BOUNDARY SMOOTHNESS PROPERTIES
OF LIPa ANALYTIC FUNCTIONS

By
D. J. LORD* AND A. G. O’FARRELL!

Abstract. Let U be an open set and b € bdy(U). Let0 < a < 1. Let A(U)
denote the space of Lipa functions that are analytic on U, and a(U) the subspace
lipa N A(U). The space a(U U {b}), consisting of the functions that are analytic
near b, is dense in a(U). Let k be a natural number. We say that a(U) admits a
k-th order continuous point derivation (cpd) at b if the functional f «— f*)(b) is
continuous on a(U U {b}), with respect to the Lipa norm.

Theorem a(u) admits a k-th order cpd at b if and only if

D2kt bmpglta(an(b) ~ U) < +oo.

n=1

Here M? denotes 3-dimensional lower Hausdorff content, and A, (b) denotes the

annulus
{zeC:lz-b|e 271,277}

There is a weak-star topology on A(U), and the space A(U U {b}) is weak-star
dense in A(U). We say that A(U) admits a k-th order weak-star cpd at b if the
functional f — £ (b) is weak-star continuous on A(U U {b}).

Theorem A(u) admits a k-th order weak-star cpd at b if and only if

oo
> 2tk Dmpglrea,(b) ~ U) < +oo,
n=1

This time, M? denotes ordinary 3-dimensional Hausdorff content.

1. Introduction

LetO<a< 1. ForECcCandf:E — Clet

10100 4},

|z —w|*

”f||£ipa(s) = SUP{
We call || f||Lipo(z) the Lipa(E) seminorm of f. We denote

Lipa(E) = {f € CE : || flli1pa < +00}-
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104 D.J. LORD AND A. G. O’FARRELL

This is a Banach space when endowed with the norm

I fliLipa = 1£(B)] + 1| fllLipas

where b is any fixed point of E. We abbreviate Lipa(C) to Lipa. The subspace
lipa C Lipa consists of those f € Lipa such that

lim sup 1f(z) ~fw)l =0.
510 oc|z—wi<s |2 —W|®

For open sets U C C we denote
A(U) = {f € Lipa : 8f =0on U},

a(U) = {f € lipa: §f =0on U}.

Here f denotes the distributional d—derivative

5f=%(%+i%).

In view of Weyl’s Lemma, “9f = O on U” is a way of saying that the restriction
f]U is an analytic function.

This paper is about the extent to which the functions belonging to A(U) or a(U)
may be better-behaved at points of bdyU than are typical elements of Lipa or
lipa. Specifically, we consider the question of the existence of bounded point
derivations. We will explain this concept shortly. First, we review some classical
facts.

Suppose b is an isolated point of bdyU. Then, since the elements f € A(U) are
bounded and analytic on a deleted neighbourhood of b, it follows that they extend
analytically across b, and since they are continuous, they are already analytic on
U v {b}.

Similarly, if a line segment / forms a relatively-open subset of C ~ U, then each
function f € A(U) extends analytically across /.

These facts may be rephrased in terms of the concept of 8-Lipa-null set:

A compact K C C is said to be 8-Lipa-null if

A(U ~ K) = A(U)

whenever U C C is open.
Singletons and line segments are §-Lipa-null.
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Not every compact set K having no interior is -Lip-null. For instance, if K has
positive area, then the function

_ :_1_ dédn
r&== /Kz—(€+in)

(the Cauchy transform of area restricted to K) belongs to each Lipa (o < 1), and
is analytic on C ~ K, and nonconstant. DolZenko characterised the 5-Lipa-null
compact sets in terms of Hausdorff contents.

A measure function is a monotone nondecreasing function z : [0,+00) —
[0, 4+00). The Hausdorff content M, associated to a measure function h is de-
fined by

M,(E) =inf ) h(diamB),
H(E) = inf 3 (diam)
whenever E C C, where S runs over all countable coverings of E by balls (or,
equivalently, open balls, or closed balls, or arbitrary sets). When h(r) = r?, we
denote M), = MP,

DolZenko’s result is that a compact set X is 8-Lipa-null if and only if M!+*(K) =
0 [3].

A similar result holds for lipa.. The lower 3-dimensional Hausdorff content of
Eis

MP(E) = sup My(E)
h

where h runs over all measure functions such that A(r) < r? and r—Ph(r) — 0 as
r | 0. We say that KX is d-lipa-null if

a(U ~K)=a(U), YU open.

The result [11] is that K is 8-lipa-null if and only if M!*%(K) = 0.
For example, if C is the usual middle-thirds Cantor set, then the square Cantor
set C x C has
M"*(C x C) =0 & a > log; 4/3,

MI**(C xC) =0 a>log;4/3,
3

s0 C x C is 8-Lipa-null if and only if « > log; 4/3 and d-lipa-null if and only if
a > log; 4/3.

Obviously, if all functions f € A(U) extend analytically across a boundary point
a, then they are as smooth as can be. But it may happen that limited smoothness
occurs even at points which are not of this type.
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For an arbitrary set E C C, let

A(E) = | J{A(U) : U open ,E C U},
a(E) = U{a(U) : U open ,E C U}.

The spaces A(E), a(E) are closed subspaces of Lipa in case E is open.
Lemma 1.1 Letb € C and U C C be open. Then a(U U {b}) is dense in
a(U).

Accepting this for the moment, we note that for k € N the maps
& :f = fO(b)

are well-defined linear functionals on A(U U {b}).

Definition We say that a(U) admits a k-th order continuous point derivation
(cpd) at b if &% extends to a continuous linear functional on a(U).

Equivalently, a(U) admits a k-th order cpd at b if and only if there exists a
constant £ > O such that

IFO®)l < &|[fllLipa

whenever f € a(U U {b}).
We denote
Ab)={zeC:27" < |z-b|<27"}.

Fig. 1.
Our first main result is:
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Theorem 1.2 LetO<a<1,U C Cbeopen,beC,andk € N. Then a(U)
admits a k-th order cpd at b if and only if

+00
> 25+ 0mM It (A, (b) ~ U) < +oo.
n=1
The second main result is a similar theorem for A(U). It involves weak-star
continuous cpd’s.
Let b be a point of the interior of some (large) closed disk D. The restriction
space
Lipa(D) = {fID : f € Lipa}

is a Banach space (indeed, a Banach algebra) with the quotient norm. Similarly,
for lipa(D). De Leeuw showed that

lipa(D)**

is isometrically isomorphic to Lipa(D). Thus Lipa(D) acquires a weak-star topol-
ogy, as the dual of lipa(D)*. When we refer to weak-star topological concepts in
the sequel, we intend that the topology be of this kind, for some suitably large D.

Lemma 1.3 Letb € Cand U C C be open. Then A(U U {b}) is weak-star
dense in A(U).

We say that A(U) admits a k-th order weak-star cpd at b if 6% extends to a
weak-star continuous linear functional on Lipa(D). Whether this happens or not
does not depend on the choice of D (with b € int(D)). The condition may be
expressed in terms of the De Leeuw representation (see 2.7 below): A(U) admits
a k-th order weak-star continuous point derivation at b if and only if there exists
a finite-total-variation Borel-regular measure p on C x C, having no mass on the
diagonal, such that

f(k)(b) — /(;XC (f(Z) —f(W))dp(Z, W)

|z — wl®
whenever f € A(U U {b}).

Theorem 1.4 LetO<a < 1,U CCbeopen,beC, andk € N. Then A(U)
admits a k-th order weak-star continuous point derivation at b if and only if

+00
> 2+ mpIre (4, (b) ~ U) < +o0.

n=1
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These results are in a line of development which goes back to Wiener’s work
[16] on the problem of regular boundary points for the Dirichlet problem. Series
involving capacities of intersections with annuli are called Wiener series. Wiener
series have been used a lot, to characterise various kinds of thinness, and in
connection with analytic functions, for instance in Melnikov’s characterisation
of peak points for the algebra R(X) [7], and in [6], [5], [8~10,12], [15]. Like
most Wiener series characterizations, the present results are quite concrete, and
allow us to determine whether or not a cpd exists at any boundary point of a
sufficiently-precisely described set U.

We prove the results in Section 2, and give a few illustrative examples in Section
3.

2. Proof of Results

2.1. We begin by recalling extension theorems for Lipschitz functions. Each
real-valued Lip1l function on a subset of a metric space may be extended to the
whole space, so that it remains Lip1l with the same constant. This is Kirszbraun’s
theorem [4]. Applying this to C, with the metric

plx,y) =[x —y|*

(remember that O < o < 1), we see that each real-valued Lipa function on a subset
of C has an extension having the same Lipa seminorm. Applying this to the real
and imaginary parts, we see that each complex-valued Lipa function f on a subset
X of C has a Lipa extension f to C having at most twice the seminorm:

I Flltipat < 21| fllLipax)-

There is a similar result for lipa functions. Given a lipa function on a subset E C
C, we may choose a nondecreasing concave function w(r) such that w dominates
the modulus of continuity of f and has r~w(r) — 0 as r | 0. Moreover, we can
arrange that r~“w(r) is bounded by the Lipo seminorm of f. Applying Kirszbraun’s
theorem to C with the metric

p(x,y) = w(|x —yl),

we find that f has an extension in lipa that has at most double the Lipo seminorm

of f.

2.2. Next, we recall Frostman’s L.emma. According to this, if a Borel set
E c R? has positive M}, content, for some measure function 4, then it is possible to
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find a positive measure v, with compact support contained in E, such that the total
mass of v exceeds Mj(E), and such that v has growth h(r), in the sense that

vB (b,r) < kh(r)

whenever b € C and r > 0. Here, the constant x may be taken to depend only on
the dimension d. See [1].
If M? (E) > 0, then the measure ¥ may be chosen to have compact support in E,
with
v(C) > MZ(E),
v (B(b,r)) < k-rP, Vb e Candr > 0,

and
Supb V(B (b7 r)) =0 asr l 0
r8 '

2.3. The Lipa seminorm of a product is controlled by the Lipa seminorm and
the sup norm of the factors:

I f8lLipa < I fllLipo - gl + NgllLipa - I FllLee-

Also, the Lipa seminorm of a differentiable function on a bounded set is con-
trolled by the sup norm of the derivative:

18 /ILip(axy < 1DgllL= - diam(X)' .

Putting these facts together, we obtain the following estimate for the Lipa
seminorm of f(z)/(z — b)* on annuli about the point b:

Lemma 2.3 Let f belong to Lipa and let b € C. There is a constant sy,
independent of n € N, such that

f(2)
(z—b)

!
Z—

< 6 2% || fllLipaan(s))-
Lipa(An(b))

(Note that f may be assumed to have a zero on A,,, without loss in generality.)
2.4. We recall the Decay Estimates for Lipschitz holomorphic functions.

Decay Lemma Ler 0 < o < 1, let K C C be compact and let f € Lipa(C)
be analytic off K and vanish at oo. Then there are constants £ > 0 and x; > 0,
depending on a but not on K or f, such that the following estimates hold forz ¢ K:

(1) Il < & 1| fliLipa - M' () ™5,

5 Fllipe - M2 (K)
@ @ < g,
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and if £k € N then

5t 1 ipe - M 2(K)
G) OO — iz oy

See [11, section 12] and [13, section 7] (The argument for (3) is a routine
extension of the argument for (1) that is given in the former paper.)

2.5. We recall the T-invariance properties of Lipa.
The Vitushkin localisation operator, T, is defined by

(Ty) f =C(¢-9f),

for all distributions f and all test functions ¢, where C denotes the Cauchy trans-
form:
Cg = _—1 *
g - Tz &

for all distributions g having compact support. In view of the fact that C inverts  on
the compactly-supported distributions, we see that T f is analytic off the support
of ¢ and off the support of df. The spaces Lipa and lipa (like all translation-
symmetric concrete spaces) are mapped into themselves by the action of T4 [14].
But they also have the additional property of nice T-invariance. This means that
they are mapped equicontinuously by the sequence of operators {T,,} whenever
{¢.} is a standard pincher. To be precise:

Lemma Let ¢, (n=1,2,3,...) be a C* function having compact support, and
be such that
(1) spte, is a subset of the ball B(0,1/n),
(2) sup,, ||¢n|lLe < k1, where k| < 400 is a constant independent of n.
3) ||VeullL= < k2 - n, where ky < o0 is a constant independent of n.
Let O < a < 1. Then there is a constant (K1, K2, ) > 0 such that

I T4, fliLipacc) < &l fllLipa(e(0,1/4)) > vn.
This follows from Lemma (4.1) in [13] (see (2.2) of that paper for the definition
of the quantity N(¢) there referred to).
2.6. We now prove a Quantitative Cauchy Theorem for Lipschitz functions.

Theorem (a) Let I' be a piecewise analytic curve bounding a region Q1 € C,
and suppose that T is free of outward-pointing cusps. Let 0 < a < 1. Then there
exists a constant k(I', o) > O such that

/f(z)dz <k-MF*QNS)
r
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whenever || f||, c < 1, S is closed, and f is analytic on Q ~ S.

(b) The constant x(I', ) depends only on the equivalence class of T' under the
action of the conformal group of C. In other words, it is the same for any curve
obtained from T by rigid motion and dilation.

(c) A similar result holds with Lipa replaced by lipoe and M'*< replaced by
Mlte,

Versions of this theorem have appeared previously. For the case when I is a
circle, it was essentially proven by Dolzhenko (cf. {Garnett 1972, p.65, Lemma
2.2]). As we shall see, the general case is not far from the circle case.

Proof. 1. Itis enough to prove the result for the case when I' is a simple closed
Jordan curve, i.e. bdyI is connected. Once this case is proven, the general case
follows on cutting up £ into a finite number of pieces and using the subadditivity
of M'+e,

2. For the same reason, it is enough to prove the case in which T" consists of
three analytic arcs, making a curvilinear triangle in which none of the vertices is
an outward-pointing cusp. We may also assume that S is a subset of Q UT.

c

a b
Fig. 2.
3. Using a mixture of rectilinear triangles and curvilinear triangles partly
bounded by pieces of I', we can cover S by a finite number of patches P, such that
(1) each P, is bounded by a piecewise-analytic curvilinear triangle,

(2) M'*%(S) > const - Y _(diamP,)'*,

and (3) perimeter(P,)< const - diam(P,). This depends upon the fact that there are
no outward cusps in I'. The constants depend on the shape of I' but do not change
if T is rescaled, translated, or rotated.
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4. Then, using Cauchy’s Theorem, and denoting by ¢, any chosen point of P,,

we get
JECEEEDY

< const Z diam(P,) - diam(P,)*

(f(2) —f(cn))dz

bdyP,

< K -MUT(S).
O
2.7. We recall the De Leeuw representation of lipa™ [2]. If T € lipa(B)*, then it
can be represented as follows. There is a Borel-regular measure p on B x B, having
no mass on the diagonal, having finite total variation, and such that

Tf = / (f(2) —f(w)dp(z,w)

|z —wi*

whenever f € lipa(B). The proof is a simple application of the Hahn—Banach
theorem and the F. Riesz representation theorem. Using this representation the
double-dual action of a function f € Lipa(B) on T is given by the same formula.
(In essence, that is De Leeuw’s proof that Lipa is the double dual of lipa.)

2.8. We now prove Lemma 1.1 and Lemma 1.3.

Fix f € A(U).

Choose C* functions ¢, having compact support, such that ¢, = 1 near b,
0<¢,<1,sptp, CB(0,1/n) =B,, and

”V¢n ”Lw S 8n-

Form g, =Ty, f. Then g, belongs to A(U), and is also analytic on the complement
of B,. Moreover, by Lemma 2.5, ||gx||Lipa <coOnst.
By the Decay Lemma,

K

<
80(2)| < e

whenever |z — b| > 1/n, and thus by a simple argument
lgn(2)| < k/n*,  VzeC.

Since {|gx||Lipa is bounded, we deduce from the De Leeuw representation and the
Lebesgue dominated convergence theorem that g, — 0 weak-star in Lipa. Thus
f — gn — f weak-star, and f — g, € A(U U {b}). This proves Lemma 1.3.

If f € a(U), we may use the fact that T41 = O to get the estimate

T4, fllLipa < const - || f — f(b)lLipa(s,) — O,
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and so conclude that in that case g, — 0 in Lipa norm. Thus we obtain Lemma
1.1. O

2,9. Now we prove the first part of Theorem 1.2: If the series converges, then
there is a k-th order cpd on a(U) at the point b.

We may suppose that b = 0.

Let v, = M!**(A,(b) ~ U). Suppose that

22("“)"7,, < +o0.
n

Let f € A(U U {0}). Choose N such that f is analytic on B(0,27). Then by the
Cauchy integral formula,

f®0) = 1 / M

2mi Jyegon 254

L[ f@d N1 [ fa

270 Jiy=1 Y e 2mi Jogya, zkt1
_1 S0 S fe

270 Jpm 241 =1 2mi Joaya, zk+1?

and hence, using the quantitative Cauchy theorem, and Lemma 2.3, we get

1 dz] | o= 1
o0 < g [ a0

n=1

f(2)dz

k+1
bdyA, zk+

A

o0
S(uP |f(2)]+ ) const - 24Dy || f|Lipa-
B(0,1)

IA

n=1
This shows that there is a k-th order cpd at b on a(U), as required. o

2.10. Next, we prove the other direction of Theorem 1.2.
Let ~, be as in the last subsection, and suppose that

22(k+1)n’7n = +00.
Choose ¢, | 0 such that

oo
Z 2(k+1)"€n7n = o0,

n=1

and 2&+Dne < 1 for all n.
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Applying Frostman’s Lemma, we obtain, for each n, a positive measure v, on
A, ~ U such that

VaB(z,r) < €, - r' T, Vze C,Vr >0,
Vn]B(za r)
SLprrlT —0 asr|O,
and
lvall = Kenvn-
Let

Then || fullLipa < Ké€n, fn € a(U), f» is analytic off A,, and

dvy
W0 =k [ 78

lies between fixed constant multiples of 2(-+ D¢,y .
For each n, choose p > n such that

p
Z 2+Dme o€ [1,2).

n

Let »
gn(2) =Y ful2)-

From the Decay Lemma, we get

[ fm(2)] < const - €, - 277,
const - €, Ym
< 2 mim
|fm(2)| — diSt(Z,Am) 3
y const - €, Ym
< /.
| fm(2)] < Gist(z,An )2

Fix z, w € C with z # w. Fix m with n < m < p. The following five cases cover
all the possibilities:

Case 1: z or w belongs to A,,—| or Ay, Or Ayt 1.

Case 2: |z] > 27"+ and |w| > 27™*!, and |z —w| < 27™.

Case 3: |z] < 27™2 and |w| < 27" 2,

Case 4: |z| > 27"+l and |w| > 27"+ and |z — w| > 27"™.

Case 5: |z] < 27" 2 and |w| > 27™m+1.
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In Case 1, we have

| fm(2) — (W)

2 —wa < || funllLipa < comst - e,

In Case 2 or Case 3, we may connect z to w using an arc I" of length at most
m|z — w| such that

|¢—1]>27""2 V(€T V€A
Thus integrating the decay estimate for f,,({) gives

) =IO _ - amg et
2 = wie

In Case 4 or Case 5, we get

| fm(2) = fru(W)| < | fm(2)| + | fn(W)]

]Z _ wia - 2—a{m+2}

< const - 22'"6,,.,7,,, le=hn

Thus we have

14
18a) =800 gy ptobn " g,

|z — wl*
m=n

< K- (eg 4 2@ ),

Thus the functions g, have Lipa norms tending to zero, and yet g,(,k ) (0) is bounded
away from zero, whence there is no cpd at 0.
This completes the proof of Theorem 1.2. O

2,11. There is a weak-star continous point derivation on A(U) at b if and only
if there is an estimate

| F®(0)] < const - || fl|Lipes

valid for f € A(U U {b}). Thus the argument just given needs practically o
change to prove Theorem 1.4. O
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3. Examples

3.1. If bdyU is smooth near b, then there is no cpd at b. More generally, if there
is a sector

Fig. 3.

S={ze€C:0<|z—b| <é,|¢p—argz| < €}

with § > 0 and ¢ > 0, that lies outside U, then there is no cpd at b. For, given such
a sector, and n > log, 6, the set A,(b) ~ U will contain a disk of radius 72" for
some 1 > 0, independent of n. Then

MY (An ~ U) 2 (27717,

so the series
Z 4nMal=+a(An ~ U)

n

diverges.

3.2, Let w : [0,+00) — [0,4+00) be a monotone increasing function, and let U
be the set
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Fig. 4.

U={z=x+iy:|y| w(x)if x > 0}.

If w(r)/r - Oasr | O, then C ~ U has a cusp at 0. In this situation, there are
positive constants x| and x; such that A,,(0) ~ U contains a ball of radius x;w(27")
and is contained in a ball of radius kyw(27"). Thus there is a cpd of order k on
a(U) at 0 if and only if

Z 2(k+1)nw(2—n)1+a < +00.

n

For instance, if the region is that outside the cubic cusp
U={x+iy:|y| >x/?},

then there is a first-order cpd on a(U) as soon as a: > 1/3, but there is a second-order
cpdfornoa < 1.

For an exponential cusp, there are cpd’s of every order for every a > 0.

For this kind of set the same condition characterises the existence of weak-star
continuous cpd’s on A(U).
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3.3. Let U = C ~ I, where T is the von Koch snowflake curve, and let b be any
point of . We have MA(T") = 0 if and only if 8 > log; 4 and M?(') = 0 if and
only if 8 > log; 4. Moreover, because of the self-similarity properties of T', there
are positive constants «; and x> such that (letting d = log; 4)

kr? < MAB(z,r) NT) < kor?,

whenever z € I and 0 < r < diamI". Using these facts and the theorems proved
above, we readily see that the following are equivalent:
(1) A(U) admits a weak-star continuous first-order cpd at b;
(2) T is 6-Lipo-null;
(3) a > log; 4.
Also, the following are equivalent:
(1" a(U) admits a continuous first-order cpd at b;
(2" T is &-lipa-null;
3" a > log; 4.

3.4. Let U be a road-runner set

Fig. 5.

e}

U= U(O, 1) ~ U B(anarn)’

n=1
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where a, > 0, r, > 0, and O < @u41 + ¥py1 < @, — 1y, < 1, for each n. Then
application of the above theorems shows that a(U) admits a k-th order cpd at O if
and only if A(U) admits a k-th order weak-star cpd, and that both happen if and
only if

o0

Tn
> s
n=1""
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