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Abstract. In [1] C. Barefoot, F. Harary and K. Jones conjectured that for cubic graphs with 
connectivity three the difference between the domination and independent domination 
numbers is at most one. We disprove this conjecture and give an exhaustive answer to the 
question: "What is the difference between the domination and independent domination 
numbers for cubic graphs with given connectivity?" 

We basically follow the standard terminology of I-2]. A set S of vertices in a graph 
G is a dominating set if every vertex v not in S is adjacent to at least one vertex in 
S. A set I of vertices is an independent set if no two vertices in I are adjacent. A set 
D of vertices is an independent dominating set if D is both a dominating set and 
independent set. The domination number,  et(G), is the smallest number  of vertices 
in a dominating set of G. Similarly, the independent domination number, ct'(G), is 
the smallest number  of vertices in an independent dominating set of G. Clearly 
~' - ~t > 0 for all graphs. 

We solve the following problem that was addressed in [1, 3]: 

Problem. For any c ~ {0, 1,2,3} determine whether the difference co'-ct  can be 
arbitrary largefor cubic graphs with connectivity c. (We remind the reader that the 
connectivity of any cubic graph does not exceed 3). 

This problem is solved in the affirmative for c = 0 (trivially), c = 1 (I-3]) and 
c = 2 (1,1]). The case c = 3 is more  complicated. It  is known that there exist cubic 
graphs with connectivity three for which ct' - ct = 1 (K3, 3 and the prism Ck x K2, 
where k = 5 (mod 12) [3]). 

Conjecture [1]. There are no any cubic graphs with connectivity three for which 
~' - c ~ >  1. 

In theorem 1 we give an exhaustive answer to the question: "What  is the 
difference between the domination and independent domination numbers for cubic 
graphs with given connectivity?" In particular we disprove the conjecture above. 
The minimal counterexample G(3, 2, 1) which we construct has 92 vertices. 
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Proposition 1. Let  G be a cubic graph for  which there exists a partition o f  its vertex set 

V G =  V~ U-..U VkU W~ U--.U W~ (1) 

such that Vi induces T i (Fig. la), i = 1 , . . . ,  k, and G(I, Vj) has a spanning subgraph Hj 
(Fig. l b ) , j  = 1 . . . . .  I. Then ~(G) <_ 2k + 61 and ~'(G) < 3k + 61. 

Proof. I t  is clear tha t  {Yi, zi} is a domina t ing  set of  T~. The  set of  6 black vertices in 
Figure lb  is a domina t ing  set of  Hi. The  union of  these sets t aken  over  all i = 1, . . . ,  
k a n d j  = 1 . . . . .  I gives a domina t ing  set of  G. Hence  ~(G) _< 2k + 61. 

If  we replace {Yi, zi} by {u~, 1, ui, z, zi} in this construct ion,  then we obta in  a set 
which contains  an  independent  domina t ing  set of  G. So a'(G) < 3k + 61. [] 
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Proposition 2. Let G be a cubic graph for which there exists a partition of  its vertex set 

VG = X 1U-. .UX~U Y~ U'-.U ~UZ (2) 

such that G(Xi) has a spanning subgraph Ti' (Fig. 2a), i = 1 . . . . .  k, G(Yj) is isomorphic 
to H i (Fig. 2b),j = 1 . . . . .  l, and Z may be empty. Then ~(G) > 2k + 61 and ~'(G) >_ 
3k + 61. 

Proof. Let S and D be a minimum dominating set and a minimum independent 
dominating set of G respectively. Obviously IS D Xi[ _ 2 and [D D Xil >_ 3. 
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N o w  we show tha t  [SO Yjl > 6 and hence IDN Yil > 6. Put  A = {a~,bj, cj, dj} 
(Fig. 2b). There  are 10 non-symmet r ic  cases for S N A (Fig. 3, where white vertices 
do not  belong to S and black vertices do). Since A separates  the vertices of Yj - A 
from VG - Yj, we can easily find the cardinal i ty of S N (Yj - A). A possible  var iant  
of the intersection SN(Yj - A) is shown in Fig. 3 for any  case 1-10. I t  is easily 
checked that  ISN Yj[ > 6 for any case 1-10. 

Thus,  a(G) = ISl = [ S N S i l k  + I S n  Yjll + I S n Z l  > 2k + 6l and a ' (G) = IDI = 
[DNXi lk  + IDA YjII + IDNZI > 3k + 61. [ ]  

Theorem 1. For any c E {0, 1, 2, 3} and any integer k >_ 0 there exist infinitely many 
cubic graphs with connectivity c for which a' - a = k. 

Proof. At first we define a graph  H ~, t >_ 2, as a union of t disjoint copies H x . . . .  , Ht 
o f / / j  (Fig. 1 b) and  edges of the form vi, 3 vi+ 1,2, vi, 4 v i+1,1 (i = 1 . . . . .  t - 1). F o r  t = 1 
we put  H 1 =/-/1.  The  vertices of  degree 2 in a copy ~ of H '  we denote  by  w~, 1, wj, 2, 
wj, 3, wj,4 (Fig. 4). 

N o w  we const ruct  a cubic g raph  G(c, k, t) where c E {0, 1, 2, 3 i, k > 0 and  t > 1. 
Fo r  k _> 2 we take k disjoint copies T 1 . . . . .  T k of  T i (Fig. la), 2k disjoint copies 
HI . . . . .  H~k of  ~ t  and  extra  edge set Ec of the form 

Tl T2 

Ul,l 

W1.1 

W1.4 WI.3 

H~ H~ H~ H i  

Fig. 5. The graph G(3, 2, t) 
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1 < i < k,j  = 1, 2 Eo E 2 E3 

u~,l is adjacent  to W2i_l, j W2i_l. j W2i_l.1, W2i+1.4 

Ui, 2 is adjacent  to W2i_l,j+ 2 W2i,j+2 W2i_1,2, W2i+1,3 

ui,3 is adjacent  to w2~,~ W2i, j W2i, 1 , W2i+2,4 

u~,, is adjacent  to W2i,j+2 W2i+l,j+2 W2i, 2, W2i+2.3 

Here W 2 k + l , j  = W1, j and W2k+ 2 , j  ~- W2j .  In addition, E 1 equals to (E 2 - {Ul,2 W2,j, 
Uk,,Wl,j: j = 3, 4})U {Ul,2Wl,i, UR.,W2,j:j = 3, 4}. 

T~ T, 

H~ H t H i H~ 
(b) G(1,1,t) 

(a) G(0,1,t) 

Tl 

H~. H~z 
(c) G(2,1,t) 

TI 

1 
H~ H~ 

(d) G(3,1,t) 

Fig. 6. Constructions for k = 1 
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(a) G(0,0,t) (b) G(1,O,t) 
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( 

(c) G(2,0,t) 

H~ 

H~ 

(d) G(3,0,t) 

Fig. 7. Constructions for k = 0 

Fo r  k = 2 and c = 3 the resulting g raph  G(3, 2, t) is shown in Fig. 5 where every 
square  denotes  a copy  of H' .  I t  can be seen tha t  G(c, k, t) has connectivi ty c. Fur ther ,  
G(c, k, t) has a par t i t ion  of the fo rm (1) as well as a par t i t ion of the form (2). By 
Propos i t ions  1 and  2 we obta in  ct' - ~ --- k for this graph. 

I t  remains  to const ruct  G(c, k, 0 for k = 0, 1. Since such construct ions are simple, 
we give i l lustrat ions only (Fig. 6 for k = 1 and  Fig. 7 for k = 0). [ ]  

Conjecture. For any r >_ 4, c e {0, 1 . . . . .  r} and k > 0 there exists an r-regular graph 
with connectivity c for  which a" - a = k. 
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