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A CLASS OF FINITARY CODES

BY
M. KEANE AND M. SMORODINSKY

ABSTRACT

It is shown that for any two Bernoulli schemes with a finite number of states and
unequal entropies, there exists a finitary homomorphism from the scheme with
larger entropy to the one with smaller entropy.

§1. Introduction

In recent work on the classification of dynamical systems in ergodic theory, the
construction of codes has played an important role. The reason for this is that
every ergodic dynamical system (on a Lebesgue space) has a representation as a
shift transformation on a sequence space whose underlying alphabet is finite or
countable, and hence it has become important to construct codes (i.e. shift
invariant and measure preserving maps) from one sequence space to another.

In the important special case of Bernoulli schemes, the efforts culminated in a
complete classification by Ornstein [5]. His methods are in fact more general and
apply to a much wider class of sequence spaces, but they have the disadvantage
of not having a continuity property which would seem to be necessary for
applications. Moreover, Ornstein has shown in a yet unpublished result (see also
[7]) that the desired continuity property cannot be true for the wider class of
sequence spaces.

The continuity property in question can be briefly described as follows. Any
sequence space over a finite or countable number of symbols is endowed with a
natural product topology. A code from one sequence space to another is called
finitary or almost continuous if after removing sets of measure zero from the
spaces, the code is continuous on the remaining sets. This definition is of course
valid for any spaces, but takes a special equivalent form in the case of sequence
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spaces whose exact definition is given in §2. Loosely speaking, finitary codes
between sequence spaces are those for which a finite number of image
coordinates can be decided by looking at only a finite, but possibly larger,
number of original coodinates. For further discussion of this concept see [2].

The special examples of codings between Bernoulli schemes given by Meshal-
kin [3] and Blum-Hanson [1] enjoyed the property of being finitary. More
recently, Monroy-Russo [4] have constructed finitary isomorphisms between
special Markov chains and Bernoulli shifts. In this paper we show how to
construct finitary codes from any Bernoulli scheme to any other Bernoulli
scheme of lower entropy. Our construction is based on an idea of Monroy and
Russo. It differs from the Meshalkin and Blum-Hanson codes (see [9]) in that
the average number of coodinates needed to decide one coordinate in the image
point is finite, and this means that our process can be effectively carried out (e.g.
by a computer).

A special case of this result is the following. Consider a three-sided coin with
equal probabilities, and produce using this coin a sequence of independent trials
at times t € Z. This yields, say, a sequence of symbols 0, 1, 2. Now unless we were
very unlucky (with probability one) the procedure defined below can be applied
to the 0,1, 2 sequence to write down a sequence on two symbols a, b which is
typical sequence for the flipping of a two-sided coin with equal probabilities (or
with any preassigned probabilities, the procedure of course depending on the
probabilities desired). The point is that we can determine individual elements of
the a,b sequence by looking at a finite number of elements of the 0,1,2
sequence, so that the whole sequences need not be known in order to effect the
mapping step by step, and also that on the average the number of elements we
need to know in the first sequence to determine one element in the second one is
finite.

Let us now try to describe briefly the procedure which will be used. The first
step consists of reducing the problem to the case where there exist two blocks
(finite sequences) of the same length and same frequency of appearance, one in
each scheme. These blocks are called markers. The code will have the property
that the appearances of markers in a point and in its image coincide. The rest of
the construction is then concerned with what happens with blocks occurring
between two marker blocks. Here it is necessary to define a procedure
independent of the indices of the point, since the code must commute with the
shift. If M denotes a marker, then we define a skeleton as a sequence of the form

M™ M . M "mo M "m
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where M"=M---M (n times),
lengths (where the block M is not supposed to appear) and n, < min(n,,m,,) for
1=t=m—1. It is shown that for almost all points of the first scheme there

denotes “holes” of fixed positive

exists a sequence of increasing skeletons whose lengths tend to infinity which
“appear” in the points and cover every coordinate eventually. Given a skeleton,
there are many possibilities to fill in the holes to obtain blocks occurring in the
schemes. Each of these possibilities is called a filler. Using a marriage lemma
which we prove in §3, we construct in §4 by an inductive procedure, partial
mappings from the set of fillers for a given skeleton in the larger entropy scheme
to the set of fillers for the same skeleton in the smaller entropy scheme. These
mappings are called partial assignments; the idea is that whenever we see a
skeleton in a point of the first scheme filled with a filler which is assigned to some
filler in the second scheme, then this defines the image of the point in the
coordinates covered by the skeleton. A compatibility condition ensures us that
the definition is not changed at some later stage of the construction. In the final
paragraph, we then formally define the code and prove that it is a finitary code.

The use of the marriage lemma in §4 to construct assignments is not necessary.
We could have defined an assignment as a matrix a satisfying the conditions 1),
3) and 4) of Corollary 8 and obtained the estimate of Lemma 14 in a more direct,
although somewhat less obvious, manner. In fact, our first proof of the theorem
was constructed along these lines. Here we have used the marriage lemma
because it gives a somewhat better estimate with less difficulty in the case where
all the elements of F(s) are good, and also because we think it is new and may
be of independent interest.

§2. Markers

We begin by defining the notations we shall use for Bernoulli schemes. Then
we state the main theorem of this paper and effect a reduction of the problem.
Finally we study markers and define the marker process, and make the relation
between the marker process and the Bernoulli schemes explicit.

Let

A={1,2,- - a}

be a finite alphabet, a = 2, and let

p=(pi " pa)

be a probability vector with p, =0 for 1=t = a. The Bernoulli scheme B(p) =
(X, o, u, T) is defined by
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X=A*
& = product o-algebra on X
p=p*

T = left shift on X.

Its entropy is given by

h = —;p,logp,;

all logarithms will be taken to the base 2. If x € X and if g = r are integers, then
we set

x[q r]=xxgoi - x, EATV

A second Bernoulli scheme with alphabet A={1, - a}, probability vector p
and entropy h is denoted by B(p) = (X, A, a, T).

A homomorphism ¢ from B(p) to B(p) is a measurable map ¢ from a subset
of measure one of X to X which takes u to & and commutes with T and T. The
homomorphism ¢ is finitary if for almost every x € X there exist integers ¢ = r
such that if y € X with x[q,r] = y[q, r] and if ¢(y) is defined, then ¢ (x)[0,0] =
(y)10,0].

Our main result is the following theorem.

TueoreM 1. If h < h, then there exists a finitary homomorphism from B(p) to
B(p).

The following simple reduction of the problem permits us to introduce
markers and starts the proof, which will continue throughout the paper.

Lemma 2. Let ko be any positive integer, and let h < h. Suppose that Theorem
1 is true under the following additional hypothesis: there exists an integer k = k,
such that

piipa=pip.

Then Theorem 1 is true.

ProoF. Since h < h, one of the elements of p is larger than one of the
elements of p, so that by rearranging we may assume p, < p,. Consider the
Bernoulli scheme B(p) based on the alphabet A ={1,2,---,@+ 1} and the
probability vector p = (p,, - -, Pas1), Where
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P~1=Isl
p.=8
,ﬁ3=p2—5

po=p fordsr=a+l,

with 0< 8 < p,. There exists a finitary homomorphism from B(p) to B(p),
obtained by identifying the symbols 2 and 3 of A. If & is small enough, we have

h<h<h,
where # is the entropy of B(p). Moreover, for any k = k, there is a value of 8
for which

pi'p.=pi P,
namely
= D2 (E)kil.
|2

Because p, < p,, 8 tends to zero as k tends to infinity. Now choose k = k, and
8 = 8(k) such that & < j, and h < h. Then the additional hypothesis holds for
B(p) and B(p), and composing the finitary homomorphism from B(p) to B(p)
with the one from B(p) to B(§), we obtain the desired result.

Now we fix the integer k for the rest of our argument, and we assume in the
following that

Pf—lpz = [37_1[32-
A marker (for either scheme) is the block

M=1"2=1---12.
Nt o’

k-1
times

In general, if y =y,---y, € A", then we set

/‘L(y):'],:llp)'r’

and similarly we extend g to finite sequences. The marker measure n is then
given by

n=puM)=aM)=pi "' p.=pi " ps.

Consider the sequence space X defined by

X ={1,2"~.
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Define a map from X to X by the following procedure. Take a point x € X and
replace all markers M occurring in x by 11---1 (k times). Then replace all
other symbols in x by 2. This map commutes with the shift and sends the
measure g to a measure i on X. We call (X, i) the marker process of B(p).
Similarly we can define the marker process of B(p).

LeMMA 3. The marker processes of B(p) and B(p) coincide.

ProoE. First consider the marker process of B(p). For almost all £ € X
(w.r.t. &), £ contains infinitely many 1, and the 1 in £ appear in groups whose
length is a multiple of k. This is true since markers in a point x € X appear
infinitely often (a.e.) and cannot overlap. Now consider a block of the form

-}

A Imk Al 3 Tm,_k 31, TmX
y=1 0“2’!1"‘1“ 121 ,77k21.1m ,

T

where t=1, [ 21, miz1 (0=i=t). Let ¢ <r be integers with r—qg+1=
2 (I + mk), and consider the cylinder set

Z={i€X:i[gr]=7y}
and its inverse image
Z={xeX:i€2)

in X. We wish to calculate i for each such cylinder Z. For I = 1 denote by A
the set of blocks of length [ over the alphabet A which contain no markers. Then

Z={xEX :x[gr]EM™X A X M™X - X ALx M™)

and

@(2)=w(@) = o Tl a(ad.

The same calculation is valid for the marker process for B(p), and g is certainiy
determined by i (Z) for all cylinders Z of the above type. Thus it is sufficient for
the proof of the lemma to show that for each I Z 1, u(A{) depends only on [ and
7, and not otherwise on p,, - -, p..

Now consider the finite space A' provided with the measure y, and let E,
denote the event that a marker occurs at place t, 1=t=[-k +1. Then

t-—k+1

m(A)= l—u( U E.)= 1—Zﬂ(5,)+ gu(a NE)—---.
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If E,NE,#, then |t —t'| = k since markers cannot overlap. Therefore

0 if there exist v, w with |, — ¢, [ <k
(B, E)=[°, [t =]
[1 #(E,) otherwise,

v=1

and the last product is just n* It follows that u(A;) can be written as a
polynomial in  whose coeflicients depend only on [/ and k, and the lemma is
proved.‘

The notation AJ(A4) will be used in the following for the set of sequences of
length | over A(A) which contain no markers. We also use repeatedly the
formula

n(AG)= i (As).

Consider now the projection 7 : X — X from B(p) to the marker process
(X, ii). For each £ € X let

X(®£)=n"'(%)
denote the fiber of X above £. Almost all £ € X have the following form:
£=(-Imk doimex By,

where {m.} and {l} are sequences of positive integers. In this case, we identify
the fiber above £ by setting

xi#)=]] A«.

teZ

Denote for any ! Z 1 the normalization of the measure u on A by uo. That is,

palF) = O = ECL (Fe ay).

G; H(G) ’

(Elements F of A will later be called fillers.) By taking the product measure of
the ;Lo on the A:;, t € Z, we obtain a normalized measure u. on almost all fibers
X (£). The next lemma shows that the u. are actually the conditional prob-
abilities of u on the fibers X(£).

LemMA 4. For every non-negative measurable function ¢ on X,

fx vy = fx (fx(i) dldui) dii (£).
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Proor. Let y € A" be of the form
y = M"'UFIM'”le e MM EM"‘.’

where F, € A for 1=i =1, and the m, and I, are positive integers. Let g =r
such that r—q +1=21 + mk, and set

Z={xeX:x[q,r] =y}

It is sufficient to prove the lemma for ¢ =1, for any such Z. Now if
ZNX(X)#, then
ue(Z) = p(Z N X @) = [ molF).

i=1

This is the same number for all such x. Moreover,

AEEX ZNXE)ADY=qnm _11 w(Ag)

and hence

J ([ e dior=nme = [ u (k)= w2y

as required.
For any x € X which belongs to a fiber

x(x) =1 A,
teZ
denote by F.(x) € Al tE Z, the sequence of elements of A which determine
x. To fix our notation, let us require that the 0-th coordinate of x belong either
to an index of A¢ or to the marker string which immediately precedes Al We
shall need the following version of the Shannon-McMillan-Breiman Theorem.

Lemma 5. For almost all x € X,

. 1 . 1
lim ———log [[ w(Fi(x))=1——(h ~e),
S ) 1—kn

where e denotes the entropy of the marker process.

Proor. Let x € X be such that the Shannon-McMillan-Breiman Theorem
[6] holds for x and for # = 7(x) € X. This is true for almost all x € X. Then as
g— —>* and r — + x,
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log pu (x[g, r])—— h,

r-q
g s Ay EX:Slgr)=2la - —e,
Y
m“’l‘ kn,

where in the last limit we have supposed the sequence (g, 7) “‘compatible” with
the marker structure. The last limit is valid by applying the ergodic theorem to
the characteristic function of the marker block in X. Since for (q,r)
“compatible”,

p(x[g.r]) :
TR < = F.(x)),
G 9lgr = £l )~ AL #UFG)
the lemma is proved.
The above results are all valid also for B(p), and we shall use them as well as
the notation freely in the sequel. We set

1
g_l—-kn(h_e)

and

.1
g—l—kn

(h—e).

The quantities g and g are called the filler entropies of the schemes B(p) and
B(p).

§3. A marriage lemma

We digress for a moment to prove a lemma which will be useful for our
construction in §4. Some parts of the following proof are known (e.g. [8]), but we
insert everything for completeness.

Let (U, p) and (V, o) be two finite measure spaces. We also assume that
U={1,2,---,u}is a finite set, the set of boys, V is called the set of girls and is
not necessarily finite.

A society S is a map which assigns to each b € U a measurable set S(b)CV
such that for all subsets B of U,

p(B)=o(S(B)),
where we have set 5(B)=U,csS(b).
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We say that the society R is less promiscuous than the society S iff
R(b)CS(b) forall be U.

LemMma 6. Let S be a society. Suppose that there exist measurable disjoint
subsets G, and G, of V and distinct elements b,, b,€ U with the following
properties :

G,U G,CS(b)N S(b,).

Fori=1 ori=2, denote by S, the map obtained by setting
S(bY=S(b)  (b#b),
Si(b)=Sb)\G.
Then either S, or S, is a society.
Proor. Assume that S, is not a society. Then there exists B, C U such that
p(B1) > a(S:(By).

Obviously b, € B, and b, & B,, since otherwise we would have §,(B,)= S(B)).
Let B be any subset of U. We show that

p(B)= o(SAB)).

If b, Z B orif b, € B this relation follows because then S,(B) = S(B). Suppose
b| E B 3 bz. Then

S(BUB,)=8(B\)US:B)= S:(B,)U[SAB\B)\S:(B N B,)]
and
B.UB = B,U(B\B)).
Since S is a society, we have that
p(Bi)+ p(B\B)) = o(S(B)) + o(S:(B\B)\S«(B N B))),

and since B, violates S, it follows that

p(B\B\) < a(S«B\B.)\S\(B N B))).
Moreover B N B, contains neither b; nor b,. Therefore

S(BNB)=S8/(BNB,)=S(BNB,)

and
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p(B N B))=o(S:(B NB))).
Adding the last two inequalities yields
p(B)=p(B\B\)+ p(B N B1) = o(5:(B\B:\)\S\(B\B\)) + (S(B N B)))
= o($:(B\B,)US(B N B)))
= 0(5AB))
and the lemma is proved.

CoroLLary 7. If (V, o) is a continuous measure space, and if S is a society,
then there exists a society R less promiscuous than S such that R(b))N R (b)) =
if b, # b..

Proor. It is obviously sufficient to attain o(R(b,) N R(b,)) =0 for b, # b,
since removing a set of measure 0 does not change the society property. By
Lemma 6, if o(R(b,) N R(b;))= 8 >0, then we can reduce the measure of the
intersection to §/2, since (V, o) is continuous. Iterating this procedure yields the
desired result.

CoroLLARY 8. Suppose now that V ={1,--- v} is finite. Given a society S,
there exists a matrix a(b,g) (b € U and g € V) such that:

1) a(b,g)20 forall bE U and g€ V,
2) a(b,g)=0 if g& S(b),

3) Zieval(b, g)=p(b) forall be U,

4) S,cvalbg)=a(g) forallge V.

ProOF. Let V be a continuous measure space with disjoint subsets
{V., -+, V.} and measure & such that V = U/, V, and such that &(V,) = (i),
i € V. Define the continuous analog S of S on V by setting

Sh)y= U V, (bEU).

gES(b)

By Corollary 7 there exist disjoint subsets R(b)CS(b), b € U which form a
society. We may assume that e(b) = ¢(R(b)) for each b € U, simply by making
R(b) smaller if necessary. Now set

a(b, g)=G(R(b)N V,).

The four conditions above are easily seen to be true for this @, and we leave the
details to the reader.
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LemMa 9. Let V be finite. Suppose that a(b, g) (b € U and g € V) is a matrix
satisfying conditions 1), 3) and 4) above. Define for each b € U

S(hy={g€ V:a(bg)>0}.
Then S is a society.

Proor. Let B be any subset of U. Then
p(B)= 2 p(b)= 2 2 a(bg)= a(b.g)
bEB bEB gEV

bEB gES(b)

A

2 Za(b,g)égi o(g)=o(5(B)).

gES(B) be U €5(B)

CoroLLarY 10, If S is as in Corollary 8 and if there exists a pair (b, g) with
g € S(b) and a(b, g) =0, then the map obtained by deleting g from S(b) is still a
society.

Now we come to the main result of this paragraph. If S is a society and if V is
finite, we set

m(S)=card{g € V:b, #b, with ge S(b)NS(b.)}.
The number 7 (S) is called the promiscuity number of the society S.

THeoREM 11. Let V be a finite set. To every society R there exists a less
promiscuous society S such that m(S)= u ~ 1, where u = card (U).

Proor. Since there are only finitely many societies, we may choose a society
S less promiscuous than R which is minimal w.r.t. this property. That is, no
other society is less promiscuous than S. Let § be any such society.

A cycle isasequence b, - - - b, of different boys in U(r = 2) together with girls
g, -, g who are all different, such that for each 1 =i =1

g € S(b)N S(h.)

(where we have set b,., = b,). We show that S has no cycles. Note that Lemma 6
says for finite V that § has no cycles of length ¢ =2.

Suppose there is a cycle as above. Let a be a matrix for S as in Corollary 8.
Define a matrix a' by setting

«(byg)=alb.g)-¢ (1=i=t)
a,(b,n,g;): a(bwh g1)+ £

and
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a'(b,g)=a(b,g) for all other (b, g).

Now set ¢ = min, ;= a (b, g). It is easy to check that a' satisfies conditions 1)-4)
of Corollary 8. Moreover a’(b, g) =0 for at least one value of i. This is a
contradiction to the minimality of § by Corollary 10.

Next we may consider a graph whose vertices are the elements of U and
whose edges are the pairs (b, ') for which S(b) N S(b') # J. By the above, this
graph has no cycles and is therefore a tree, with at most u — 1 edges. But the
number of edges is equal to the promiscuity number 7(S).

Finally, we note that if S; is a society on (U, e;) and (V,, 0:), i = 1,2, then the
product S, X S, is a society on (U, X U,, e, X e;) and (V, X V,, o, X o), where

S] X Sz(b] X bz) = S](b]) X Sz(bz)
This follows from Corollary 8 and Lemma 9, by setting

a(bl X b, g X gz) = ai(b,, gl) - ay(b,, 82)

and by noting that the society S of Lemma 9 is less promiscuous than S, X S,, so
that §, X §, must be a society.

§4. Skeletons, fillers and assignments

In the construction of the homomorphism of Theorem 1 which we produce in
the next paragraph, fibers X (£) will be mapped to fibers X(£) in the barred
scheme for almost all ¥ € X. The purpose of this paragraph is to prepare the
definition of the map on each fiber in a way which is shift invariant.

By a skeleton we mean a non-indexed finite sequence of M'’s and blanks (of
different positive lengths) of the following form:

MM Mn o Mma

I 2 lm

M

where m=1, nz1(0=t=m), Lz1(1=t=m), and where
n, < min(ne, n.,) I=t=m-1).
The numbers /,,---, I, are called the filler lengths of the skeleton. We set
I=hL+: - +1.

Skeletons will be denoted by the symbol s, and the set of skeletons by &.
If 5, s’ € &, then s’ is a subskeleton of s if (in the above notation for s) there
exist integers ¢ and ¢’ such that
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s'=M"™ M M,
Loy b

Two subskeletons are said to be disjoint (in s) if the indices of the I's
corresponding to them are disjoint. Since the requirement for skeletons specifies
that the marker sequences M™ and M "™ at the ends are longer than those in the
middle, it follows that if s’ and s” are subskeletons of s, either s’ and s" are
disjoint or one of them contains the other as a subskeleton.

A maximal subskeleton s’ of s is a skeleton s’ # s such that it is contained in
no other subskeleton s” # 5. From the above it follows that either s contains no
maximal subskeletons or that the maximal subskeletons s,,--- s, of s are
disjoint and cover s.

We define the order of skeletons inductively in the following manner. A
one-skeleton (skeleton of order 1) is a skeleton with no maximal subskeletons.
These are just all skeletons of the form

M M

with ny, n, 2 1. If n 2 2, an n-skeleton (skeleton of order m) is a skeleton which
is not of order less than n, but all of whose subskeletons s’ # s have order less
than n. If s is a skeleton, then by breaking up s into maximal disjoint
subskeletons, breaking these each up again, etc., it is easy to see that the order of
s is well-defined. We omit these details.

If s€ & and x € X, we say that s occurs in x at (g, r) if (denoting by £ the
image of x in the marker process) £{gq, r] can be obtained from s by replacing
each M by 1* and each blank of length ! by 2' and if x[q,r] is neither
immediately preceded nor immediately followed by the symbol 1 in £. We use a
similar definition for the occurrence of a skeleton in a point of X. The following
lemma is obvious.

LemMa 12.  For almost every x € X there exists a sequence of skeletons s,
t Z 1, and sequences of integers q. and r, such that

D) g=0=r,
2) s occurs in x at (q.r.),
3g—-xandr—+x

Proor. Let x € X be such that for each integer u >0, the marker sequence
M* occurs at least once to the left of zero and to the right of zero and is neither
preceded nor followed by M. This is obviously a set of measure one (by the
ergodic theorem, for instance). Now we may take for s, the skeleton
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M M ™ which occurs in x and contains the zero coordinate. To obtain s.,
look to the left and to the right for the first occurrence of an M" with n > n,,
n > n,, etc.

If x € X satisfies Lemma 12, we may define the sequence of skeletons s,(x) of x
as the maximal sequence such that s,(x) occurs in x at (g, ) and such that s,(x)
is a (maximal) subskeleton of s..,(x). To remove ambiguity at the beginning, we
should not only assume that ¢, =0 =r, but also that the zero coordinate of x
appears in the “interior” of the skeleton s, i.e. it does not correspond to an
element of one of the end marker sequences of s;. Then s,(x) is uniquely defined
for almost all x. Moreover, the sequences s,(x) and s,(Tx) coincide for large ¢
(after shifting indices if necessary), since g, — —® and r, —» + o,

The above results are also valid for the scheme B(p). The sequence s,(x)
obviously depends only on £, and not on x € X(X).

Next we define fillers. Let s be a skeleton as above. A filler F for s is an
element of the set

F(s)=A¢X - XA

If F=F, X---XF,, then we set
polF) =[] polF,),

t=1

where g, is the normalized measure on A (I = 1) defined in §2. We call this u,
the filler measure on %(s). ¥(s) and f, are defined similarly.

We shall need to distinguish between good (typical) fillers and bad fillers. The
definition most convenient for our purpose is not the same for B(p) and B(p). If
g and g are the filler entropies for B(p) and B(p), then h < h implies § < g. We
fix an ¢ with 0<e <i(q—g).

An element

F=FX---XF, A(I)IX""XA(I)M
is good if
#O(F)gzv(s—e)l’

where | =[,+---+1[,. An element

is good if

fo(F)z 27+,
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Elements which are not good are said to be bad. We shall need to subdivide the
bad elements of %(s) a bit more. This is done by the following definition. If
F € %(s) and if s’ is a subskeleton of s, then by restricting F to s’ we obtain an
element of F(s’) which we shall denote by F(s'). Now set
9 (F,s)={s':s' subskeleton of s, F(s') good, and
s’ maximal w.r.t these properties}.
For instance, if F was good to begin with, then 4(F, s)={s}. If s, s" € 4(F, s),
then s’ and s" are disjoint, since if one were contained in the other then it
wouldn’t be maximal. We say that F€ %(s) and G € %(s) are equivalent
(F~G) iff
4(F. s)=4(G,s)
and
F(s')= G(s)

for all s'€ 4(F,s). If F is good, then no other element is equivalent to it.

LEmMMA 13. Let s be a skeleton with filler lengths 1., - -, I,,. The number of
equivalence classes in %(s) is at most

2m*(§*s)l

where | =1, + -+ [,.

Proor. The number of possibilities for (F,s) is at most 2™ the number of

subsets of {1,- -+, m}. If s’ is any subskeleton of length I’, the number of good
elements of %(s’) is at most

@
2

since each one has measure at least 27®"*". Since the skeletons of (F,s) are
disjoint, the number of possibilities for F(s'), s’ € 4(F, s), F(s') good, is at most

n AEN < Y@ reN

s'E4

Next we define partial assignments. Let s be any skeleton. A partial
assignment P, for s is a society (see §3) on the sets

U=3%(s) (boys), p= o
and
V = %(s) (girls), o = po.
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The partial assignment P, is good iff
F~ G > P,(F)=P,(G).

Note that a good partial assignment is the same thing as a society with V as
above and U the set of equivalence classes of F(s), e being the measure g, of
each equivalence class.

LemMma 14. If Q. is a good partial assignment for s, then there exists a good
partial assigment P, less promiscuous than Q, and such that

wo({F € F(s): F belongs to more than one P,(F)}) =
2@t 4 ({F € F(s): Fbad})+ fo({F € %(s): Fbad}).

Proor. Applying Theorem 11 to Q, with U equal to the set of equivalence
classes of boys, we obtain a good partial assignment P, such that the number of
elements in the set on the left hand side of the inequality is at most

m+(g+e)l
2 )

if we discount the F belonging to only one equivalence class with more than one
element. Since our measures are normalized, this latter set cannot have measure
greater than

fo({F € F(s): F bad});

otherwise this would violate the societal condition. Each of the 2™*#**" elements
mentioned above is either good or bad (in (s)). Therefore their total measure is
at most

2mr@rt o~y o({F € F(s): F bad}).
Finally,

m+(g+s)l—(g—e)l=m—(g—g—2£)l§m—<g;g)l

and the lemma is proved.

The last task of this paragraph is to define and construct global assignments.
Let s be a skeleton, and suppose that the order of s is greater than one. Let
s1,+++, 5 denote the maximal subskeletons of s. They are disjoint and cover s.
Let P, ---, P, be partial assignments for s, ---, 5. We define the product
assignment Py= P X --- X P, on s in the following manner. If F € %(s), then
P(F) consists of all F€ %(s) such that for each 1=t =j, F(s,) € P.(F(s.)).
(Remember that F(s,) denotes the restriction of F to s.)
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LEmMMA 15. P =P, X --- X P, is a partial assignment on s. If P,,---, P, are
good, then P is good.

Proor. The first statement follows from the fact that the product of two
societies is a society (see the remark at the end of §3). The second statement
follows from the fact that if F=F, x --- X F. and G = G, X - -- X G, then

implies

A global assignment P is a collection (P,),c» of good partial assignments, one
for each skeleton s, such that for any s € & with maximal subskeletons s, - - -, s,
P, is less promiscuous than P, X --- X P, The global assignment P is minimal if
for each s € &, there is no other good assignment less promiscuous than P,

LEMMA 16. Minimal global assignments exist.

Proor. For one-skeletons s, set Q.(F) = %(s) for all F € %(s). Choose any
P, less promiscuous than Q, which has the above minimality property.

If P, has been defined for all skeletons s’ of order less than n, and if s is an
n-skeleton with maximal subskeletons s,, - - -, 5; (of order less than n), then set

OS:PI)(...xP]_

and proceeed as for one-skeletons. This defines P by induction and the lemma is
proved.
Note that any minimal global assignment satisfies the inequality of Lemma 14.

§5. Proof of the main theorem

We can now prove Theorem 1. By Lemma 2 we may assume that p} 'p, =
pr ' p. and we may choose k as large as we wish. Now as k tends to infinity, the
average number of places in a point £ of X occupied by the symbol 1 is
kn = kp{ ™' p, and this tends to zero. Thus the entropy e of the marker process
also tends to zero, and the filler entropies g and g approach the original
entropies h and h of the Bernoulli schemes. Moreover, if £ € X corresponds to
a fiber X (%) of the form I1,-,A¢, then for almost all £ the average length of the
I, which is constant by the ergodic theorem for a fixed k, tends to infinity as k
tends to infinity. For x € X let s.(x) be the sequence of skeletons defined after
Lemma 12 corresponding to x, ¢t = 1, and let m,(x) be the number of filler blocks
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of s,(x), and /(x) the total filler length of s.(x). By the above, we may choose k
large enough such that for almost all x € X,

lim m, (x)— (3—;—5) L(x)= —o.
(This is one of the uses of our hypothesis h > h with a strict inequality.) Choose
and fix k such that this relation holds. This fixes also g and g.

By Lemma 4, the formula of Lemma 5 holds a.e. on fibers X (X) with respect to
the fiber measure u;, at least for almost all fibers X (%). It follows that for almost
all x € X|

lim uo({F € F(s.(x)): F bad})=0.

t—»

Likewise for i, we have for almost all x € X,
lim i, ({F € #(S.(x)): Fbad})=0.

Now let P be any minimal global assignment (Lemma 16). It follows from
Lemma 14 and the above remarks that for almost all x € X,

(1) lim wo({F € %(s.(x)): F belongs to more than one P,(F)}) =0.

This statement depends only on £ = w(x), and is thus true for almost all fibers
X(£). If x belongs to such a fiber, we define ¢(x)€ X(£) C X in the following
manner. Let s,(x) be the skeleton sequence corresponding to x (which depends
only on £), and let F,(x) denote the filler for 5,(x) determined by x. Suppose that
S,(x) occurs at (g, r.) in x. Then for any ¢ such that F,(x) belongs to only one
P.(F), say P..(F.(x)), we set

& (x)[g, r.] = s.(x) filled with F,(x).

By the definition of global assignments, if ¢ < t" and if the above is true for both ¢
and t’, then E,(x) is the restriction of F,(x) to the subskeleton s,(x), so that the
definition is consistent. Moreover, by (1), ¢(x)[q, r.] is defined for an infinity of ¢
for almost all elements x € X (X) with respect to the fiber measure. By Lemma 4,
this defines ¢(x) for almost all x € X.

To complete the proof, we must show that ¢ is a finitary homomorphism. It is
obvious from the definition that ¢ is (measurable and) finitary and that ¢
commutes with T and T. To check that ¢u = & it suffices to prove that for
almost all £ € X, the map
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ol ’x<x‘)3 X(f)_’)?(f)

carries u: to g, Now if s is a skeleton occurring around zero in X, then the
elements of F(s) and %(s) correspond to cylinder sets in X (£) and X (£) whose
w: and g; measures are given by w, and g, respectively. It follows easily from
the construction above and from the definition of a scciety that

@ Ix(p:) = A2,
and hence

du=p.

Therefore ¢u = g and our proof is complete.
We close this paragraph by stating the following result without proof.

THEOREM 17. The construction of ¢ is effective ; that is, it can be carried out by
a machine if the probability vectors p and p are given, and the average time needed
to determine the zero coordinate of ¢(x) (or any finite number of coordinates) is
finite.

This is in contrast to the Meshalkin and Blum-Hanson codes, which are
simpler but have infinite expectation.
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