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Disproof of a Conjecture in the Domination Theory
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Abstract. In [1] C. Barefoot, F. Harary and K. Jones conjectured that for cubic graphs with
connectivity three the difference between the domination and independent domination
numbers is at most one. We disprove this conjecture and give an exhaustive answer to the
question: “What is the difference between the domination and independent domination
numbers for cubic graphs with given connectivity?”

We basically follow the standard terminology of [2]. A set S of vertices in a graph
G is a dominating set if every vertex v not in S is adjacent to at least one vertex in
S. A set I of vertices is an independent set if no two vertices in I are adjacent. A set
D of vertices is an independent dominating set if D is both a dominating set and
independent set. The domination number, «(G), is the smallest number of vertices
in a dominating set of G. Similarly, the independent domination number, «'(G), is
the smallest number of vertices in an independent dominating set of G. Clearly
o' —a > 0 for all graphs.
We solve the following problem that was addressed in [1,3]:

Problem. For any ce{0,1,2,3} determine whether the difference o' — o can be
arbitrary large for cubic graphs with connectivity c. (We remind the reader that the
connectivity of any cubic graph does not exceed 3).

This problem is solved in the affirmative for ¢ = 0 (trivially), ¢ = 1 ([3]) and
¢ =2 ([1]). The case ¢ = 3 is more complicated. It is known that there exist cubic
graphs with connectivity three for which ¢’ — « = 1 (K3 3 and the prism C, x K,
where k = 5 (mod 12) [3]).

Conjecture [1]. There are no any cubic graphs with connectivity three for which
o —a>1.

In theorem 1 we give an exhaustive answer to the question: “What is the
difference between the domination and independent domination numbers for cubic
graphs with given connectivity?” In particular we disprove the conjecture above.
The minimal counterexample G(3,2, 1) which we construct has 92 vertices.
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Proposition 1. Let G be a cubic graph for which there exists a partition of its vertex set
VG=V,U---UV,UW,U---UW, (1)

such that V; induces T, (Fig. 1a),i = 1, ..., k, and G(W)) has a spanning subgraph H;
(Fig. 1b),j = 1,..., I. Then a(G) < 2k + 6l and «'(G) < 3k + 6l

Proof. It is clear that {y,, z;} is a dominating set of T;. The set of 6 black vertices in
Figure 1b is a dominating set of H;. The union of these sets taken overalli=1,...,
kandj=1,...,1gives a dominating set of G. Hence «(G) < 2k + 6l.

If we replace {y;,z;} by {u; ,,u; 5,2} in this construction, then we obtain a set
which contains an independent dominating set of G. So «'(G) < 3k + 6l. O
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Fig. 2
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Proposition 2. Let G be a cubic graph for which there exists a partition of its vertex set
V=X, U---UX,U"Uu---UKUZ ()]

such that G(X;) has a spanning subgraph T; (Fig. 2a),i = 1,..., k, G(Y}) is isomorphic
to H; (Fig. 2b),j =1, ..., 1, and Z may be empty. Then a(G) = 2k + 6l and a'(G) >
3k + 6l

Proof. Let S and D be a minimum dominating set and a minimum independent
dominating set of G respectively. Obviously |SN X;| > 2and [DNX;| > 3.
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Now we show that [SNY;| > 6 and hence [DNY)| > 6. Put A = {a;,b;,c;,d;}
{Fig. 2b). There are 10 non-symmetric cases for SN A (Fig. 3, where white vertices
do not belong to S and black vertices do). Since A separates the vertices of Y, — 4
from VG — Y}, we can easily find the cardinality of SN (Y; — A). A possible variant
of the intersection SN (Y; — A) is shown in Fig. 3 for any case 1-10. It is easily
checked that [SN Y;| = 6 for any case 1-10.

Thus, a(G) = |S| =[SO X[k + SN Y|l + [SNZ| > 2k + 6l and 2'(G) = |D| =
IDNX;lk +DNY|l+|DNZ| = 3k + 6l. |

Theorem 1. For any c € {0,1,2,3} and any integer k > O there exist infinitely many
cubic graphs with connectivity c for whicha’ — o = k.

Proof. At first we define a graph H', ¢t > 2, as a union of ¢ disjoint copies H;, ..., H,
of H; (Fig. 1b) and edges of the form v; 30,11 5, U; 40;41,1 (i=1,...,t — 1). Fort =1
we put H' = H,. The vertices of degree 2 in a copy H] of H' we denote by w; ;, w; »,
Ww;,3, W;, 4 (Fig. 4). :

Now we construct a cubic graph G(c, k,t) where c € {0,1,2,3},k >0and ¢ > 1.
For k > 2 we take k disjoint copies T, ..., T; of T; (Fig. 1a), 2k disjoint copies
Hi, ..., H, of H and extra edge set E, of the form

T T.
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Fig. 5. The graph G(3,2,1)
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1<i<kj=1,2 E, E, E,

u; ; is adjacent to | wy;_y ; Wi 1,j Waie1,10 W2is1,4
u; 5 is adjacent to | Wy jy2 | Waij+z Wai-1,2> W2i+1,3
u; 3 is adjacent to | wy; ; Wi j Wai 1 Waivz,a
u; 4 is adjacent to | wy; j4p Waivy,je2 | Wai25 Waiv2,3

Here wyy.q,j = Wy, jand wy,,, ; = wy;. Inaddition, E, equals to (E; — {u; ,w, ;,
ug 4wy i =3, 41U {uyg 2wyt a1 = 3, 4}
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Fig. 6. Constructions for k = 1
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Fig. 7. Constructions for k = 0

For k = 2 and ¢ = 3 the resulting graph G(3, 2, ) is shown in Fig. 5 where every
square denotes a copy of H*. It can be seen that G(c, k, t) has connectivity c. Further,
G(c, k,t) has a partition of the form (1) as well as a partition of the form (2). By
Propositions 1 and 2 we obtain a’ — a = k for this graph.

It remains to construct G(c, k, t) for k = 0, 1. Since such constructions are simple,
we give illustrations only (Fig. 6 for k = 1 and Fig. 7 for k = 0). O

Conjecture. For anyr > 4,ce {0,1,...,r} and k > O there exists an r-regular graph
with connectivity ¢ for whicha' — o = k.
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