measure on H " with dm(b) = dV(w)ds, b = (w,s) and dV
is the Lebesgue measure in C ”. Itis clear that f + g € L'(H ") when f, g € LI(H *).
For m € Z we define the mapping x,, : C — C by

xm(2z) :=

z", ifm>0
z ", ifm <O0.

(Note that yp = 1.)
Now letm € Z", m = (my,...,m,). Define x, : C" — C" by

X (2) = [ ] xm(2))-
j=t1

We now introduce the rotation operator by
Lf(z,t) = (foo)zt) =f(o1z1,. .., 0n2n)t), 0 €T,

T " is the n-dimensional torus. Then the following relation between operators of
rotations and translations is true

1L, =Lyl forevery ac H”, every c € T".
A function f on H " is said to be m-homogeneous if it satisfies
foo=x,(0)-f, forevery c € T".
Similarly, a distribution 7 on H " is said to be m-homogeneous if it satisfies
(T,p007!) =xu(0) (T, ),

for every ¢ € C°(H "), the space of smooth functions with compact support and
o € T ". Denote by Py, the class of all m-homogeneous functions in H ”. Then the
formula

Puf= [ x (@) foo)o
T n
1 1
= / e /0 f(Ulzl, ey OnZn, t)e_z"ri(ml‘pl+"’+mn‘Pn)d(P1 e as d(pn
0

gives the projection onto Pr,. Here do is the Haar measure on T ”.
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Lemma 2.1 Letf € Py, g € Pu, and the convolution f g is well defined.

Proof We need to compute /,(fxg)foroeT":

Io(f *8)(@) = (f *8)(0a)
/ (IoRp-1f)(a)g(b)dm(b)

= [ R Lo @g(b)am)

=) [ Rep)@)s(B)m(b)

= %ul0) [ Ro-if)@)g(ob)dm(b)

= X% () | Ror f)(@BYIMB) = o () £ * £)(a).

This completes the proof. O

Lemma 2.2 Letf be m-homogeneous and f x g is well-defined. Then

Pm,(f*g) =f*Pm/_m(g)-

Proof According to the definition of the pro_]ectlon operator P,,,, we know
that

P (f+8)€) = [ X(0)(f*8)ot)do
Xewl) [ R (E)8(0)dcdo
Ko@) [ Rornlf XQs(Ocd

o
J
X-m'(0) [ Xm(9)(Rs-10-f)(€)8(()d(do
foxm ],
J
/H
f*P

Xl [ xR0V

ReANE) [ Xarsn(Dglo0)dodC

_n(8)(8)-
This completes the proof. a

Definition 2.3 We define Py as the class of all locally integrable functions in
H ", invariant under the unitary group U(n):

Po={f(U(a) =f(a), ac H", U Un)}.
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Similarly we may define the operator Py the projection operator onto Py by

Pof=[ (foU)U.
U(n)

3. The group algebras L!(H ") and L}(H ")

3.1 Let us denote by L (H ") (respectively L1 (H ")) the set of all 0-homogeneous
integrable functions on H *, i.e.

LYH"=L'(H"YNnPy  (respectively LL(H") = L'(H ") N Py).
Obviously, L)(H ") (respectively LL(H ")) is a closed subspace of L!(H ") and,

moreover, it is a closed subalgebra by Lemma 2.1. Furthermore, we have the
following lemma:

Lemma 3.1 The algebras Ly(H ") and LL(H ") are commutative.

Proof We only need to prove the lemma for L§(H "). Let us introduce the
mapping of complex conjugation of the variable z:

w: (z,t) = (Z,1).

Let f be a function defined on H", we set f* = f ow,
For two elements @ = (z,¢), b = (w,s) in H ", we have

w(@a)w(b) = (Z+w,t + 5+ 2Imz - w)
=(W+2z,5s+t+2Imz-w)=w(b-a).

Since w preserves the Haar measure of H ", for any two functions f, g € L}(H *),
we can write

(1 +8@ = [ fa-b7)g(eime)
= [ £t w(a)sb)dn(b)
= [ 107 w(@)g((®)n(o)
= [ £ g(w@p)dn(b) = 5 +£)*(@).

Thus we have

fxg=(8"*f)".
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Now if f, g € Py, thenf* = f, g = g,and (g* *f)“ = g xf. Hence we obtain
frg=gxf

and therefore complete the proof of the lemma. O

3.2 We now deal with the commutative Banach algebra L{(H ") (respectively
L}(H ")). The first goal of this section is to describe the maximal ideal space of
this algebra. We start by observing that L{(H ") (respectively LL(H ")) is actually
the L! space of H /T " (respectively H ”/U(n)), which is not a group. Otherwise
everything will be a consequence of general theory of L' (G) for G locally compact
Abelian (see L.oomis [Lo]).

Recall that the maximal ideal space M(.A) of a commutative Banach algebra A
is the set

M(A) = Hom(A, C)

of nonzero continuous homomorphisms (characters) of the algebra A into the
complex number field C. In other words, M(.A) consists of all bounded linear
multiplicative functionals on A.

The Gelfand transformation I is the mapping

T':A— C(M(A),C),

N'ia—a, where a(m) = m(a)

for all m € M(A). The topology on M(A) is the weak topology of the dual
space A*, i.e. the weakest topology with respect which all functions a, a € A, are
continuous. The topological space M(A) is locally compact Hausdorff space and
is compact if A is an algebra with the unit. In the case .A does not have a unit, the
functionals a lie in Co(M(.A)), the space of continuous functions vanishing at co.

Following the general theory of algebras on homogeneous spaces of groups
(see e.g., Helgason [H, Chapter 4]) one can obtain the description of the space
M(L)(H ™) in terms of spherical functions. A nonzero function 1 on H " is said
to be T "-spherical, if 1(0) = 1 and the following identity holds

¥(a - ob)do = Y(a)y(b), a,beH".
T n

One can prove that ¢y € C®(H *) (see [H]). Similarly, a nonzero function ¢ on H "
is said to be U(n)-spherical, if ¢(0) = 1 and the following identity holds:

[ dla-U)do = s@es),  aben
U
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The spherical functions can be also described as eigenfunctions of all left-
invariant differential operators, acting on C=(H ”/T ") or C*(H "/U(n)). Thus,
if we denote by D or D* the set of all such operators, then ¢y € C*(H ") is T -
spherical function (respectively ¢ € C°(H ") is U(n)-spherical function), if ¢ is
0-homogeneous, ¥(0) = 1 and

Dy = Apyp, D e D;
or respectively ¢ is O-homogeneous, ¢(0) = 1 and
D¢ = Apo, D e D*.

Theorem 3.2  All characters of the algebra L{(HL ") are functionals of the
form:

m(f)= [ f@v@nta),
where 1 is a bounded T "-spherical function on H".

Theorem 3.3 All characters of the algebra L)(H ") are functionals of the
form:

m(f) = [ f@sain(a),
]H[ n
where ¢ is a bounded U(n)-spherical function on H".

The proofs of these theorems are given in a more general form in [H, Theorem
3.3, Chapter 4]; we omit the details here.

4. Description of U(n) and T "-spherical functions and the spaces M*
and M

4.1 In order to compute the T *-spherical functions on H *, we have to recall the
basic properties of the Fourier transform in the Heisenberg group.
For f € L'(H ") denote by
@) =f(z,2)
the Fourier transform of f in the real variable ¢:
“+oo

P =7 = / 27 NF (7, 1\t

— 00

The function > is well-defined for almost all z € C " and belongs to L!(C ).
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We denote by Fo,1{ £ }{m,--.,7n, A) the full Fourier transform of the function
f as a function defined on C " x R = R?* x R;

Fonst ()01, -0y A) = flz,t)e=2miRezTo=2miM vy (1) iy

R27+1

If f € L'(H ") N L%(H "), then the Plancherel formula shows that

+oo
1l = / TP

— o0

and then, as usual the Fourier transform can be extended to a Hilbert space iso-
morphism from L2(H ") onto itself.
For A € R* =R\ {0}, we define the A-convolution (twisted convolution) by

(9@ = (Fra)@) = [ e~ wigw)av(w)

where we use only the symbol x when the index of A is clear from the context.
Then we have

Lemmad4.1 Forallf,ge LY(H"),

-~

A Ao AL~
(fxg) = xg*=f 3"

Proof Forf,gec L'(H") we have

= /+°° fl(z, 8y - (w, S)_l)g(w, S)dV(w)ds> e~ 2miM gy
+°l}>ﬂ +o00
= / / flz—w,t—s—2Imz-Ww)g(w, S)e—zrmdt) dsdV (w)
Ccn

+o0 ) +oo . . _
— / f(Z —w, t)e~2m)\tdt> (/ g(w, s)e—Zm)\st) e—47rt)\Imz~de(W)
Ccn —

— 0
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4.2 In this sub-section we describe the construction of the Fock representation,
which is our basic tool. Let us introduce the operator 7*(b), b = (w,s) € H", of
A-translations as follows:

(T'\(b)f)(z) — e—21riAs—4wiAImz~Wf(Z - W).
These operators are unitary operators in L?(H *) and the mapping
A ibeH" - b)

gives a unitary representation of the Heisenberg group H ”.

Now we are going to define a basis of L?(H ") adapted to the action of the group
T"onH".

Fora > —-landv € Z,, let L) be the generalized Laguerre polynomial defined
by
o &

Vv dwr

For pi,v € Zy, we define the function w), , on C by

L (x) = & (e~5x" ).

A>0 wy,(2) = z#~v e~ 2L LE) () 2[2) fp2w
o(2) = 2L,_,Le_21r,\|z|2L(”*“)(47r)\|212) ifpsv;
o H=V

A<0 Wi(2) = W(2).

For i, v € (Z )", we define the function w , on C " by
n
B 2
wio(2) = [T wi, (@)
j=1

The function w), , is sgn(A)(u — v)-homogeneous. We also introduce the nor-

malized function:
W, (2) = ¢, Wi (2)

where the constants ¢}, , are positive and chosen so that ||W;},,,|| 2cny = 1. In fact

n

_ m (max{g;, )1\ 2
o l—[{(47f|/\|)"‘f‘"f|+1 (min{uj»l/j})!} '

J=1

Moreover, we have the following theorem (see Ogden—Vagi [OV]):
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Theorem For any A € R*, the family {W*’,,} uwe(zyy IS an orthonormal basis
of LX(C "), which is well related to A-convolution:

A 1 "
4.1 WA AW = ——= | S W
( ) i, w, (2 \/m) sV,
The Fock representation is realized in the space

= @ C-W)
Y ope@yy M

by means of the operators
acH" — t™(a)

and any representation (®},7?) is irreducible, i.e., the space &) is the minimal
closed invariant subspace for the operators 7*(a).

It is worth mentioning that all representations (®),7) are equivalent. The
intertwinning operators are the operators of A-convolution with elements of the
A-basis:

fe® — fxwy, €.

4.3 Letf € L'(H") and X € R*. We define the following transform:

Fspv) = C”f*(z)wg,,(z)dV(z), foru,v € (Z,)".

We can express those values in terms of integration over the whole group H ":

fimv) = . flayp,(a)dm(a),  forp,v € (Z.)",

where

A (1) = A (2),  for v € (Z4)".

The relation f(—; s, v) = f(A; v, u) follows from the definition of W,

Lemmad.2 Letf € L'(H") of homogeneity degreem € (Z,)", i.e., f € Pm.
Then
fOpv) =0, if p—v#m, A>0;
and
fApv) =0, if p—v#-m, A<O0.

In particular, if f is a 0-homogeneous integrable function, i.e.,f € Ly(H "), then
F(As p,v) =0 unless p=v.
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Proposition 4.3 The following relation for elements of \-basis is true:
(4.2) Po(m(z,0)w;., ) (W) = w}, (2)w,,, ().

Proof Since the space ®) is invariant under the operator 7*(a), the function
7*(z,0)w;,, belongs to the space &) and therefore it can be decomposed into a

series:
A
T)\(Z’O)Wu,u = Z ’YM(Z):\L,V
LE(Z4)"

where
7#(2) ( (Z O) uu’W;:\,u>L2(C")'

On the other hand,

0 if u# v,
Y(z) if p=wv

(PO(T)‘(Za O)W;)l\.,u)vwﬁ\,u) = ( (Z O)Wu V’POW;),II) = {
Therefore,

(4.3) Po(r*(z,0)w}, ) = % ()W,

In order to finish the proof we have to compute the coefficient v, (z). By definition
and the 0-homogeneity of W)}, we have

1@ = o= [ PO W o) ()
VU —z)e 41riz\lmw~EWE(w)dV(W)
uu 41ru\ImM "W'\ ( )dV(W)
= o L W e wjay (o)

= - Al (w,;3 ?W;g) ().

v,y

Thus, by formula (4.1), we have

Using this relation in the formula (4.3) we obtained the desired result. O
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Now we are able to come to the description of the bounded U(n)-spherical
functions on H ”, and, as a consequence, we obtain that of the bounded T *-
spherical functions on H ”.

Theorem 4.4 The bounded U(n)-spherical functions on H " are the following
functions:

-1
‘Ili’,,(z,t) _ (l/ + Z - 1) ez”*("'+i"\|12|2)Lf,”‘1)(471-[)\[12[2), (\v) €R* xN,

Jn—l (P|Z|)

an_l(z,t) = (n — 1)!2’1_1WT,

pPERy,

Jn—1 being the Bessel function of the first kind of order n— 1. (Note that .,7,?_1 (z,t) =
1.)

Proof Part I. First we show that, if ¢ is a bounded U(n)-spherical function
on H *, it coincides with either some function ¥} , or some function J_;.

Recall that a U(n)-spherical function ¥ on H " is an eigenfunction of every
left-invariant differential operator D € D(H */U(n)):

Dy =Ap 9.
Taking D = £, we obtain that ¢ is of the form
¥(z,t) = e*'yy(z).

Since 1 is bounded, we conclude that A\p = 27\ for some A € R.
Let us now consider D as the Kohn Laplacian:

n
EO = ZDJ
=1
where o; is the j-th subLaplacian in H *, i.e.
0= ij,‘ + Zij.

Then
Loy = doe?™Mahp,  with Ay = Ag,.

o =2 ﬁ_+|z.|2a_2_’2 z._a__g.i
1=\ 8z0z 9 o T 'a \Yoz; Yoz )
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and, since v is 0-homogeneous, it is easy to see that

o _ 0
(Zfa—zj ‘ZJE,-)'”—"'

=23 (5 +1o L5 e
P 2;0Z; ot
= g¥miM (% Do — 2(27r)\|z|)21/)0> .
Therefore the function 1)y satisfies the equation
(4.4) Dpo ~ (4m)2 |z 40 = 2Aotbo.
We distinguish two cases for the parameter A:

Case 1: X # 0. Then we can make the following change of variable in the
equation (4.4):

7 = (4r]A)2z,
and we obtain the equation
(4.5) Ao — |7/ P40 = pio,
where \
/ N = _% — 0 A
Yo(z') = do((4n|A[)"2z)  and  p 32D

If we use polar coordinates, z/ = r{’, |{’| = 1, (4.5) becomes

Py 2n—18%  , .
2 T ~ (=0

and, if we let u(r2) =y(r), then we get
pt

tu"(t) +nu'(t) - 2

u(t)=0 (t>0).
By considering the change v(t) = ¢'/?u(t), it turns out that this equation is equivalent
to the following confluent hypergeometric equation:

Bn+2n

(4.6) ')+ (n-0)V'() - 3

v(t)=0.



INJECTIVITY OF THE POMPEIU TRANSFORM IN THE HEISENBERG GROUP 145

Whena = l‘—‘%zﬁ does not coincide with any nonpositive integer, the equation (4.6)
has two linearly independent solutions, v; and v, with the following asymptotic
behaviour:

(n—1)!

vi(t) ~ —F(;—)—-etta_", va(t) ~ 174, ast — +oo;

_log: ifn=1
vi(t) ~ 1, va(t) ~ Tay UN= +
1(2) 2(1) {Fc__“ ifn22} ast— 07,

where ¢ = c(a,n) is a nonzero constant. (See Olver [O, pp. 254-259]; in his
notations, v(t) = M(a,n,t) and v,(t) = U(a,n,t).) Therefore u(r?) = e“‘zz'v(rz)
is unbounded for every non-identically zero solution v of equation (4.6). Hence a
must be equal to some nonpositive integer —v, that is, 4 = —(4v + 2), for some
v € N. Then there are two linearly independent solutions, v; and v;, of (4.6) such
that

vi(e) =L V(1) and vo(t) ~ €' (=t)™"™" ast — +oo.

(See [O, pp.256-259]; in Olver’s notations, vi(t) = U(-v,n,t) and v,(¢)
V(—v,n,t).) It follows that the only solutions v of (4.6) which make u(r?) =

—2 . .
e T v(r?) bounded are v = c - v, where c is an arbitrary constant.
Returning to the old function vy, it turns out that

I

Po(z) = ¢ - e ZAEPLE-D (47| - |22),

i.e.
Y(z,1) = ¢ - EmOHNEDLE=D (dr| ] - |2?).

Finally, the condition 1 = ¢(0) = ¢ -L,(,"_l)(O) implies that

(u +n- 1) !
c= ,
1%
and therefore ¢ = ¥ .
Case 2: ) = 0. In this case the equation (4.4) has the form

Ajpo = 2X0%0.

It is well known that the radial solutions of this equation are

In-1(pl2])

Yo(z) =c- Tl

where 7 € C satisfies n? = — ), |argn| < Z, and c is an arbitrary constant.
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Since

= = — =15 Jn=a(mlzl) 71
1 =1(2) = o(z) = cn lim )t C(n TR

it is clear that
(n—1)1271

77" -1
On the other hand the boundedness of

ac(nlz])

¢0(Z) = (’l - 1)'2’1* (’I]‘Z’)n"l

implies that n coincides with a nonnegative real number p.
In fact, taking into account that
4.7)

Jn1(z) ~ (w_lzzl—)% {cos (z— 2"; 37r) - ‘—1@————8-12)—2—:—1 sin (z - 2n4— 37r)}

as |z| — 4oo, |argz] < § (see [O, p.133 (9.09)]), a straighforward (and tedious)
calculation shows that

Wn-1(re*'#)] 1 ¢ as r — +0o
=1 V2r =t ’
and, forevery 0 e R, 0 < |6] < 7,
. 1
Va—1(rce’®)| 1 (cos8\""2 iriuane|
~ " k
A T VER\w) T wkoee

where r; = cz—o"s%, k > 1. Thus J("T*l;-]()’,’,—'_z%l is unbounded if 0 < |argn| < %, so  must
be equal to some p € R;.. Hence we conclude that ¢ = ¢ = J7_,.

Part II. To complete the proof of the theorem we are going to show that the
functions ¥, , and J/_, are bounded U(n)-spherical functions on H ".

It is clear that \Ii;)ﬂ, is bounded, and, by (4.7), it is also clear that 7 _, is bounded.
Moreover, ¥} ,(0) = J7_,(0) = 1.

Thus we only have to show that ¢ = ¥}, ,, J/_; satisfy the functional equation

/ Wa-UB)dU = v(a)v(b)  foreverya,b e H™.
Uln)

Leta = (z,t) and b = (w,s). We distinguish two cases depending on the form of
i
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Casel: y =¥},
Since ¥} = ¥}, we may assume that A > 0. Then observe that, for every
U € U(n), we have

;M@ Ub)) = i) 4mA UMD L =147 )|z + U(w)]?).

Thus, after changing z and w by \/—-‘-‘% and ‘/%, respectively, it turns out that we

have to prove
(4.8)

_ 1 (ne v+n-—1 - n— e
/U()e UL G 1>(|z+U(w)12)dU=( , ) LD (|2 HLE D (lwf?),

for every z,w e C".
" By the bi-invariance of the Haar measure dU on U(n), the value of the integral
I, . in (4.8) only depends on |z| and |w|, so

L, = / ( / e HUWR) L (n=D) (] || ¢ +U(|w|b)|2)dU) do(b),
U(n)

where ¢ is the normalized surface measure on the unit sphere S of C . By Lemma
1.4.2 and 1.4.5(2) of Rudin [R] we obtain

o= [[eHRPLED [zl + b do(b)
- / =ML =1 (1212 1 2| z||w{Rew; + [w]2) do(w)
S

_ Kl,u(l)a itn=1,
] (n-1) fol(l —rn=2J, ,(r)2rdr, ifn>2,

where
27 do
K,,,,,(r)=/ eI LD (1212 4 2]z - |w] - rcos 8 + [w)? ) .
0

By using the formula

o0
SLOVEy = (1-y) e, i<
v=0
(see Erdélyi-Magnus—Oberhettinger-Tricomi [E1, p.189, 10.12(17)]) we have

112+ ) o) Iwl-r( 28 o) dO
ZK” —y) e /0 el wir( 32 )27r
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Integrating term by term the exponential series we get

o 2v |Z|2u|w|2u

2w v
fo)-twl-r(22e —#) 40~ 17 2wy
/0 ¢ ’ 2 ;)u!u! -y

Thus

21/ Iz'2ulwl2u v

200, ad
(4.9) ZKnu rjy” = e Sz 4] |)ZV'V'____5§m_

For n = 1 and r = 1 we obtain that

o 2V |44,1 2V v
ZKI,V 1)y” = e el )Z it 1___);)2u+1

viv!
v=0

= ZL,(,O)(IZIZ)L(VO’(IWI?'))"’

v=0

where the last identity follows from the formula
(4.10)

l/' ® thl/ v
(n—1) (n—1) _ Yy
Z__—(V+n-—l)'L LIV ()y” = &= IX;)V!(V-}-n—— TS

that holds for s, e Rand y € C, |y| < 1 (see [ELl, p.189, 10.12(20)]). Therefore
I, =Ki1,(1) = LO(z)LO (jw]),

which proves (4.8) forn = 1.
Now let n > 2. Then integrating term by term the series in (4.9) we have that

S 2 (24w B IZF"IWP” v

where

_ [ 2200 o [ 2y . (=2

(See Gradshteyn—Ryzhik [GR, p.284, 3.191.1].) Therefore, by (4.10),

2v 2v v
— (Ve (2w |z |w| y
;01”"” =Dl Z:w(v+n—1)!<1—y)2v+"

=f2("+'j' ) LEDzPILED Py

v=0
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Hence
v+n-1\"" (=1 (11207 (1= 1) (1oe2
Iny = , L=z (Iwl%),

and we have proved (4.8) for n > 2.

Case2: y=Jr_|.

For n = 1 the functional equation easily follows from a simple addition theorem
for the Bessel functions of the first kind of order 0 (see Lebedev [L, p. 124,
5.12.2]):

21!' i do
J¢(a- U(b))dU = / Jo (p|lz| = €Iwl|) 5=
u(1) 0 2

= Jo(plz|)Jo(plwl} = T (a) T7 (b)-

Let n > 2. Then, reasoning as in case 1, we have:

au 1 .
1= Jpy Fala VO Gy = [ (1= 20020,

where

27 J,,-](P\/|z|2 + 2|Z| . lwl .rcosf + |W|2) _619_
o (pv/IZlP +2Jz] - W] -rcos + [w2)=1 27’

By using the so-called Lommel’s expansion

Q(r) =

, N
(45 8175 =Y (-3) - duan(VD)

m=0

(see Watson [W, p.140}), integrating term by term we obtain that

Jn-- z2 + |wf?
p2mlz|m|w|mrmcm n 1+m(p !I +| ‘)

(pV/I2l% + wf2)r=t4m

o=y EF
m=0

m

where

o mgdl 0, if m is odd,
Cm= [ COS"O7— =1 13.(nt) .o .
0 2 5a > i miseven.

(See [GR, 3.621.3, p.369].) Thus

13- (20 = 1) Juo142e(0V/ 1212 + W) p|z|2 w22t
2-4---(20) (p/I2)? + |w|2)r—1+2¢ (2e)! ’

Q(r) =
£=0

SO
00

J._ 22 wi2 4(22£W21r2£
= S by ot IO o o

o V/RF WPy @l
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where

bre = 1—;‘_4(,,,—)(” -1 / 1(1 — P2y 2r*2r dr
0
_1-3---(m 1) (n— 1)
T 24 m (n+e-1)(20)
(n—l).

2 i(n+L—1)!

And using again Lommel’s expansion we get

oo 2 2\ " 4L|,,|2¢ 2¢
I:(n_ 1)! Z (__p |Wl > Jn—l+2l+l7l(p|z|) P lzl lwl

om0 2 ml(plz])"—1+2+m 220 (n + £ — 1)!”

Then taking into account the Taylor’s expansion of J,,, i.e.

b (_l)m X\ 2m+v
Ju() =”§m!(y+m)! (5) ’

we have that

e 1)1 o (- 1)’“( )(H—)( l)mH(pT)Z(mH)

_(
I'= 2n-1 jezm::o miil(n—1+20+m+ j)lel(n+£—-1)!
(n—lyi i( Dec(u v, 0) (pl\*) _ (=1 (plw]\*
2n-1 =\Z wlpg+n—=1)0\ 2 Wy+n—1)1\ 2 ’
where
min{u,v}

_ vilv+n— Dl p+n— 1)
clu v, 6) = Zz:% -0 - p+v+n—D(n+e—1)

_(pt+v+n—1 ! mi%’:"u} v\ fp+n-1 —1
T\ v+n-1 — \¢)\t+n-1 o
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A simple proof of the last identity can be done using the binomial expansion in
the following way:

min{y,v} 2
v\ p+n-1 / ity =) . —dt
ES i 1 iNu+n—1_""_
g <e><e+n—1> , (Ltee (e o

o jt i(n—1)t it\pu+n—1 dt
= UN\V i{n— 1 —itypu+n—1 %%
/0 (1+é")e (1+e7) >

o it ‘ fret it =+, ldt
1 ity o —ipt (] it\u+n—1 9t
/0 (14+¢€") e ™1 +e") o

2%
; iy At
— 1 itypt+v+n—1 ,—iut 4*
/0 (1+€") e M5
_fu+v+n—-1\ fu+tv+n-1
- U "\ v+n-1 )

Hence we conclude that

— (n —_})!J'Fl(p'i']) Jn—l(Pl“_"l),
=)

which ends the proof of the desired functional equation.

Corollary 4.5 The bounded T "-spherical functions on H " are the following

functions: '
Vou(z,) ="MW (@),  (Av) ER X (Zy)
Ts (2,8) = Jo(prz1]) - - - Jo(pnlzal), peRL.
Proof By induction on n.
Forn =1, T" = U(n) = U(1) so, in this case, the statement of the corollary is
just that of the above theorem.

Assume n > 2. Let ¢ be a bounded T "-spherical function on H ”. The first
argument used in the proof of the theorem shows that ¢ has the form:

P(z,1) = P(a) = ¥y (2),

for some A € R.
Case1: A £0.

Let us fix z, € C. Then the function

zl g ’(,ZJO(ZI,Z,,), Z, = (Zh cee azn——l)
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is an eigenfunction of operators oy, ... ,0,_; and by the induction hypothesis we
have
$0(Z',2n) = c(2n) - Wi 1 (2')
for some v’ € (Z,)"!. On the other hand, 1(z’,z,) is an eigenfunction of the
operator o, SO
elzn) = ¢ W, (2n)

Consider the following set:
D={zeC":w) () #0 and w,, , (zx) # O}.

Thus for z € D we have
Yo(z) = ¢ - wp,(2),
where v = (V/,v,) € (Z4)". Hence, since D is dense in C ", o(z) = ¢ - w} (z) for

all z € C". From the condition ¢¢(0) = 1 we have ¢ = 1.
Case2: A=0.

The same reasoning by induction gives us
Yo(z) = [ [ Joleelze))-
k=1

Conversely, we have to show that the functions ¢L\,u and 3§ are bounded T "-
spherical functions on H *, that is, they are bounded functions on H ” which satisfy
the identity 4(0) = 1 and the functional equation

Y(a - ob)do = ¢(a)¥(b), foreverya,b ¢ H".
T »

Since .
\7(;7(27 t) = Hjopj(zjvt)a
=1

and every J;’ is a bounded T!-function on H!, it is clear that 7 is a bounded
T *-spherical function on H ”.

It is also clear that ¢, is bounded and %} ,(0) = 1, so let us check that ¢},
satisfies the above functional equation.

Leta = (z,t) and b = (w, s) be arbitrary points in H *. Then

n
Yo (@ ob) =2 [T y)  (a;-0ib))  foreveryo €T,
=1



INJECTIVITY OF THE POMPEIU TRANSFORM IN THE HEISENBERG GROUP 153

where a; and b; are the following points in H!:
aj=(zj,0), bj=(Wj,0), j=1,...,n.

Since every Tﬁ.’), ., satisfies the above functional equation for n = 1, so does ¥, ,:
/ ¥y (a- ob)do = M) H / Yoy, (@) - ayby) doj

2TiA(t+s) H ,(/}VJ ,(a u,,u, (b )

Jj=1
= v, (a)¥, ().

O
Remark In arecent paper, Benson—Jenkins—Ratcliff [BJR] have also identified
T(n) and U(n) spherical functions using a different method. The U(n) spherical

functions have also been studied by Thangavelu [Th1].
4.4. Now we are in a position to describe the maximal ideal spaces M =
M(L)Y(H ™) and M* = M(LI(H")) of the group algebras L{(H ") and LL(H "),

respectively.
According to Theorem 3.2 and Corollary 4.5, M is the union of the disjoint sets

Ml = {m)‘,,, : ()\,1/) € R* x (Z+)"}

and

My={m,: pe(Ry)"},

where

mlf)= [ @ ds  forf eLyE",
AN = [ FEOBE©de  forf eLy(E").

Thus identifying M with the disjoint union (R* x (Z4)") U (R;)", the Gelfand
transform f of f € L}(H ") is defined by

fO,v) = (), for (\,v) € R* x (Zy)",
Flp) :=my(f), for p € (Ry )"

Similarly, Theorems 3.2 and 4.4 show that M* is the union of the disjoint sets

Mi={m},: (\v)eER xZ}
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and
M;={m,: peR: },

where

miu(f)= [ FOT @ e, forf e LyH")
myH) = [ FOTLde,  forf eLyE").

Thus identifying M* with the disjoint union (R* x Z; )UR,, the Gelfand transform
f* of f € Li(H ") is defined by

Frv)=m3 (f), for (\,v) € R* x Z,,
[ (p) = my(f), forpeR,.

Hulanicki and Ricci show ([HR], see Faraut-Harzallah [FH] for detailed proof)
that the Wiener Tauberian theorem holds for the algebras L!(H ") and L}(H ), i.e.,
every proper closed ideal in these algebras contained in some maximal regular ideal.
Taking into account the concrete realization of the Gelfand spectrum described
above the Tauberian theorem takes the following forms:

Theorem 4.6 Let J be a closed ideal in L{(H ") and suppose that
(1) Forany (M, v) € R* x (Z4.)" there exists some f € J such that

fv) #0.

(2) For any p € (Ry)" there exists some f € J such that

f(p) #0.
ThenJ = L{(H").

Theorem 4.7 LetJ be a closed ideal in LL(H ") and suppose that
(1) For any (\,v) € R* x Zy there exists some f € J such that

FGv) #0.
(2) For any p € R, there exists some f € J such that

f*(p) #0.

ThenJ = LY(H™).
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5. Convolution equations systems with 0 and 0-homogeneous
compactly supported Radon measures as coefficients

In this section we shall apply the results of the previous sections to the problem
of uniqueness of bounded solutions of convolution equations systems on H ” which
have 0 or 0-homogeneous compactly supported Radon measures as coefficients.

First we need some auxiliary results.

Lemma 5.1 Let o € C2(H")nL'(H") such that

8

o2 € LY(m",

and ¢(z, ) is compactly supported on R, for every z € C".
Consider the function + defined by

P(z,t) = / 2™ N p(z, M) d), forae (z,t)e H".

Then ¢ € L'(H") and ¢ = .

Proof Observe that ¢(z,t) = $(z, —t), forevery (z,t) € H". Thus the fact that
¥ € L'(H ") is equivalent to ¢ € L!(H *). To prove that we integrate two times by
parts and we obtain

oo ) 2 00 .
/ e*z"'*fa—“”(z,t)dt=(—27ru)2 / e 2™ oz 1) dt = —(270)*$(z, M),

o oo
)
o0 ach
(2mA)2|@(z, V)| < / W(Z’ t)‘ dt, for every (z,A) e H".
Therefore
o) oo o0 d)\ 00 82<P
R < ¥
[wemars2{ [T weoias ([ o5m) ([ |5 4) )
and hence
[ o@1de <2 (1ol + s |52 < oo
i 4 > Pl (H 7 (2m)? || B2 L .

Finally, since ¢ and @ are integrable on H ”, the inversion formula shows that

wz»:/mémw@nw=[fém%@nm=wzn

—0o0

for every (z,\) e H". d0
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The Gelfand transform T of a 0-homogeneous compactly supported Radon
measure T on H ” is defined by

T(\v) = (T,W",,,), for every (A\,v) € R* x (Z4)",
T(o)= (T, ),  forevery pe (R.)"

Lemma 5.2 Let T be a 0-homogeneous compactly supported Radon measure
onH", andletn c L(H"). ThenT xn € Ly(H") and T xn =T - 7.

Proof It is clear that T xn € L'(H "), so let us see it is 0-homogeneous. In
fact, since T and 5 are 0-homogeneous we have that

T ot = [ n(e o) dTE)
= [ ey -o0dr(e)

= [ et 0aree
= (T 0)(Q),

foreveryoe T"and ( € H".
Now observe that the identity T * n = T - 7 means that

51) [ @ e @iQdc = @) [ n(e)- e

for every bounded T "-spherical function ¢ of H ”. So let ¥ be such a function,
and observe that

@ en@i@ide = (@ +n)+3) 0 = (T4 (0+) ©)
H=~
= [ @edeare).
(Here we use the following notation: if  is a function on H ”, then ¢ denotes the

function on H ” defined by ¢(¢) = ¢(¢™!), forevery ( e H".)
But, since n is 0-homogeneous, we have that

(D)) = / (€ &) de = / n(E)P(C o8 de,
H» H»
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for every ( € H” and o € T”. Therefore, using the characteristic functional
equation of the T "-spherical functions, we obtain that

e = [ ([ wewcag) do

= [ o ([ v o0do)as

ol EGRIGES

Hence we conclude that equation (5.1) holds, and we have finished the proof of
the lemma. O

Similarly, the Gelfand transform T* of a 0-homogeneous compactly supported
Radon measure T on H ” is defined by
T*(\v)=(T,%},), for every (A, v) € R* x N,
T*(p) =T, T ), forevery p e R,.

Then we have the following lemma, whose proof we omit since it is just a copy of
the above one in the U context.

Lemma 5.3 Let T be a 0-homogeneous compactly supported Radon measure
onH", andletn € LY(H"). ThenT xn € Li(H ") and (T xn)* =T* -n*.

Now we may state the main results of this section.

Theorem 5.4 Let R be a family of 0-homogeneous compactly supported
Radon measures on H". Assume that R satisfies the following two conditions:

(1) For any (\,v) € R* x (Z)", there exists some T € R such that T(\,v) # 0.

(2) For any p € (R}.)", there exists some T € R such that T(p) #0.

Let f be a bounded continuous function on H " such that

(5.2) f*T =0, for every T € R.

Thenf =0.
If one of the conditions (1), (2) fails to hold, then there exists a bounded contin-
uous function f # 0 satisfying (5.2).

Proof Condition (5.2) clearly implies that

f*(T*xn)=0, foreveryT ¢ Randn € L§(H").
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So the closed ideal J in L}(H ") generated by the set
R+xLYMH") ={T*n: TeR,neL{H"},

which is contained in L{(H ") by Lemma 5.2, satisfies f xJ = 0. Thus to show
that f = 0 it is sufficient to prove that J = L{(H "). Hence we want to verify the
conditions of the Tauberian theorems 4.7 and 4.8.

By Lemma 5.2, it is clear that our hypothesis (1) and (2) above are equivalent to
the corresponding conditions in Theorem 4.7 if we show that:

(1)) For any (\,v') € R* x (Z.)", there exists some n € L}(H") such that
AN, V) # 0,

(2') For any p € (R, )", there exists some 1 € L such that 7j(p) # 0.

Let (\V,v') € R* x (Z)", and take ¢ € C*(R) with compact support in the
interval (J’\T", 2|\'|) and verifying ¢(|\'|) # 0. Then, by Lemma 5.1, the function n
defined by

n(z,t) = / e Mo \ywy . (z) dA forae. (z,t) e H",
belongs to L{(H "), and
e(|AD) - w ,,, v for every A € R.
Therefore

i) = [ V@ wE L DAV (E) = pN DIl ) #0,

and we have just shown (1').
In order to prove (2) we only have to note that the function

n(z, 1) = e T+,

which obviously belongs to L} (H "), satisfies:

CH d,t) I1 /C e To(pz) 4V (z)
= H27r / Jof 27rr12 Ye~ wry ridr;
— H/ e—7r|z,l2e—27riRc(z,;,-’;) dV(Zj)

n
_ L2
=JTe 4o

j=1
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for every p € (R )".
Now assume that (1) or (2) fails. That means there is a bounded T ”-spherical

functionf on H" (e.g.,f = ¥}, or f = J{) such that

(T.f) =0, forevery T € R.

Then, since every T € R is 0-homogeneous, we have:

(F+1)Q) = [ fc-(00)™aT(e
= [ 16 oeare)

forevery( € H"”,0 € T” and T € R. Hence, using the characteristic functional
equation of the T "-spherical functions, we conclude that

(0= [ ([ 7coe)ar©) do

= [ ([ s o6ds)arce

=10 [ e are

=f(¢) ; f(E)dI()
=f(NT.f) =0,
for every T € R, and the proof of the theorem is complete. a

Theorem 5.5 Let R be a family of 0-homogeneous compactly supported
Radon measures on H ™. Suppose that R satisfies the following two conditions:

(1) For any (A, v) € R* x Z,, there exists some T € R such that T*(\,v) £ 0.

2) for any p € (R} )", there exists some T € R such that T*(p) # 0.

Let f be a bounded continuous function on H " such that

(5.3) f*T =0, foreveryT € R.
Thenf =0.

If one of the conditions (1), (2) fails to hold, then there exists a bounded contin-
uous function f # 0 with the property (5.3).
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Proof Arguing as in the proof of Theorem 5.4 (now we use Theorem 4.8
instead of Theorem 4.7) it turns out that to prove the first part of Theorem 5.5 we
only have to check that:

(1")Forany ()X, v') € R* xZ, , there exists some n € L!(H ") such thatn*(\, ') #
0.

(2) For any p € R, there exists some n € LL(H ") such that n*(p) # 0.

Let (\,v') € R* X Z,, and take ¢ € C*°(R) with compact support in the interval
(5 LY ,2|A']) and verifying Lp( IN|) # 0. Then, by Lemma 5.1, the function 7 defined
by

n(z,t) = / ™ Mo(|1 AWy, (z) dA, forae. (z,t) e H",

— 00

belongs to L1(H "), and
i (z) = o(|A]) - v(A,‘,,,, for every A € R.

Therefore

nwxzwy=(”“*”‘1)_{/"ﬁ”&)vowu> @)

V/

V+n—-1\"" ,
= ( ! ) (p(lAll) ) ”v(A),u'HzZ(C n) 76 O,

v

and we have just shown (1).
In order to prove (2') we only have to note that the function

n(z,1) = e,

which obviously belongs to LL(H "), satisfies:

- ® _rpz2In=1(pl2])
* =n—1!2"1</ e””dt)/ Gl tamtitod 7, 7 P
n"(p) = ( ) . . (o) (2)

=27 2 "-l/ooJ (27rri)e_"’2r”dr

B p o T 2n

=/ ¢ Ie g=2mRe(EE) g7 ()

=k #0,

for every p € R,.
The proof of the second part is just a copy of that one in Theorem 5.4, where

now the group U plays the role played by T ” in the cited proof. O
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6. Pompeiu type theorems in H ”

We are going to prove four Pompeiu type theorems in this section. We shall
discuss the proofs of these results in two sub-sections. First of all, let us introduce
some notation that will be useful in the present theorem and the next one.

If F is a family of functions which are defined on the interval (0, +oc), we denote
by Q(F) the following set:

QF) ={§ 1 5,6>0, f(s)=¢g(t) =0, forsomef,ge F}.

When F is composed of only one function, i.e. F = {f}, we denote Q(F) simply
by Q(f).

6.1. Integration over tori and spheres
Let r > 0. We denote by T'(r) the square-type tori in C * centered at the origin:

T(ry={(z1,...,z20) €C": |zl =r, j=1...,n}.

Then we have the following theorem:

Theorem 6.1 Let f be a bounded continuous function on H " which satisfies
(6.1) / (Laf)(2,0)do,, (2) =0, foreveryac H" andk=1,...,N,
T(ry)

for N square-type tori. Here o, is the area measure of T(r).
Suppose that the following conditions hold: For 1 <k <N,
(1) the functions

n
67w = [TLY @rxir),
i=1

have no common zero for (\;v) € Ry x (Z4)";

(2) the functions
n
T (p) = [T 70(eire)
i=1
have no common zero p € (R )".
Thenf =0.
Conversely, if one of the conditions (1) or (2) fails to hold, then there is a
bounded continuous function f # 0 on 1 * satisfying (6.1).
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Proof Let T be the compactly supported 0-homogeneous Radon measure on
H " defined by

(6.2) (T,p) = W /T( )(p(z, 0)do,(z), for every ¢ € C(H").

Then (6.1) can be written as the convolution equations f * T, =0, k=1,...,N. On
the other hand,

n
63)  Te\v) =™ [[LO@n|Alr),  forevery (A\,v) € R* x (Zy)".

i=1

(6.4) Ty(o) = [[Jolore)  forevery p e (R, )"
=0

So it is evident that the first assertion of the theorem is just a consequence of
Theorem 5.4. In fact, from (6.3) and (6.4), hypotheses (1) and (2) are equivalent
to the corresponding conditions of Theorem 5.4 for the family of 0-homogeneous
compactly supported Radon measures R = {T1,...,Tx}.

Conversely, suppose that the functions 5(0)’ k=1,...,N have a common zero
(A v) € Ry X (Zy)". We can take

fz,0) =90,(z,1) = €™w}, (2).

Then f # 0 but, by (6.3), satisfies f * T, =Ofork=1,...,N.
If the functions Jk(o) ,k=1,...,N have a common zero p € (R, )", we can take

fz0) =[] Joleilz).
i=1

Taking into account (6.4), we know that f«* Ty = Ofork = 1,...,N but f Z 0.
Hence we prove the second assertion of the theroem and the proof of the theorem
is therefore complete. a

Remarks (1) The condition (2) of Theorem 6.1 requires that N > n. Indeed,
if n < N let us take s1,...,sy > O such that Jo(s;) = 0. Put p; = i‘ for1 <i<N
and define p; arbitrarily for N < i < n. Then

TO%) = =2P(p) =0
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and we can see that for N < n the condition (2) is never satisfied.

(2) One can give elementary necessary and sufficient conditions for the radii
r; so that the conditions (1) and (2) of Theorem 6.1 hold in case N = n + 1.
These conditions are directly in terms of quotients of the radii ;. They involve
avoiding certain quotients of zeroes of Laguerre polynomials and Bessel functions.
We restrict ourselves to write them down in the simplest case n = 1, N = 2.

(1)

NN *“N

¢ Y oL

VEZ

@) .
" ¢ (o).

(3)Letry,...,r, > 0. The conclusions for Theorem 6.1 and Theorem 6.4 below
hold for tori in C * centered at the origin and with polyradius 7 = (ry,...,7,), 1.e.

T(F) ={(z1,-.-,z2) €C": |zl =1}, j=1,...,n}.

Using square-type tori here just simplifies the notations
For r > 0 we denote by S,(r) the sphere in C ” centered at the origin and with

radius r, i.e.
Sp(r)={zeC": |z|=r}.

‘We have the following result:

Theorem 6.2 Let f be a bounded continuous function on H * which satisfies
(6.5) / (Laf)(2,0)do,(z) =0, foreveryae H",
Sn(r)

for two radii ry,r>. Here o, is the area measure of Su(r).
Assume that the above radii r and r», satisfy the following two conditions:

M (2)°¢ U ewd™).

VEZ,
@2 ¢ @(422).
Thenf = 0.

Conversely, if one of the conditions (1) or (2) fails to hold, then there is a
bounded continuous function f # 0 on H * satisfying (6.5).

Proof Let T be the compactly supported 0-homogeneous Radon measure on
H ” defined by

do,(2)

T for every ¢ € C(H "),
e

66)  (T,¢)= /S L0
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where wy,_ is the area of the unit sphere $2"~! of C ” = R?".

Let T, be the Radon measure on H ” defined by (6.6) with r = ry, for k = 1,2.
Then our conditions on f can be written as the following system of convolution
equations:

f*xT1=f*xT,=0.

According to Theorem 4.4, fork = 1,2,
(6.7)

-1
Tr(\v) = (V +: - 1) e~ TR (4r|A[r2),  forevery (A, v) € R* x N,

Jn—l(Prk)

(6:8) Ti(p) = (n = 1)2" 2,

for every p € R,
It is easy to see from (6.7) and (6.8), that the conditions (1) and (2) are exactly
equivalent to the absence of common zeroes of the functions T} (A, v), k = 1,2 and
T¢(p), k = 1,2. So, the first assertion is the consequence of Theorem 5.5.
Conversely, if one of the conditions (1) or (2) fails to hold, the functions then
have common zeroes and we can construct a function f # 0, satisfying (6.5) by
means of spherical functions, like in Theorem 6.1. Thus the proof of the theorem
is complete. g

6.2. Integration over balls and polydisks
For r > 0 denote by B,(r) the ball in C ” centered at the origin and with radius
r, 1.e.
B,(r)y={zeC": |z|<r}

For v € (Z,)" we consider the function £V defined by
* !
L8 D(x) = / et IL-D()dt  forevery x > 0.
0

Note that by integrating by parts it is possible to compute explicitly the function
£~V 1t has the following form:

X

!
c(un—l)(x) — (_1)”2"@ + e_fp,,,n(X),

where P, ,(x) is a polynomial of degree v +n — 1.
Then we obtain the following theorem:
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Theorem 6.3 Let f be a bounded continuous function on H " which satisfies
(6.9) / (Lof)(2,0)dV(z) =0, foreveryae H",
B, (r k)

for two radii ry = r\,ry. Here dV is the volume element of B,(r).
Assume that those radii r\ and ry, satisfy the following two conditions:

M (2) ¢ U o).

vEZ,
@2 ¢ 9 (40).
Thenf =0.
Conversely, if one of the conditions (1) or (2) fails to hold, then there is a
bounded continuous function f # 0 on H " satisfying (6.9).

Remark The set U,en Q(E,(,"_l)) is non-empty since, at least when v € N is
odd, the function £{"~") has some positive zero.

In order to show that, recall that the v zeroes of the generalized Laguerre
polynomial L,(,"_l) are positive and simple (see [E1, p.204, §10.17]). Let 0 < x1 <
... < x, be such zeroes. Since the coefficient of x” in L,(,"_l)(x) is (_Vl!)u , we have
that

len—l)(x) — (—Vl')y (x—xl) e (x—x)-

Thus it is clear that L") is positive on the interval (0,x;), so £~ " is also positive
on that interval. On the other hand, by [EL, p.191(32)],

° !
lim £8Y(x) = / e i IL V() dt = (—1)**2"@,
0 124

x—+00

which is negative if v is odd, and therefore, by continuity, we conclude that £'~"

must have some positive zero.

Proof Let T be the compactly supported 0-homogeneous Radon measure on
H ” defined by

(6.10) (T,p) = /B ( )<p(z,0)dV(z), for every p € C(H").

Then (6.9) can be written as the convolution equation f * T = 0. In order to apply
Theorem 5.5 let us compute the Gelfand transform 7* of T.
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For (), v) € R* x N we have:
~1 ,
T*()\, I/) _ (l/ +’V1 — 1) Win_1 / e—21r|)\|tZL,(/n—1)(4ﬂ_|A|t2)t2n—ldt
0

v+n—1\"" wa- it (n—1) 2\ ;1
_( " ) ————2(47&'])\””/0 e~ ELID ()1,

(Here as usual w,,_; denotes the area of the unit sphere of C ")
Therefore
(6.11)

T (\v) = ( , — = ai=D4x|\|r?), forevery (\,v) € R* x N.

van-1\"" wy
2(4n|A[)m

On the other side, for p > 0 we have that

T*(p):(n—l)!2"_1w2,,_1/ J"_l(pt)tz”“ldt
0

or
=(n_1)!2"—1“’f);;‘ / (1) dt.
0

So, taking into account that

% (t"Jn() = "Tr (1)

(see [E2, p.11(50)]), we obtain that

(6.12) T (p) = (n-— 1)!2”‘1w2,,_1r2”’](”(:3:) for every p > 0.
p
The remainder of the proof is the same as the previous one. O

Let r > 0. We denote by A(r) the (open) polydisk in C * centered at the origin:
A(r)y={(z1,--,z2) €C": |z <, j=1...,n}.

Let T;, 1 < k < N, be the compactly supported 0-homogeneous Radon measure
on H " defined by

(6.14) (Ty,0) = /A(A ) ¢(2,0)dV(z), forevery ¢ € C(H").

Then the condition

(6.15) /A( ')(Laf)(z, 0)dV(z) =0, foreveryae H”,
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can be written as the convolution equations f * Ty = 0. On the other hand, observe
that

1)),./(2,0) HT/’.,, v (2i,0) foreveryz e C",

sO
n
v)= HT,: (M), for every (A, v) € R* x (Z,)"

T(p) = HTé(m), for every p € (Ry)".

But T} is just the Radon measure on H! considered in the proof of Theorem 6.5

for n = 1, so its Gelfand transform ﬁ = (T})* was calculated there. Thus we
conclude that for

7 n (0)
(6.16) Te(Av) = (17 I/\!) HS (4m|AlrE),
for every (A, v) € R* x (Z, )", and

= Jl plrk)
6.17 Ti( 2 ,
( ) e H PiTk

; Ji(z)
for every p € (Ry)". (Here we use the usual convention that the value of -L* at
z=0isequal to %.)

Using the same argument as Theorem 6.3, we have the following theorem:

Theorem 6.4 Letf be a bounded continuous function on H " which satisfies
(6.15) for N polydisks D(ry),...,D(ry) with N > n.
Suppose that the following conditions hold: For 1 <k <N,
(1) the functions
n
N w) = TTLD @rNr),
i=1
have no common zero for (A\;v) € Ry x (Zy)";
(2) the functions

3

p H 2J1(pire)
i1 Pivk

have no common zero p € (R} )".

Thenf =0.

Conversely, if one of the conditions (1) or (2) fails to hold, then there is a
bounded continuous function f # 0 on H " satisfying (6.14).



168 M. AGRANOVSKY ET AL.

Remark The Theorems 6.1 to 6.4 hold with the conditionf € L*(H ") replaced
by f € LP(H"), 1 < p < oo. Let us prove this statement.

Let ¢y € C2°(H ") be a positive radial function such that [, , ¥(z,)dV(z)dt = 1
and {¢;}¢2, the corresponding approximation of the identity. Then v € LY(H "),
lgqgoo,})+$=l,hence

froe=fi e PH")NLOH"),

As f; will integrate to zero along the same sets as f does. We derive f; = 0 from
the corresponding theorems in section 6 for all k. Then, letting k¥ — oo, we obtain

f=0.
7. The interpretation from the point of view of the Weyl functional
calculus

In this section we shall show that the uniqueness conditions in section 6 (the
Pompeiu type theorems for the case of spheres) can be formulated in terms of “ze-
roes” of operator-valued Bessel functions, considered as functions of the position
and impulse operators in the Heisenberg group.

7.1 Let us recall some basic facts, concerning the Weyl representation and Wey!
calculus (see Taylor [T, section 1] or Geller [G, Chapter 6]).
Denote by X = (X, ..., X,) the usual position operator:
Xju(x) = xju(x), X=(X1,..,Xn),
and by D = (Dy,...,D,) the impulse operator:

1 6u
TB_xj(x)’

Dju(x) =
i.e., infinitesimal generators of the group
u(x) — u(x+p), peR

of translations and group of multiplications

u(x) — e*Pu(x), p eER,

respectively. These operators are defined in L?(R") and connected by the well-
known Weyl commutator relations:

[Xi, D] = ibyl.
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For a point (z,¢) € H ” we introduce x,y € R” by
z=x++Iy.
The Weyl representation of the Heisenberg group includes two parts:

(1) 7ri,\(x,y, t) — e27ri(:t)\%x~X+)\%y-D:t)\r)’ A> 0’

(2) Tiem (X, y,8) = TEERM (¢ ) e R* x R

The Fourier transform generated by these representations, is the following map-
ping which transform functions on H ” in operators:

(1) ﬂ'i)\(f) = f(xayat)ﬂ:t)\(x’ya t)dXdydla

]R2n+ 1

(2) Tem(f) = /R oy 1) ) (3,3, 1) dedydr.

In case (2) we have the Euclidean inverse Fourier transform of the function f,

computed at the point
(€,m,0) e R,

or, in our notations,

e, f) = Fanet (F)(=E -, 0).

This function is considered as operator of multiplication.
Now we concentrate on the case (1). By definition

7T:l:)\(f) = f(xa)%f)“i,\(x’y,f)d’Cdyd’

R2n+1

. ) 1
_ f(X,y, t)e21rt(:|:)\%,\-X+)\7y~Di)\t)’ A> 0.
R2n+l

According to the functional operator calculus, this is
(7.1) T22(f) = Fanir (f)(FAX, ~MD, £)).

The operator a(X, D) is defined by the Weyl calculus as:

a(X,D) =/ Fanpra(x,y)e2™ «X+D) dxgy,
R2n
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We can apply the construction above to compactly supported Radon measures, not
only to functions. So, let f € L'(H ") or compactly supported Radon measure on
H ”. Let us also assume that f is U(n)-invariant, i.e.

f(U(z2),t) =f(z,1), forall U € U(n).
Then the Weyl—Fourier transform
Fons1(F)(ENIX, £AID, +))

is a function F'» (H) of harmonic oscillator Hamiltonian H (see [T, Chapter 1, Prop.
7.7D:
H=—A+x]%

The function Fa,+1( f)(&,7,A) is the Fourier transform in R?” of the function f’\,
which is the Fourier transform by ¢-variable only. Then the connection between
Fon1{ f) and Fr(H) is as follows (see [T, Chapter 1, Prop. 7.9] and [Th1]):

TA(f) = Foant1(f)

7.2 S
(72) =c Y Fa@i+ DY(AEX, D),
j=0

where
i (1l |y12Y y (-
\Ilj(x,y) = (—1)’6 27 (|x*+1yl )Lj(, 1) (47r(|x|2 + ly|2)) ’

the constant ¢ depends on # only. Note that at this point Laguerre functions come
into play.

Let us apply this construction to our concrete case. The Euclidean Fourier
transform of the area measure o, on the sphere S(r) is the Bessel function

1 L @ar(x + D))
(.7:2n+1(0'r))(xay: 1) = (271')” (r(|x|2 + 'ylz)llf)f
= juo1(2rr(Ie? + [y[2)%)

where ji{x) = Ji}f{-‘—) Therefore, we have by (7.1):
(1.3) 7ir(0r) = o (47rr;A|% X2+ Dz)%) .

What is the function F in the decomposition (7.2)? We can recognize it, for
instance, from the Fourier-Laguerre expansion

(7.4) Ji() = 3 mxe Ty LIV ).

k=1
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The coefficients v;(x) can be obtained from the following formula (see [L, p. 83
(4.20.3)]):

x n— n— _1 k > n— n—
et 100 = E [T me by L0,
0

so that X
—A(_1}k : - (n=1)
(x) =2(-1) k= 1)!(3 X T LV (x).

Now, substituting v(x) in (7.4), letting x = 2, y = s* and dividing both sides by
(¢s)*~1, we finally obtain:

75 Jnoa(ts) = 25 (= 1Yem TL V(2 . =T LIV (2),
4 '
j=1

Comparing formulas (7.2), (7.3) with (7.5) where we set 1> = 4x(|x|> + |y|?) and
s2 = r?|)|, we conclude that one can take as F any (nice) function taking at the
odd integers the values

2!

D=

a2y (n—

e LI V(A)r).

Obviously, the operator F(H) has the spectrum sp(F(H)) = F(sp(H)). Since
sp(H) = {2j+ 1,j € Z;}, then sp(F(H)) = {F(2j+ 1),j € Z}. Thus, we
conclude that eigenvalues of the operator 7 5(co,) are

_ 2] ! (n 1) .
Cj()\,r)—m /j (47r|)\|r) ]=1,2,
As for eigenfunctions, they coincide with the eigenfunctions of the Hamiltonian H
(Hermite functions).
Now we can see that condition (1) for radii in the Theorem 6.2 simply means
that the operator Bessel functions

max(on) = jnt (4AFOC DY), k=12,

have eigenvalues c;(A, r1), ¢j(}, r2) (corresponding the same eigenfunctions), which
do not vanish simultaneously at the same point A # 0. This is equivalent to the
following: the intersection of the kernels

(7.3)

ker {jui (4nr (X2 +D7)1) b nker {jus (4N X2 + D))} = (0}
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for all A # 0. In the limit case A — 0 we come to the classical scalar-valued Bessel
functions j,—1 (ri(x* + yz)% , k = 1,2, and the condition (2) in Theorem 6.2 says
that operators of multiplication, corresponding to these functions, also have no
common nontrivial kernel. Thus, both condition (1) and (2) can be unified in the
condition (7.3) satisfied for all real A. Thus the condition (1) is “quantization” of
the condition (2) and the condition (2) is a particular (limit) case of the condition
(1) as A — 0. The parameter X plays role of Planck constant. This may not be so
surprising, since the Heisenberg group itself can be considered as “quantization”
of the Euclidean space.

Remark After we finished this paper, we received a preprint from
S. Thangavelu [Th2]. Inspired by a result of Strichartz [S], he has shown that
one radius condition is enough to prove the injectivity of the Pompeiu transform
forf e [P(H"),1 <p < o, i.e.,f * o0, = 0implies f = 0. However, we are mainly
interested in L°°(H ") functions in this paper. As we pointed out in our earlier paper
[ABCP], one radius condition is not enough to prove the injectivity of the Pompeiu
transform for this class. To handle the L>°(H ") class, the one-dimensional repre-
sentation plays an essential role. In fact, we can also obtain a one radius theorem
for L7(H ") functions, 1 < p < oo, by a careful analysis of our proof. We refer the
reader to our recent paper [ABC].
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