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T H E  DESIGN OF EXPERIMENTS ON M U T A T I O N  RATES 

BY J. B. S. H A L D A N E  

Genetics and Biometry Laboratory, Govemme~zt of Orissa, Bh,~balwszoar 

O n  page 16 of  her interns ring book on 5,Iutation, Auerbacts (1962) writes, ~'In general, 

it is a good idea to plan experiments so that tile numbers  in each series are roughly  

in inverse propor t ion to the expected mutat ion frequencies". This implies tha t  in 

each series, say a control and the progeny after i rradiat ion or other t reatment  with 

two different doses of  a mutagen,  the number  o f  mutants  to be counted is about  tile 
same. I venture to questioz~ this statement. 

Let  us suppose that  two treatments give fi-equencies ~ and q of  mutants,  where p >q .  

We m a y  ask three rather  different questions: 

(I) Is it reasonably certain tha t  fl exceeds q ? Is our t reatment  mutagenic  

at all ? Or, again, does -05% of  a mutagenic  compound give significantly 
more mutants  than .01% ? 

(2) What  is the value o f p - - q  ? I f  our final result is to be a graph  in which 

mutat ion rate increases in a more or less linear manner  with dose, this is 
the obvious question. 

f 

(3) What  is the value ofpq-* or o f l o g p - - I o g  ~ ? This would arise if  we wished 

to lmow by what  percentage the s tandard  rate was raised by a small 

mntagenic dosage. 

I n  each case we suppose that  a total of  s organisms are  counted, of  which m ake 

expected to include a fraction fi o f  mutants,  n a fract ion q, where r a - -~=s .  O u r  
problem is how to divide up the series so as to get  the best test o f  significance, the 

estimate o f  p - - q  wit5 the lowest sampling varianc% or the estimate o f l o g f i - - l o g  q 

with the lowest sampling variance.  

I n  answerlng the first two questions there is no need to be sure of  the value o f t h e  

lower of  the two muta t ion  rates. I f  we have effectively examined 100,000 gametes 

from untreated parents for mutat ions  o f  a certain type, and found none, we can say 

that  i f  tb_e mutat ion rate q were 5 X 10 -s, the probabi l i ty  of  finding no mutants  would  
be Iess than .01. So q is p robably  under  -00005. t f  20 mutants  have been found 

among  10,000 treated gametes we are in no doubt  o f  tbe efficacy of  the mutagen ic  

treatmen% and have a fair id.ea of  the mutatior,  rate induced by  it. This is about  

"002. I f  we 1lad tested 109,000 untreated gametes azld 1,000 t~eated, tim first g roup  

would p r o b a b l y h a v e  included oxm or no mutants,  the second aboz~t tw% though  quite 

possibly none. We should have come nearer to satisfying Auerbach 's  criterion, bu t  

should know a good deal less about  mutagenesis. O n  the other hand,  if  we are 

interested in the ratio o f  muta t ion  frequencies, we certainly need intbrmat ion abou t  the 

lower of  the two muta t ion  Frequencies. I t  remains to be seen %vhether Auerbach ' s  

criterion, or some other, should be used. 
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In  what  follows, I shall suppose m and rt to be Iarg% that  is to say over 100, so that  

m -~ and n -a can be neglected in comparison with unity. I shall also often asstm~e 

p and g to be smafl, i,e. <-01 .  I suppose that  there were a mutants  out  o f  m, and b 
out of  % as in Table  I. 

T a b l e  1 

First treatment 
Second treatment n- -b  [ b 

J " I 

_ T o t a [  

The second question is very easily answered .  Let  x and.y be our estimates of'p and q. 

Then  

x = ~,~-', Vat (x)=t(I--~)m-* 
y = b,~-l, V a t  ( A  = q ( 1 - - q ) ~ - ! .  

The  var iance of  the difl'erence is the sum of  these two variances, that is to say 

Var  (x--y) •p (I --p)m-t-+q(1 --q)n -1. 

Now if  m +Ta=s, we may  increase m by unity, and if  so must  decrease n by unity. 

T h e  var iance  becomes 
F --1 1 

T h a t  is to say it is increased by q(1 --q) p(1 --p) 

This is zero when m(mq-1) = p(*--p') , 
,~(,~-1) r -r 

Ol-very nearly 
n ~ h J q ( 1  - q )  

= ( - ~ ) ~  nearly,  i f i0andqaresma11.  (t) 

We can also see that the value o f  the variance is a minimum, for it increases whe:~ 

m or n becomes small. We could obtain these resulLs a little quiz.ker by  treath~g 

m as a continuous varlabI% and differentiating with regard to it. This is however 

illegitimate, even though, i~ tI~is case it gives a correct result. 

When/~ and  g are small, we should choose. 

pZs q 
at = ~ n -= ~ - -  (2) [, 3 ~ 1, s 

T.he sam]:,.Eng val'ial-lce is (p~._~.,~) ~-I. 

Thus  the numbers  in the two series should be proportional to th.e square roots of  the 

muta t ion  s a~d not inversely proportional, as Auerbach suggests, lVor 

example  i s  and p a~ld q are believed to be-008l  and .0001~weshould choose 

m~9 ,000 ,  and  ~z=]~000. I t  m a y  be remarked thae a considerable deviation fio:m 
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these values raises the variance very litdc. 'Thus for m=9,000 ,  ~ i , 0 0 0  the var iance  

is 0-9927 • 10-% for m--9,500, n=500 ,  it is 1.0457 • t0-% for m=8 ,00Q n--2 ,000 it is 

1.0543 • l0 -s. On  the other hand  Auerbaeh's  suggestion is m=122 ,  ~ % 8 7 8 ,  giving 

Var  ( x - y )  =6.586 X 10 -s, so that  the standard sampling error is increased eightfold. 

I n  ;his case p - - q  .... 0080. The  standard error o f  x - y ,  for a correct  choice o f  m 

and[ n, is -0010, but  with die incorrect expression it becomes -0081, so the me thod  is 

valueless. 

t~Iowever (2) is inapplicable if  q is believed to be zero o r  very small. Even if no 

mu.tants of  the type under  investigation have been found in a large number  of  organisms 

previously observed,  it is desirable to verify that  few or norse occur under  the condit ions 

of  the part icular  experiment in questionl One m a y  be dealing wkh  a stock in which 

a recessive mutat ion has just occurred, an exceptionally mutable  one, and so on. 

I f p  is roughly k~town, bu t  q believed to be very small, the following a rgument  seems 

reasonable. I f ~  is, say, 1,000, and includes no mutants ,  we canno~ be sure tha t  if we 

count  1,00f the next organism will not  be a mutant ,  but  we can bet  heavily tha t  the 

next two will not  be mutants ,  or even that  there wilI no t  be more than. one mu tan t  in 

the new  ten. Let  us choose ~ so that  whether k includes one mutan t  or none, this wilt 

make a difference to x - - y  less than th.e standard error  ofx.  

Tha t  is to say n - I <  ( - ~ ) � 8 9  or n s > m p - L  

Since r e = s - - n ,  this :implies 

For example if s ~ I 0 , 0 0 0 ,  f l - - -0l ,  n>950 .  

O f  course i f  in such a case the sample o f  n=1 ,000 ,  say, includes 2 or 3 mutants ,  we 

can be reasonably sure tha t  our  previous information was incorrect, and q exceeds .001. 

Next consider the third case. We wish to estimate log p - - I o g  q, but  it is more  

convenient to consider the Napierian iogar i thm of  the ratio, l n p - - l n  q. I f  we call 

the estimate of  this diffet:ence r, r = l n a ' l n m - - l n b + l m z .  

1- -p  
The  sampling variance of  lna is raft-  ' so 

V a r ( r ) ~  1 - -p  1 - -q  

Wken  m is increased and n decreased by unity this increases by  

1 ~-g t --p 

The  variance, as before, is ~ninimaI when this is zero, or 

m r q(1 - -P) ]  J~ (4,) 
7 = L p ( 1 - g ) j  

== nearly.  
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I I 

q"a-s p ~s 
Thus  m ~ 'T---- ' I  , n , i nearly. (5) 

In fact tile sample n u m b e r  is near ly  inversely as the square root  of  the mu ta t i on  fi'e- 
quency.  The re  is no danger  in this case of  n being too small unless, of  course, s is too 
sinai1 to give a clear result. T h e  m i n i m u m  value of the var iance  is 

pqs 

Tak i ng  the same example  as before, namely  p : . 0 0 8 1 ,  q~-0001,  s~10,000,  we have  

I00 rt7 ~a000~ T h e  sampl ing variance of  r is - ~ - ,  its s tandard deviat ion -~ ,  

or in decimal  logar i thms 0.4825. Since l o g P = I . 9 0 8 5  it will be seen that  tIae s t andard  

sampl ing  error  is .256 of  the dlf/'ere~ace of logari thms,  as compared  witt~ .125 for tb_e 
difference of  mu ta t i on  frequencies, ttlat is to say a good deal less efficivnt. 

T1ais leads us to the first question, t ea t  of  a test o f  significance. As is well known~ 
there.is no uni formly  best test d~ significance when.some of  the numbers  in the sample  
are small,  i shall only consJ.der the )~2 test, and this only  when the number  of  mutants  
J.s, so large tha t  we can assume ~,hat it takes its expected  vaIue without  • much  error. 
W e  see Erom T a b l e  1 tha t  

x~ = (,~, + ,~) (~ ,~-am) 

I f  a or b is su.mciently large, we m a y  replace a and  b by their  expectations mp alxd nq. 
T]xen, approximate ly ,  

(,~ + nq) [m( i - p )  +,~ ( 1 - ,  f) ] 

The  difference due to subst i tut ing m + l  for m and n--1  fbr ~a is, 

( , ,>t- ,z?[--n@,~+l)p(1 - .~) +,,6~,--1)q(1 .--q)] (p--q)~ 
(rap bnq) (mp--,zq -bP--q) [m(1 ~p)  @n(1 --.q)] [m(l --p) @z(1 --q) --.p-bq] 

We  see at once tha t  X z is smallest when  this is zero, so 

m [q(i--q) ?�89 nearly" (6) 

This  is the equivalent  o f  ( 4 ) w h e n  .p and q are small. T h a t  is to say the 
number s  in the series should be  inverseIy as the square roots o f  the expected muta t ion  
frequencies.  
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if  ~,~ - _  (q -q~) % ,, = (P-P") % 
t ] I 2L 

Then  d" (X ~ ~ (p --q)Zs _ _  roughly, 

[p-}(1--q):~ I~ (;--p)"z"-q�89 z 

[ p { ( 1 - q ) , L - ( 1  :~ ~"~ --- --p) ~-q~J s. 
qs ps 

Whereas if  we took Auerbach ' s  values m --  ,~-7~ , 
P-r-q P + q  

, ~ ( p - q ) ~ s  . 

I f p  and q are b%th small, Lhese valn,:s approxhnate  to (P--q)~ ,, an.d (#--q)e~------ s 
p + 2 ~ v / ~ + q  2{p+q)  " 

The former is always larger, and maF be almost twice as large. Thus A~acrbach's 
vahtes are not as efficient as possible. 

If, however, the total number  of  mutants  counted is lesg than 20 or so, the expected 

value o f x  ~ is appreciably greater than :he above, and the mathematical  theory becomes 

not only complicated but  controversiak I t  would be  of  interest to develop it, but not  

of  much  biological interest, since, as Auerbach points out on her p.16, experiments 

and controts shozfld be replicated, and it is not possible to say that replications agree 
if the total number  o f  mutants  is less than 20. 

I t  is obvious that these results can be extended to ~-cover cases where three or more  

mutat ion frequencies .are being compared. Thus if  m is the number  o f  gametes to be 
tested, and p the previously estimated mutat ion frequ%ncy: 

< [p(l-p)]-~ r o t  t h e  X ~ v.~st, 

m cc-[p(1--p)]�89 for the estimation of  a difference, 

m oc [p- l(1--p)] �89 for the estimation of  a ratio. 

I t  wish to thank Dr. Auerbach  for her clear s tatement as to an elementary problem. 

If, as I think, her solntion was inco~rect, it was better  to give an incorrect solution 

than a vague one. I thank  Mr. S. D. ,][ayakar for helpfvl criticism. 

SUMMARY 

In  order to get the best assurance that  two mutat ion frequencies differ, or ~:he best 

-estimate of  their ratio, the number  of  gametes tested in a series of  experiments should be 

inversely as the square r o o ( o f  the expected nmta i ion  s In  order to get the 

best estimate o f  the difference of  two n ~ t a t i o n  rates it shotlld be directly as the square 
root o f  this frequency. 

Au~Acv4 C,, (1952). 3/s 
and Boyd, Edinburgh, 
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