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]~o~ a large number of pro'poses, both theoretical and practical, it is 
desh'able to produce a population as homozygous as possible. In the 
course of this process it may be necessary to keep a certain gene or 
group of completely linked genes heterozygous. In these cases it is de- 
sh'able to calculate the probability that the other pairs of genes linked 
with the gene kept heterozygous shouk[ still be heterozygous after 
~a generations. 

The principal gene may be heterozygous for two reasons. Ill the 
first place the object of the experiment may be to introduce it in~.o a' 
pure line, so as to study its effects against a standard genetic back- 
ground. This is done by repeated back crossing, and if it is not lethal 
a homozygous stock can finally be obtained. Or the heterozygosis may 
be enforced by genetical considerations, as when tile gene in question is 
]ethal when homozygous, or when it is responsible for sex, heterostylism 
or self-sterility. In these cases self-fertilisation or brother-sister mating 
leads to a population homozygous for most genes, but still heterozygous 
for genes closely linked to the permanently heterozygous pair. 

Examples of the first type of heterozygosis occur in the work of 
Timof6eff-I%essowsky (19a3) on Drosopldlc~ and Fisher (unpublished) on 
poultry. Examples of the second type are found in the selfing of Oeg~o- 
the'ra La, ma'rclcic~zc~ or the double-throwing Mattldola i~tca~c~, the in- 
breeding o~ yellow mice by Little and NoPheters (1932), or that of 
self-sterile plants by numerous workers. 

I .  INTI~ODUCTION OF NEW GENES INTO A PULSE LINE. 

(a,) ~h~tosomcd domina,~zt. 
i-Iere and throughout the gene pair kept permanently heterozygons 

will be denoted by Z, z, the pair linked with it, whose heterozygosis is 
to be investigated, by A, a, and the probability of recombination, or 
cross-over value, by c, while c' is the corresponding probabi]ity in the 
opposite sex. 
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In  this case an organism containing the dominant  gene is crossed to 
the pure line~ and the progeny carrying the dominant  back-crossed again, 
for n generations. If  crossing-over is confined to one sex, the dominant  
gene must  of course be carried, after  the first generation, b y  tha t  sex only. 
Otherwise all genes linked with it will be in~rodueed along with it. If  the 
original cross is Z Z A A  x zzaa ,  let x,~ be the proportion Of ZA.  za  in/~%, 
1 -  x.,, being the proportion of Z a .  za. 

Clearly x.,,_~_ 1 = (1 - c )  ~.,,, and x~ = 1, so x.,, = (1 - c)"-L So after  ,n genera- 
tions the chance of introducing an unlinked gene is 2 z-'', t ha t  of intro- 
ducing a linked gene (1 - c )n -<  Fm:~her, the mean genetieal length of 
chromosome introduced along with Z, on each side of it, if i~ is not 
te rminal  or nearly so, is 

(1 - c)" -~  d e  o r  
• '~?, 

which approximates  to 1/,n when n is large. 

(b) ~5'ex-linlccd dominant. 
The calculation is exact ly the same as in the last case, provided tha t  

(in the case of Droso2)hila) males of the pure line are used in each cross. 

(c) Autosomal recessive. 
Suppose tha t  the procedure of Fig. 1 is adopted, and repeated on times, 

i.e. 2m + 1 generations in all are used, or n generations of Crossing, where 
n = 2 m .  Let  x,,, be the proport ion of za  gametes produced b y  the zz 
females of F~ ..... where a was originally associated with z. Then F2,,+~ 
consists of (1-x~,) Z A . z A  : x,, Z A . z a ,  giving z gametes:  

(1 -x. ,+cx. ,)  zA : ( 1 - c )  x,,,, za, 

and (1 -x.,+c'x,,,) zA : ( 1 - c ' )  x~, za, 

in the two sexes. Hence 

( 1  - c + e' 2 ] x . , ; andx  o=1.  

x.~={1 e+c'] .... So < -~/ • 

( I f  e' = 0, as in Drosophila,, then  for all linked genes x,,~ = 1 - ~/  ; for un- 

linked genes x,,~ = 2-"", while for linked genes widl approx imate ly  50 per 
(~)., cent], cross[Jig-over ;v m = 7F • 

When e' =c the mean ]engd~ of chromosome introduced on each side 
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of t h e  loclls  Z is 1 -  2 ...... ,,~ + 1 , or approximately 2/n when n is large. When 

c i=  0 this length is 
2 

m + i [1 -/~,,~+]1 k&l J 

or approximately 4/n when n is large. 

z z  Z Z  

L 
Zz ? Zz 

zz x ZZ 
L 

Fig. 1. 

z z ?  x Z~ 

L I 
Z z  ? ~ zc? 

! 
zzO ~ ? Z~ 

Fig. 2. 

(d) Sex-linlced recessives. 

Suppose the proeedare of Fig. 2 is adopted[, as it was by  Timof4ei~- 
t~essowsky, the Z c~c~ being taken throughout  from a pure line ZA, and 
the original z z  9_ from a za line. Let  x,, be the proportion of a genes in 
the z z  79 of F2, ~. Then 

x,,~+i = 1 --  ~ cc.,,~ and  x o = 1. 

( °V 
So x . , , ~ = \ l - ~ /  j us t  as in  case I I  (c). 

Timof~et~-P~essowsky generally carried out his procedure for twenty  
or more generations, i.e. m = 10. The mean length of foreign chromosome 
introduced into the pure line was thus slightly under 200/11 or 18 units 
on each side of the locus of the introduced gene. Even after for ty  genera- 
tions the length would 0nly be reduced to 9 units on each side. While, 
therefore, we do no~ wish to eriticise Timof6eff-gessowsky's general con- 
elusions, the possibility tha t  impor tant  linked genes were introduced 
along with the principal gene is by  no means excluded. 

In particular, Mlelomorphs of white were studied. A fairly large 
group of genes, including yeltow and seuee, are at a distance of 1"5 units 
(c=0.015) from white. A~er  twenty  generations the probM~ility tha t  
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genes at  these loci ware introduced with white  was 0.9925 *o or 0.926, i.e 
in 93 per cent. of cases these  genes would not  have been eliminated. 
Even after for~y generations ~hey would still be present  in 86 per cent. 
Of cases .  

We believe 1that these difficulties could largely be overcome by  the 
following procedure. The gene ~o be introduced, e.q. white, is put  into 
the same chromosome with two closely adjacent  genes on each side of it, 
c.cj. broad and facet. In the course of inbreeding males are picked out 
which contain X-chromosomes tha t  have been formed by  two successive 
cross-overs, one on each side of the gene introduced. Only after this is 
sys temat ic  inbreeding begun. 

We now pass to cases of inbreeding in organisms which are necessarily 
heterozygous on genetical grounds. There are three groups of cases, 
according as the heterozygosis is of the same character in all the organisms, 
confined to one member  of each mat ing pMr, or different in the two mates. 

The first group, our group I I ,  is found where lethal genes or de- 
ficiencies, or genes causing steril i ty or suppression of one class of gamete, 
are found balancing one another  in a homologous pair of chromosomes. 
This is the case in Oc~wth, era Lama'rc}cia~za, the ever-sport ing double- 
throwing races of Mcettldola i,nca,~za, and the yellow mouse. The second, 
our g roup  I I I ,  occurs when one par tner  is homozygons,  <9. a female 
Lebi.stes reticulatus or a pin P,rimulcb obconica, while the other, a rome or 
th rum,  is necessarily heterozygous. The third, our group IV, occurs in 
plants  where self-sterility is determined as in Nicotiana. Here both  
par tners  are heterozygous, bu t  not  for the same pair of genes. 

I I .  INBREEDING WITH BALANCED LETHALS. 

(a) Self-fertilisation. 

Consider a plant  ZA.  za, where ZZ and zz are inviable o1" sterile, or 
cannot  be obtained because one class of gametes are not formed or do 
not  function. Here oll selfing Z A . z a  we obtain 

* (c+d--2cc') Z A . z A  : ( l - - c )  (1 - -0 ' )  Z A . z a  : 
co' Z a . z A  : ½- (c+c'-2c0') Z a . z a .  

Hence if x,, be the proportion of A a  heterozygotes in the ~ th  generation, 
% , + , = ( 1 - o -  c '+2ee ' )  x,, and %=1. ,So x ,~=(1-c -d+2cc ' ) " ,  or i f  d = c ,  
,,~ = (1 - 2c + 2c")'% or put t ing c ( 1 - c) =/~:, a~,, = (1 - 21c)". 

The mean length of chromosome remaining heterozygous after ~ 
generatiohs is thus, when ~ is large, about  1/2n on each side of every 
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gene or group of genes which is kep~ heterozygous, e.g. after  twenty-five 
generations, 2 units. Thus in Oe~wthe~'a, where cross-over values are very 
small, of the order of 1 or 2 per cent., heterozygosis due to muta t ion  will 
be eliminated very slowly. In a self-fer~ilised plant  it is normal ly  halved 
in each generation. In the case of a gene giving 1 per cent. of crossing- 
over with the complex it is reduced to 0.98 per generation, i.e. the 
number  of generations needed to halve it is abont  thir ty-four.  Thus the 
anmunt  of heterozygosis due to muta t ion  in a selfed populat ion of 
Oe~wthe,ra :may be expected to be of the order of th i r ty  times tha t  of a 
normal  plant.  

The problem of creating a pure line of a heterothallic haplont  in 
whietl sex-linked genes occur, e. 9. ~2)hae,roea~T~s Donnellii or Neu~vsl)o,~'a 
sito2hila, is clearly similar. Here since ~he haploids ma ted  are derived 
by  meiosis from the same diploid, the process is analogous to self-fertili- 
sation. 

(b ) B'rothe,r-siste~' ,matiqzg ~vith autosomal lethal, 
li'Mcage equal in t~vo sexes. 

In  wha~ follows we shall not give the somewhat  complicated formulae 
arising when the cross-over values are finite and different in both  sexes, 
bu t  consider the cases in which they  are the same in both sexes, as is 
nearly t rue in mammals ,  or zero in one sex, as in Drosol)hila. 

In  a populat ion where all individuals are Zz, there are four geno- 
types,  Z A .  zA, Za .  za, ZA.  za  and Za .  zA. There are ten types  of mating. 
Let  t hem occur with frequencies: 

J Z A . z A x Z A . z A  q,, Z A . z A x Z a . z a  
2,~ ( Z a  . z a  x Z a  . z a  

Z A .  z A  × Z A .  z a  
Z a . z a  x Z a . z A  

] Z a . z a  x Z A . z a  
! 

(ZA.  zA x Z a .  zA 

ZA.  za  x ZA.  za  
s~ Za.zaxZa.zA 

t,, Z A .  z a  × Z a .  zA 

where p,, + q.,, + ~;~ + s,~ + t,, = 1, and reciprocal crosses are equally frequent, 
bu t  mat ings  of the types bracketed together are not in general equally 
frequent,  though they are so if we s tar t  from a mating Z A .  zA x Z a . z a ,  
i.e. go = 1. I t  is clear tha t  the proporCon of heterozygotes 

,% = ½~'.,, + s,, + t,,. 

Then the frequencies of the mat ing types in the next  generation are 
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given b y  the following set of simultaneous lineal' finite difference equa- 
tions, on the supposi t ion t ha t  c ' =  c, aug[/c = c - c  s. 

q,,+~ = 21~s,~ + ½ (1 - 2t~) 2 t , ,  
r,,+:L = ½ r.,~+ ¢1~ (1-21~;) s,~+ 4:1,; (]. -21~) t,,, 
s,~+~ = ~ q.,~ + ~ ~ ( 1 -  2/,;) r,. + ( 1  - 4:1~ + 21~") s,~ + .~ ;%,o  o 

t,,.+s ~ q,~ -t- ½ fe~',, + 2k,%, + ~l~-t,,. 

The equations are derived as follows. The Zz progeny of the mat ing 
Z A .  zA x ZA.  za  are in the  proportions : 

½ Z A . z A "  ~ ( l - c )  Z A . z a  :-~c Z a . z A .  

Hence marinas between them occur in the proport ions:  

J Z A . z A x Z A . z a  o / Z A . z a  × Z A . z a  
ZA.  zA × ZA.  zA : ~ [ Z A .  zA × Za  . zA : (1 - ~1~)-i Z a  . zA × Z a  . zA 

: ½~: ZA.za × Za . z A .  

Hence % contributes to P,,+I, r n+l, s,~+l and[ t~,+l in the proport ions 
: ½ : ~ (1 --2k) : ½16 and similarly with the other mat ing types. The last 

four of the above five equations are an independent  group. Hence the  
values of q~, r.~,, s~, t,, are of the form 

cq~l '~ + ct.,A#' + aak.J ~ + cq~,f5 

where ~,, a2, a a, a~ are constants  depending on the initial values qo, re, So, 
and to, and kl, ~ ,  J~a, A~ are the roots of the de terminant  

-2,  o 21£ ~ (1-21~) 2 =o .  
o ½ - ~  4:/~ ( i - s l 4  ~z,~ (1-sTy) 
1 c~ -~ ~- } (I-21~) 1-¢lc+~lo--a 21,> 
! ~le 21P 21e 2 - A  2 

Clearly x,~ is an expression of the same form. 
I f  we put  / ~ = 2~, 1 = 2£ the determinant  becomes 

/,'* - -  (3  - 4 l  + 2/~)  b~ a + (1 - -  4~ + 4 l  ~ - 4 /a)  / ~e 
+ ( 3  - 1 0 / +  141 s - 12 /a  + 8 / ~ ) / *  - -  2 (1 - 5 l  + 1 0 / e  - -  10 /a  + 4l s) = O. 

The four roots are always real, the values of h lying between + 1. The 
actual  values of x.,~ for a series of values of 1~ are given in Table I and[ 
Fig. 3. When ~ is sufllciently large we have approximate ly  a4~=cqA~'% 
where A, is the largest of the four roots. We can obtain the value of a,  
with sufficient accuracy f rom the value of x~0. Values of cq and A, are 
g~ven in Table I. The exact  solutions when £ = 0  (complete linkage) and 
1o=0"25 (no linkage) are 

o T x . , ~ = ~ [ 1 - ( - 2 ) - n ] ,  and x . , , = . ~  . - . ~  ] ,  
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the lat ter  being of course the formula for the amount  of heterozygosis 
at  a normM locus in brother-sister mating. II) will be seen ~ha:~ ill t, his 
case, as in all subseqLmnt cases, the va,lues of x,  finally ~pproximate  to  
a diminishing geometric series whose common ratio ties between 1 and 
0.8090, the value found in the absence of linkage. 

1OO 

/~: = 0, c = 0  

50 \ 

lc = . 0 5 ,  c =.05'3 

/c = . ]  0, c = . 1 1 3  

lc = .25, c = .5 

f f i f f i i I I 

O I 2 3 4 5 6 7 8 9 [0 
]Pig. 3. Absc i s sa :  r i m e  in  generM, ions.  Ord ina t e s :  ]?ereentages of  A a  he terozygoges ,  

s t a r t i n g  f rom Z A . z A  × Z a .  za ,  w h e n  Z Z  a n d  zz  are  e l i m i n a t e d  a n d  b ro the r s  and  
s i s te rs  inbred ,  l i nkage  equa,1 on bol)h sides,  

TABLE I .  

x~, i~'b case 2[I (b). 

G e n e r a t i o n s  ... 1 2 3 4= 5 6 7 8 9 10 
lc=O I 0"5 0'75 0.625 0 '687 0.656 0 '672 0'664: 0.668 0 '666 

0 '05 1 0 '5 0.66 0-519 0.516 0'4:5~l 0.4.24. 0"384` 0 '353 0.322 
0.1 1 0 '5 0'59 0'44:7 0.410 0.342 0.298 0.254. 0.219 0'188 
0 '15 I 0"5 0.54. 0"4.03 0 '350 0 '284 0.237 0 '195 0.162 0"13~I 
0.2 1 0.5 0'51 0.381/ 0.321 0.257 0 '210 0.171 0.139 0'113 
0-25 1 0-5 0.5 0-375 0-313 0.250 0.203 0'164` 0"133 0'107 

lc ... 0 0.05 0"1 0"15 0.2 0.25 
a~ 0.667 0"790 0"861 0"890 0"893 0"894 
A I 1'0 0 '8129 0"8090 0.91~3 0.8585 0.8274. 

When c is very  small, A 1 = 1 -  2#,= 1 - 2 c ,  approximately.  The mean 
length of chromosome remaining heterozygous on each side of the 
heterozygous locus, if A~ = 1 - z.c, is 

at(1-~c)"dc (n+l)~. 1 - \  2) J '  

al In  this case the length on each side is or approximate ly  (n+ l )~ . "  

J o u r n .  of  Gene~ies x x x I  22 
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1 
Thus after twenty  generations of brother-sister mating of 3 (~+1)" 

yellow mice we may expect to find a mean length of 200/63 or 3.2 units 
still heterozygous. The probabili ty of finding heterozygosis at a locus 
1 unit distant from tha t  of yellow is ~ 0.98 '~°, or 0-14-. I t  is worth 
noticing how much more completely such a population of mice approxi- 
mates to a pure line than  a population of Drosophila where the procedure 
for introducing a recessive gene has been carried out for twenty genera- 
~ions. 

(c) I'nb'reedi,~ W with a~ autosomal lethal, no crossing-over in one sex. 

Here reciprocM crosses give qui~e different results. If the frequencies 
of mating types are as in the last case, we arrive at the equations: 

: N ' L n , - t -  2 ~ ~,n, ~ 2 

= :t 2 1 

1 :t (l_]~;),r.,~+(l_c)~,sn+c2t,~, 
1 1 , .  

So -~t`10 1-2,/0 c2I~ (1 - c )  2 I c  '=0 ,  

1 1 -t~ (1 - c)~-`1 c ~ 
I I~ 0 - h  

or if ~ = 2`1, 

t~-(3-sic)/~+(1-sl~) t~+{(1- s,~;) [ l+s  (s-s~;) (1-so)] 
--4:(1 --2c) (1 -c )  '~} g,--2 (1 --It) (1 --2/c) (1 - 2c)---0. 

The vMues of x~ for a series of vMues of c are given in Table II .  When 
~ is large we have, as before, x.,~ = at̀ 1~'". 

TABLE II. 

z.,, i,n case/ / (s) .  
G e n e r a t i o n s  . . .  l 2 3 4 5 6 7 8 9 10 

c = 0  I. 0.5 0 .750  0 .625 0 .687 0 .656  0 .672  0 .664  0 .668 0 .666  
0.1 1 0.5 0.664: 0 .523 0 .521 0 .460  0 .431 0 . 3 9 I  0 .36 I  0 .330  
0.3 1 0.5 0 .558  0 .416 0 .367 0 .300  0 .253  0 .211 0 .176 0 .147  
0 .5  1 0.5 0.5 0 .375 0 .313 0 .25 0 .203  0-164 0 .133 0 .107 

c . . .  0 0.1 0.2 0.3 0 .4  0.5 

a 1 0 .667 0 ' 7 7 9  - -  0 ' 886  - -  0 .894  
,/~ 1.0 0 .9177  0 .8671 0 .8358  0 .8192  0 .8090  

Values of Ct I and `11 a r e  also given in Table II .  The exact solutions 
when c = 0  and o=½- are the same as in the last case. 

For  very small values of c, h = l - s ,  so that  x~,~--aa (1 - c )  ~ and the 
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mean length of chromosome heterozygous on each side of the locus of Z 
2 

i s ~  
3 ( n + l ) "  

(d) Inbreeding with a sex-linked lethal. 

Let  us suppose tha t  z is lethal ~o ~he male (supposed heterogametic) 
while ZZ females are eliminated. This occurs in a culture of such a 
deficiency as Notch in Drosophila melanogaster. Tiros all matings are 
Zz  ~ x Z c?. Let  mating types  occur with the frequencies 

P" Za.za xZa q~' Za.za xZA 

{ZA.za xZA {ZA.za xZa 
~'~' Za . z A  x z A  s~, Z a  . z A  x Z A  

where p~, + q,~ + ~;~ + s,~ = 1, and the  proport ion of A a  females, x,~ = r,~ + s~. 

Then P.,,+I = P,~+ c ( 1 - 0 )  %~+0 (1 - c )  s,,, 
qn-t-1 = 02~'n -I- (I -- 0) 2 Sn ,  

~',,,+1 = (1 - 0) 2 r,~ + 0 % .  

s,~+~ = cA+c ( 1 - 0 )  ~'~,+o ( 1 - 0 )  s,~. 

Whence 
-2 ,  c 2 (1 - c )  2 = 0 ,  
0 (1 - c )  2 - , l  02 

] o(~-~) o(1-~) -A [ 
or 2,3-(1  - e )  A 2 - ( 1 - 0 )  ( 1 - 2 0 + 2 0 2 )  A + ( 1 - 0 ) ~ - 0 ' ~ = 0 .  

I f  qo = 1, we have the values of x,~ given in Table I I I .  I t  will be seea 
~hat the values oscillate considerably. Although ul t imate ly  x, ,=alAf ,  , 
there is a large negative root responsible for the oscillations. Thus for 
e=0" l ,  A a -0"856.  For 0=0 ,  _ 1  1 -I)". = x . ,~- -~-~  ( For  other values of c, 
the values of a~ given in Table I I I  are calculated b y  considering x.~ 
and x,0 , and eliminating the oscillatory effects of ka. 

G e n e r a t i o n s  . . .  I 2 3 
c = 0  1 0 I 

0.1 1 0.1 0 .828 
0 .2  1 0.2 0 .704  
0.3 1 0.3 0 .616 
0 .4  1 0.4= 0 ,552 
0'5 I 0'5 0"5 

c . . .  0 0.1 

a I 0"5 0'572 
A I I'0 0 '9499  

TABLE III .  

~,~, in case I I  (el). 
4 5 6 7 8 

0 1 0 I 0 
0 .103  0 .692  0 .200 0 .584  0 .219  
0 .264  0 .513  0 .266 0 .384  0 .243  
0'321 0",I05 0.271 0'280 O.212 
0'352 0.342 0.258 0.225 0"180 
0'375 0'313 0'250 0.203 0"164 

0.2 0 ' 3  0.4: 
0 .667  0"764 0"843 
0 .9013  0 ' 8 5 8 i  0 .8254  

9 10 

1 0 
0.4:97 0 .226  
0.295 0.211 
0 ' 1 9 9  0 '160  
0 .151 0 .123 
0"133 0 '107  

0.5 

0.89:4 
0 ' 8090  

2 2 - 2  
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For  c=½ we have tl~e usual equation for x~,. 
When c is small, then g~- -1 -½c ,  A2 = 1 -  2c, A s = - 1  + ~c, and 

( l - ~ c )  . 9 " : n - - 2  \~- 2 W  2 ( 

Hence the mean length of chromosome heterozygous on each side of 
the locus of Z is 

1 
~ + ]  [ 1 - ~  ( - ] . ) " ]  

approximate ly  when ~ is large. 

I I I .  IN:BI~EED:[NG W I T K  I-[ETEI~OSTh:LtS~I  01~ PAI~TIAL S E X  L I N K A G E .  

In  the case of heterostylism, while in certain plants  pin x pin or 
t h r u m  × t h r u m  madngs  are possible, in other eases they  are quite in- 
fertile. Thus all rantings are Ss  x s s ,  where S is the gene for the th rum 
condition. Hence, in building up a pure line, genes linked with S will 
remain heterozygous for a long time. 

Similarly, where a gene  is found both in the X- and Y-chromosomes 
it m a y  cross-over from one to the other, a s tate  of affairs found in 
Lcbistcs by Winge (1923) and in Drosophila by Philip (1935). In  this 
case the male is clearly analogous to the thrum,  the  female to the pin. 

Let  the mating types  occur with the following frequencies: 

) ]sA.sA × SA.sA 

' ~ ( s a . s a  × S a . s a  
[ s A . s A ×  S a  s a  

qn ~sa  . s a  x S A  s A  
] s A . s A x S a  s A  

r~, ( s a  . s a  x S A  s a  
[ s A . s A  x S A  s a  

s~, "{sa . s a  x S a  s A  

[ s A . s a  x S A  s a  
t~, ~ s A .  s a  x S a  . s A  

s A . s a  x S A . s a  
u~ s A . s a  x S a  . s A  

XA. XA x XA. YA 
or 

X a . X a  x X a . Y a  
X A .  X A  × X a .  Ya 

or 
X a .  X a  x X A .  YA 
X A .  X A  x X A .  Ya 

o r  
X a . X a  x X a . Y A  
X A .  X A  x X a  . YA 

or 
X a . X a  x X A . Y a  
X A .  X a  x X A .  YA 

or X A . X a  x X a , Y a  

X A . X a  x X a . Y a  
or X A . X a  x X A . Y a  

then  the proportion of heterozygous females or pins is x,~=t,~+u,, and 
t ha t  of heterozygous males or thrums is y,~ = r,, + s,~ + u .... 

We find 

G n + l  : 

T';t-t-1 : 

S,n+ 1 = 

~n +1 = 

l~n+  1 -~- 

{c ~ + (1 - c) ~} ~,,,, 
(1 - c)~ ~',~ + c%+ ~ {c~+ (1 - c )  ~} '~,,, 

l 1 (1__C) %~n~ ~ tn -}- ~2- C 

c%,+ (1-0)~ s,,+ ~:t,,+~ u,~, 



Whence  

-A 
0 
0 
0 
I 
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0 0 0 1 - 2 c  (1 - e )  

( l _ c ) 2 - h  c ~ 0 1 - 2 e ( 1 - e )  
0 - h  1 2e ( l - c )  

e 2 (I - c )  2 i - ~ h  i 
c (1 - c )  c (1 - e )  1 1-4:A 

or ff /x=2)t ,  };=o (1 - e ) ,  

0 0 7  

p - (3 - 2c- 2~,)/- cI~ ~ + {(5 - 7c - 21~) (I - 21~) + (i - 2c) ~It,~} i~: 

-(i-2c) (1-2~;) (I-,~;) ~-2 (1-2c) (i- 2~,)~= o. 

I f  qo = 1, i.e. if we s tar t  wi th  the  mat ing  

s A .  s A  x S a .  s a  or X A .  X A  x X a .  Ya  

we have the  values of x,~ and y~, given in Table IV. W h e n  ~ is large we 
have x~ = cq;~:", y,, = a:'A: '~ approximate ly ,  where the values of a:, cq' and J~: 
are given in Table IV. When  - : e - :  we get the usual  equat ions  for unlinked 

G e n e r a t i o n s  ... 1 2 

c = O  J xn I 0.5 
( y,~ I 0.5 

c = 0 . 1  ~x,, 1 0.5 
t ?h, I 0.5 

c=O.3  J xn 1 0.5 
t y,~ I 0.5 

c = 0 . 5  ~:c,, 1 0.5 
( y.,, 1 O. 5 

0 . . . . . .  0 

a~ (for x~,) 0 
a t '  (for y~) 0-667 
,l I I "0 

TABLE IV. 

x,, a~d y~ in case I I I .  
3 4 5 6 7 8 

0"500 0.375 0-313 0.25 0.203 0 '164 
0.750 0.625 0 '687 0.656 0.672 0.664 
0 '516 0-397 0.346 0.292 0.252 0 '217 
0.644 0.512 0'501 0.442 0.407 0 '366 
0 '512 0-389 0 '332 0.271 0.224 0.186 
0.528 0"~i00 0-34~ 0.281 0.23~I 0"193 
0'5 0.375 0"313 0.25 0.203 0.164 
0"5 0'375 0.313 0.25 0.203 0.16g 

0.1 0.2 0.3 0.~ 
0.432 - -  0.848 - -  
0 .888  - -  0.882 - -  
0.898~ 0.8553 0.8270 0.8136 

9 l 0  
0.133 0.107 
0.668 0.666 
0.189 0.166 
0.332 0.299 
0.154 0.126 
0.160 0.132 
0.133 0.107 
0.133 0.107 

0.5 
0.894 
0.89'4 
0.8090 

genes. When c=O we have the same vaiues for a:,,, for since % vanishes 

we have x,,=aB~z" , and this expression is the same as when c=½. On 

the other }land y,,=§ {l-~-~vl 1>,xj and clearly two-thirds of the thrums 

or males remain  he terozygous  in the  absence of crossing-over.  
If, however,  ,r0=l , i.e. if we star~ with the  ma t ing  s a . s a  × S A .  sa,  

or X a .  X a  x X a .  YA, things  are ra ther  different. This is the  case if, for 
example,  in Lebistes we in t roduce  a new gene in the Y-chromosome,  or 
in Drosophila inbreed a s train all of whose X-ch romosmnes  conta in  the  
bobbed  gene, whilst the Y carries the  normal  alle]omorph. 

Here  the  values of ;~, when  c is ve ry  small, are app rox ima te ly  

1 4c 1+ .~ /5  ~ 1 - ~ / 5  and  .~ 
3 '  ¢ , 2 ,  4- ' - ~ "  
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( So the value of y,~ ldtimately approximates to 1 - while that  of x,~ 

rises gradually go a value of nearly 4c, and then very slowly falls off to 
zero. 

In al] cases, when ~ is large, the mean length of heterozygous chromo- 
some in pins or females is very small, decreasing in a geometrical series. 
The length heterozygous in thrums or males is about  1/2qz on each side 
of the locus of the genes for heterostylism or sex if q0= 1, and 3/4:9~ if 
r0= l .  In Drosophila mda, nogaste'r Philip (1935) finds crossing-over be- 
tween the locus of bobbed and the sex genes in less than one gamete 
per thousand. So over 500 generations of brother-sister mating would 
be needed to produce homozygosis for this locus in half a population, and 
even in a "pure  line" heterozygosis for this locus would hardly ever be 
abolished. 

I V .  ]~I{OTtIEI~-SISTEI% i]{ATING WITH SELF-STEt%ILITY 

OF THE NICOTIAArA TYPE. 

Here there are in any population three or more allelomorphs such 
that  a pollen grain carrying any one of then] cannot enter a zygote 
carrying the same gent. Hence if these allelomorphs are called $t,  ~ ,  
S a, & ,  etc., then while &£'~ x && gives &S'a +,51& +&£'a +,S%&, the 
mating & &  x $2£'a gives S~£'a + £'aSi and the reciprocal mating &,5, + £',S=. 

I t  is clear tha5 as the result of any system of inbreeding, ult imately 
all but  three atlelomorphs (say £'1, N2 and £'a) will disappear from a 
population. Moreover, a population consisting of equal numbers of the 
three genotypes S~,9~, £'2£' a and SaS1, will be in stable equilibrium under 
any mating system in which there is no selection in favour of any 
genot)q)e. 

If A is linked with the £' locus, twelve genotypes are possible in such 
a population, and each can be ferdlised by pollen grains from eight others. 
There are thus ninety-six types of fertile mating. In a symmetrical 
poplflation the frequency of a mating is unchanged if we permute iS1 No, £% 
or exchange A and a. Also reciprocal crosses are equally frequent. Let  
the frequencies of the mating types be as folIows: 

p,, &A. ,hzA×£ ' ,A . •A (one of 12 types), 
q,,. £~aA.S,A × S,a .S2a (one of 12 ~ypes), 
% &A.,gsA × £',A.S2a and reciprocally (one of 24- types), 
s,~ &A.  £',A × ,5'1a . £'2A and reciprocally (one of 2,1- types), 
t,~ ~a a .,~,A ×,5' iA.&a or ~S'aa.S,A × ,~ la .&A (two of 24 types). 
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While the two groups of mating types under t,, do not occur with equal 
frequency (~he second type having the frequency ~,,,) they  yield progeny 
in the same proportions, and may  be grouped together.  The proportion 
of Aa heterozygotes,, x,' -- v.1 (r,,~ + s,~) -t- t,,. Then 

p.,,_f4=p.,~+ ½ cr,, -F ½ (l--c)  s~+ tc(1--2Ic) t~,, 
~,,-1-1 = 1; (1 - 2~;) t , , ,  

9 ° ,,.,~.,_~ = ½ (1 - s~,) % + {- (1 - 2~;) s~,, + (~ --  ~.lc)- t~, 
s~,+s = lc,r.,~ + Ds., + 41d%, , 
t~,+~ = ~,-F~-(1-c)r . , ,+ ½c%,+ 21:(1-21c)4,. 

So 
- A  

0 
0 
1 

I-Ienee A = 0, or 

0 0 1:(1-21;) =0 .  
:[ - 2],'; - 2 A  1 - -  2~ ;  ( 1  - 2 / c ) s  

1 --c c 21c (1-21c) -A  

2, l  3 - (1 + 4 ~ ; -  8,~ ~ ) , ~  - { (1  - c) (1 - 4~;) + 4~; ~} A 

- 2 I t  (1-21D { 1 - 2 t o -  c (~ - ~lc)} = 0. 

If %=1 ,  i.e. the initial matings are SaA.~S'IA x S~a.S2a and recipro- 
cally, or similar matings, then we have the values of x,, given in Table V. 
The exact equation for c = 0 is 

- \ - 2 - )  j ,  

TABLE V. 

G~, in case IV. 

G e n e r a t i o n s  .. .  1 2 3 4- 5 6 7 8 9 10 

c = 0  1 0.5 0.75 0,625 0.687 0-656 0.672 0,604 0.668 0.666 
0.1 1 0.5 0.628 0.503 0,~89 0.435 0.402 0.355 0,335 0.305 
0.3 1 0.5 0.510 0.391 0.333 0-270 0,22(1, 0,184" 0.151 0.127 
0.5 1 0.5 0.5 0.375 0.313 0-250 0.203 0.16~ 0.•33 0.107 

c ... 0 0-1 0.2 0.3 0.4 0.5 

c h 0.6(17 0 '753 - -  0-882 - -  0"894 
A 1 1.0 0.9137 0.8554 0.8221 0 '8108 0.8090 

and for c=  [ the usual equa[ion for brother-sister mating. For  large n 
x,~=alA1 ~' approximately, the values of a 1 and ;k 1 being given in Table V. 
When c is small, x~,--a3 ( 1 -  cy' approximately,  so after n generations the 
mean length of chromosome heterozygous on each side of the ~5' locus 
is 2/3n. 
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V. 8Umm:A~Y. 

W h e n  a fore ign  gene  is b e i n g  b r e d  inf, o a p u r e  l ine ,  or w h e n  a p o p u -  

l a t i o n  wi th  a l e tha l  gene ,  i n c o m p l e t e  sex l inkage ,  h e t e r o s t y l i s m ,  or sell!- 

s t e r i l i t y  is be ing  i n b r e d ,  t h e  p o p u l a t i o n  is k e p t  h e t e rozygous  for a 

]?ar t icu la r  gene or c h r o m o s o m e  segmen t ,  b u t  o the rwi se  i nb red .  I n  these  

eases express ions  a rc  f o u n d  for t h e  p r o b a b i l i t y  of in . t rodue ing  a gene  

l i n k e d  w i t h  t h e  g i v e n  gene ,  or  for f i nd ing  such  a ] i n k e d  gene  st i l l  he t e ro -  

zygous  a f t e r  i n b reed i n g .  E x p r e s s i o n s  are  also f o u n d  for d m  m e a n  l e n g t h  

of fo re ign  c h r o m o s o m e  i n t r o d u c e d ,  or t h e  l e n g t h  of c h r o m o s o m e  re- 

m a i n i n g  h e t e r o z y g o u s  ( T a b l e  VI) .  The  d i ~ e u l t y  of i n t r o d u c i n g  a s ingle  

gene  w i t h o u t  a n y  l i n k e d  genes  is emphas i sed .  

TABLE VI. 

Mean length of chromosome hclerozygous on each side of principal locus 
oCteT 'n ge'ncratio~s (n large). 

I (a.), (b) Introduction of dominmlt . . . . . . . . . . . . . . .  1/n 
I (c) Introduction of autosomal recessive (c' =c) . . . . . .  2/n 
I (c) Introduction of ~mtosomal recessive (e'= O) . . . . . .  4/.n 
I (d) Introduet, ion of sex-linked recessive . . . . . . . . .  4/u 

I I  (a) Self-fer~ilisation . . . . . . . . . . . . . . . . . .  1/2n 
I I  (b) Brother-sister mating, ~utosomal letllal selected (c' : e )  ... l/3n 
I I  (c) Brother-sister mating, autosom~d le!;h~l selected (c' : 0 )  ... 2/3n 
I I  (d) Brother-sister m~ting, sex-linked lethal selected . . . . . .  1/n (1 - ½ ( - 1)*') 

I I I  Brother-sister mating, l)arti~l sex-linkage or heterostylism 1/2n 
IV Brother-sister mating, self-sterility . . . . . . . . . . . .  2/3n 
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