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INTRODUCTION. 

Tins paper is concerned with the evolutionary processes in populations 
in which the selective values of different grades of a character depend on 
the (squared) deviations of the latter, from an optimum. It  is assumed 
~hat the effects of different genes on the character combine additively 
(no epistasis). The cases of no dominance and of complete dominance in 
these primary effects will be treated in succession. A preceding paper 
(1934) dealt with the analysis of variability and the correlations between 
relatives with respect to squared deviations from the optimum. The 
same symbols will be used here. Equation numbers from the preceding 
paper will be referred to in square brackets. 

OASE OF NO DO~iINANOE ON PI~IIV[AIIY SOALE. 

The nature of the evolutionary processes under the conditions 
described may be visualise d by treating the population at a given moment 
as located at a point in a multidimensional space defined by the set of 
gone frequencies (qi, ... cl~,) pertaining to the plus nlembers (Ai, ... zl~) of 
gene pairs affecting the character (of. I-Ialdane, 1931). Ordinates are to 
be erected measuring the average adaptive value (H) of the character. 
The signs of/77 and y~ (net effect of substitution of At for c~i on adaptive 
value in the population in question) are taken so as to make the high 
points correspond to optimal vaiues. The effect of substitution of A,,: for 
a; on the 2rima~'y character is represented by ~.;. The position of the 
optimum on this primary scale is represented by O and that of the mean 
by M ( = 2E~.q) : 

~=-~q(l-q)-(M-o)L . ..... (I) (=[16]) 

~,.~: ~.~ [~(2q.~- i )  - 2 ( M -  0)]  . . . . . . .  (2) ( : [ 1 9 ] )  
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The rate at  which the mean of a character changes in relation to 
changes in the frequency (qi) oi one of the genes must  equal twice the net  
et~ect of a single gene substitution: 

a H  2J 

The rate of change of gene frequency per generation in the case of no 
dominance is well known to be Aq=sq ( l - q ) ,  where s measures ~he 
selective disadvantage of one Mlelomorph (Fisher, 1922). In f, he general 
case, the selective disadvantage must be proportiona,1 to the momentary  
net effect of gene replacement on adaptive value: 

Aq.  = st ,  (1 - . . . . . . .  (¢) 
The rate of change of the mean adaptive level of the population per 

generatima can be writ ten 

A R =  § afir 
NTq., A q , =  (1 - q )  . . . . . . .  (5) 

The right-hand member of this equation is proportionM to the generM 
formula for the portion of the variance of H which can be at t r ibuted {o 
additive gene effects [20]. 

A~g = s,~s ~ . . . . . . .  (6) 

This principle was arrived at in a different way by  Fisher (1930). I-In 
enunciated[ it as the " fundamenta l  theorem of naturM selection." " T h e  
rate of increase in fitness of an organism at any time is equal to its genetic 1 
variance at tha t  t ime."  

I have criticised this application of it  on the ground {hat it measures 
merely the tendency toward increase in fitness due to selection. Other 
evolutionary factors such as recurrent mutation,  immigration and the 
effects of sampling in populations of limited size must  also be considered. 
There must ordinarily be an approximate balancing of these first order 
pressures so that  evolutionary change is a second order resultant (Wright, 
1930). 

From the formula as given, A/~ cannot be negative as is of course to 
be expected. In the absence of other factors, evolutionary change ceases 
whenever AN = 0. This occurs at any point at  which each q has one of 
the three values 0, 1 or such a value tha t  y = 0. 

Consider first the case in which there is complete homozygosis (all 
q's either 0 or 1). Whether  there is stability in the face of low rates of 

mutat ion or immigration depends on {he gradient. If ql = 0 and ~ > 0, 

1 Fisher explicitly includes in "generic vgritmce" only ~hg~ portion of the variance 
which can be attributed to additive gent effects. 
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the homozygote cqa, 1 is unstable, since 1I increases with mutat ion of c~ to 

A. Similarly if (/-~ = 1 and. ~ < 0, AiAi is unstable. These conditions :[or 

instability may  be written as follows from (3) and (2): 

( M - O ) < - ~ ,  (q l=O)  . . . . . .  (~) 

( M - O ) > ~ .  (q1=1) ...... (s) 

Thus if the mean of the character is below the optimum by more than 
half the effect of a gene which, is fixed in the minus phase, this fixation is 
m~sta,ble, or i[ the mean is above the optimum by more than half the 
effect of a fixed plus factor, minus mutations will tend to accumulate. 

Since the effect of replacing air 1 by AiAi  is to increase the mean by 
2z.1, it  is possible for both homogenic populations to be unstable. There is 

stable equilibrimn at the point ql = ½ +/1I - 0 if all other genes are fixed. 

The condition when the population is heterogen.ie in more than one 
respect requires further consideration. The condition tha t  the 7's for all 
unfixed genes be zero is tha t  for each of them 

21/I - 0 
q~=½~ . . . . . . . . .  (9) 

0'. 1 

Thus all of the g's (frequencies of plus genes) must be less than  -~-,1 all 
equal to ½ (mean and optimum coincide at the mid-point of the scale 
where M =E~.), or all greater th~n ½. Those with the same effect (~.) must  
have the same gene frequency at  equilibrium. The limiting case for small 

z. 
values of all q's, all z.'s the same, occurs with the optimum at ~. The other 

limiting case (all q's close to 1) occurs with the optimum at 2n~.-2 '  Thus 

no equilibrium of 2 or more unfixed factors is possible unless the optimum 
is more than half a gene effect within the limits of variation. With un- 
equal gene effects, the possible range of location of the opt imum is less. 

As to the stability of these equilibria, consider the way in which the 

7's vary:  
8},.,. 

= - ~.~ ~.;, . . . . . .  (10) 

DT__~ unless i = j ,  when 8g,: = -2z.i ~. 

~ , ~ =  ~ ~):-'~-.=2~..,[~.,~q~-~1~i] . . . . . . .  (1.1) 
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The expression 8M(=2Ez.8q)is the deviation of the mean of the 
character from its value at equilibrimn, brought about by the deviations 
of the q's from their values at  equilibrium. If all 87's are opposite in sign 
to the corresponding 8q's (as is obviously the ease when all 8(/s are of the 
same sign) all q's tend to return to equfiibrimn. If, on the other hand, all 
87's are of the same sign as the corresponding 8q's (as is obviously the 
case when the signs of the 8q's are so balanced tha t  there is no change of 
mean (SM = 0)), all q's tend to depart farther from equilibrium. In inter- 
mediate cases, some q's may go toward equilibrium, others go farther 
away. Clearly there can be no stable equilibrimn (under selection alone) 
when more than one factor is unfixed[. The points at  which A H = 0  and 
more than  one gene is unfixed are of the nature of saddles in our multi- 
dimensional space. 

With n factors affecting the character, there may  be any nmnber from 

1 to (in/2) 2 "peaks,"  stable to small displacements, relative to adaptive 

value H. As shown above, there is either fixation of all loci or of all but  
one, at  each peak. The nmnber of such peaks depends on the position of 
the optimum and the relative magnitudes of the gene effects. 

While the number of peaks is in general large (if n is large), the total  
number of stationary points (Ai~= 0) is much larger. These are of the 
two sorts already discussed. All of the 2 ~ points at  which all genes are 
fixed, minus those which are peaks, are stable only in the absence of 
mutat ion or immigration. In addition are the usually numerous 2 to 
n-dimensional "saddles." 

For further discussion it will be convenient to restrict attention to the 
case in which all genes have the same effect on the character. 

This gives the simplification tha~ at stationary points all unfixed genes 
have the same value of q. Assume tha t  at a stat ionary point ( A ~ =  0) 
there are n~ genes in which the plus phase is fixed (~=1), % in which the 
minus phase is fixed (q=0) and n~ which are unfixed (q=q~). Let  
0 =/c~. be the optimum. 

l c -  2 n ~ - ½  . . . . . .  (i2) 
g'~'- 2n~-I ' 

from (9). 
There is, of course, a stationary point only if the values of n~, % and ~ 

are such tha t  q~ falls between 0 and 1. The number of combinations with 

All of these are stationary the same values of n l, % and n~ is ]N 1~ ]n~" 
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points with the same adaptive value, if any one is. The adaptive value t I  
reduces to the following expression: 

/I: -- [~-- (M- 0)2 (2n~- ].)I . . . . . . .  (13) 

where ( M -  O) : (lc - 2 ~ h -  , 

The points which are stationary merely because all factors are fixed 
(n.~= O) have, of eom'se, the mean adaptive value 

= - ( M -  O )  = - (Zc - 

This may  range from 0 to very large negative values. On the other hand, 
a stationary population with even a large number of tmfixed factors is 
not  handicapped very much if its mean is at the optimum, h this case, 

H =  - - f f ~  . 

For example, with ~ factors with unit effects and optinaum at the 
mid-point of the range (/c=n), the adaptive values of completely fixed 
combinations may be as low as - n  z while a population in which no 

factors are fixed, all values of q being ½, would have a value o f / t  only 

points below tha t  of the optimal fixed combination. This is the greatest 
depression for any "saddle," since the term ( M - O )  2 (2n~-1) is neces- 
sarily positive for all values of n~ except 0. Thus the population can pass 

from one peak to any other of the ( ~  "peaks"  without crossing any 

but  very shallow valleys. 

@OIVIPLETE DOMINANCE. 

I t  is important  to compare the preceding results with those found 
where there is complete dominance of guns effects on the primary 
character. Using lh for the frequency of a recessive gene and ~.x for the 
effect of the corresponding dominant  guns (whether plus or minus), the 
mean adaptive value/~r of the population and 7.~ the momentary net effect 
on adaptive value of replacing ai by Ai, are as follows: 

I t : - E c , } p 2 ( 1 - 1 ) z ) - ( M - O )  z, . . . . . .  (1~) [=69] 

where M =Ez. (1-1)~), 
y.,: = - u.d) ~ [~.~ (2l)~ 2 - 1 )  + 2 ( M  - 0 ) ]  . . . . . . .  ( 1 5 )  [ : 7 0 ]  

As before (equation ,5), Ahr=0  if each 1)i is 0, 1 or such a value tha t  
y~ = 0. In this case if lh = 0, 7i = 0. There is instability of a fixed dominant  
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(p,i=0) in the :face of occasional mutation if y~ < O, which occurs if the 
mean exceeds the optimum by more than half the effect of a dominant  
plus gone or is below the optimmn by  more than  hall the e lec t  of a 
dominant  minus gone. The vMue of 7i is of course exceedingly small in 
either ease. 

If .p,.=l (fixation of recessive), dominant mutations will tend to 

accumulate if y~ > 0. This occurs if ( M - O ) <  z.i - - ~ ,  where the mutat ion 

has a p h s  effect, and i~ ( M - O ) >  ~ if z.i is negative. 

As the effect of replacing a,~a, by A~A, is to change the mean by z.i, 
one or the other homogenic population must be stable against rare 
mutatious. I t  is, however, possible for H to remain unchanged for aU 
frequencies of cue gone. 

The condition tha t  the y's for all unfixed gone pairs be zero is tha t  for 
each of them 

M - O  
° ~ . . . ( 1 6 )  7 ~ i  ~ = g - -  - -  ' "  

But  as M=Ez.  (1-2)2), ~h = drops out. Thus the value of the character 
t I  at  any of these equflibrimu points remains unchanged by change in any 
one of the gone frequencies. But  change of any one at  such a point will 
change the y's of all others. Thus these points are all of the nature of 
"saddles." This agrees with conclusions of Fisher (1930) and of Haldane 
(1932) reached by different methods. 

The condition for such a saddle is analogous to ~hat in the case of no 
dominance. The range of variation of ~he primary character lmssible with 
a given set of equally effective unfixed factors, for n~, of which the plus 
phase is dominant (effect ~.) and for m,a of which the minus phase is 
dominant  (e lect-z . ) ,  is from -m~u. to n~u.. The optimum must fail more 
than  half a gone effec~ within these limits. 

The nature of t h e "  surface" of adaptive values (/7) is similar in many 
respects to tha t  in the case of no dominance. Again assuming tha t  the 
effects of all gone differences are the same in magnitude, but assuming tha t  
in n pairs the dominant has a plus effect while in m it has a minus effect, 
we may  distinguish the following classes: 

D o m i n a n t  p lu s  g e n e s  Dominant~ m i n u s  genes  
_ A  "x 

~J N o .  loci ~ No .  loci 

0 n o 0 ~n. o 
1 ~q I ,m I 

; , , _ o  
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The number of combinations with the same set of 6 numbers is 
,> > 

b l _ _ _  I, 1 In o I', o . . . . . . .  (17) 

Al l  of these are sgationary points if T,  and p~ for unfixed factors fail 
between 0 and 1. Assuming tha~ the optimum is at lc~, we have 

) o n ~ - F % - - ~ n o - - ] c  ~ 
2 ~ . . . ( 1 8 )  ,n~+m.u_l  , p,,j = l - . p ~  , ... 

H = - I  ' ~ - ( M - 0 ) ~ ( n * q - m ' v - 1 ) ]  . . . . . . .  (19) 

For completely homogenio populations this, of course, reduces to 
- ( M - O )  ~ whidl may be a very large negative number. For "saddles" 

with mean at the optimum it reduces to (n+ + ~n~)~' which is relatively 

smM1. Again we find that all peaks are connected by shMlow saddles. 

NA'rUr~E OF ]~VOL*J'EO~a~'Z I'r~OOESS. 

If evolution were controlled only by selection, the loons o~ a popula- 
tion eharaoterised by any given set of gone frecluencies would move up the 
steepest gradient in the field, each gone frequency o]~anging at the rate 
Aq(=sye/(1-q))  and the mean adaptive value rising at the rate 
AH (=sEy2q (1-g)=sec+ ~) per generation. This process, supplemented 
by the occurrence of wholty new mutations favourable from the first is 
that which has been investigated chiefly by Haldane in 192~ and lager, 
and by Fisher (1930). 

}Iaving reached a "peak"  at the optimum grade of the character in 
question such evolutionary change must cease until conditions change. 
Any new mutation must necessarily cause a shift from the optimum and 
therefore he injurious at its first appearance as Fisher (1930) has pointed 
out. Of course if the optimum is beyond the current limits of variation, 
there is the possibility of slow advance through utitisation of new muta- 
tions (each with chance of reaching fixation of 2s (Fisher, 1930)). But the 
process ceases with attainment of the optimum grade in all respects. 

Indeed it may appear that  there is no possibility of further advance 
by any mechanism. We have seen that with an intermediate optimum 
there is in general a very large nmnber of separate peaks separated by 
shallow "saddles." But all of tltese peaks must be at the same or very 
nearly dm same level, and even. ii the locus of the population could by 
some means be moved across a saddle to a new peak it would mean no 
advance. 



264 Evol,~tio~ i~ Po2)ulc~tio~,s i~ Approximc~ge Eq~i l ibr i '~  

The subjec~ presents a somewha~ different aspect when we recall that  
genes ill general have mNtiple effects. The system of peaks rdative to 
one character is not independent of that relative to another. M'oreover, 
it is the harmonious adjustment of all characteristics of the organism as a 
whole that is the obj cot of selection, not the separate metrical" characters." 
I t  is estimated that there are many thousands of genes at least in higher 
organisms (about 15,000 in D~'osol)l~ilc~ mele~wyc~ste~', according to Gowen 
and Gay), and each of these is probably capable of mutating ~hrough 
indefinitely extended series of multiple allelomorphs. No limit can be set 
to the number of possible combinations, and it seems safe to postulate an 
inconceivably great number of "peaks," many of them characterised by 
different harmonious combinations of characters (although many also for 
the same character). These may be at all levels and of all orders of 
dominance and subordination in relation to each other. I t  has seemed to 
me (1929 et seq.) that the central problem of evolution (as of live stock 
improvement (Wright, 1920, 1922)) is that of a trial and error mechanism 
by which the locus of a popNation may be carried across a saddle from one 
peak to another and perhaps higher one. This view contrasts with the 
conception of steady progress under natural selection developed in most 
extreme form by Fisher (1980). tlaldane has taken to some extent an 
intermediate position. I[e notes (1981) that almost every species is to a 
first appro~mation in genetic equilibrium, and after treating mathe- 
matically the two-factor case of "metastable equilibrimn" he suggests 
that  in m~ny cases " the  process of species formation may be a rupture of 
the metastable equilibrimn." The mathematical analysis in the present 
paper deals with a ease in which there may be innumerable separate peaks 
though all at approximately the same level. I t  may be looked upon as a 
simplified model of the complex case in which adaptation of the organism 
as a whole replaces that  of a single metrical character. Consideration of 
the means by which the locus of a population may be carried across a 
saddle may be of interest from this staudpoint. 

The rate of mutation of particular ~ype genes has been found to be of 
the order of 10 -5 or 10 -6 per generation in Drosopt~ilc~ (l~{uller, 1928) and 
corn (Stadler, 1980). This is enough to prevmlt complete fixation of any 
genes in large populations. There may be special cases in which mutation 
pressure drives the locus of a population from one peak to another against 
the pressure of selection. In general, however, mutation pressure seems 
to be so low compared with selection pressure that  the population would 
merely be hel_d at a point a little below a particular peak. In the case of 
no dominance this point is approximately at the array of values typified 
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by qi = 1 - ~  [L13] and in that of dominance by P i -  'Vs$.i~ (where u i is 

the rate of mutation of gene Ai). 
If the popNation is not indefinitely large, the accidents of sampling 

will cause independent fluctuations about this point of equilibrimn in all 
of the gene frequencies. Each of these distributions is I-shaped if ,INn 
and 4Na are large (N effective size of breeding population) but  a or U- 
shape([ i:[ 4Nu and ,INs are less than 1 (Wright 1931). While the rage of 
change per generation of gene frequency due to accidents of sampling is 
low (causing fixation ab the rate of 1/2N per generation in the absence of 
selection and mutation)it is possible that in the course of time it may carry 
the system of gene frequencies across a shallow saddle to a new peak. 

The effectiveness of this mechanism is enormously increased if ~he 
population is subdivided into many local groups which breed largely 
within themselves. The distribution of gene frequencies under random 
sampling is here determined by the relation between effective size of the 
local group and the cross breeding index. The rate of random drift of each 
gene frequency may be relatively rapid per generation. The shallow 
saddles would be crossed so easily that no local group would be expected 
to stay long at the same peak and no two sufficiently isolated local groups 
woNd occupy the same peak at a given time. As far as the metrical 
character in question is concerned there would be no appreciable changes. 
The average in all local groups wouId remain very close to ~he optimum 
even when the locus is crossing a saddle. But there would be a kaleido- 
scopic shifting among other characters, affected by the same genes, and at 
the time subject only to selection of second order importance. At any time 
combinations might be reached by chance, in particular local groups, with 
effects of the first order of importance, leading to expansion of such groups 
(intergroup sdeotion). This process shoNd be of much greater evolutionary 
significance if considered with respect to total adaptive value of the 
organism, instead of approagh of a particular character to an optimum. 

So far we have assumed that conditions are constant. A drastic 
change of conditions, resulting in a drastic shift in the position of the 
optimum, would be followed by steady evolutionary change of the type 
described by I-Ialdane and Fisher until the lost ground is regained an d the 
mean again coincides with the optimum. But minor changes of conditions, 
shifting the position of the optimum back and forth by no more than the 
ef~ec~ of a single gene, will have evolutionary consequences of a ditterent 
sort. With such a shift of the optimum, the old peak will be depressed and 
there will arise in general a large number of new peaks immediately about 
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i~. To which of these the population moves will depend on the preceding 
accidents of sampling. K now the optimum shifts back to its original 
position, it will be very unlikely that the population will move back to 
the original peak. Thus ~rivial oscillations in conditions wit] be enough to 
carry the population to any peak in ~he system with similar consequences 
for other characters to those suggested above. Again the process will be 
enormously speeded up ff there is local inbreeding and there are slight 
local differences in conditions. 

T h e  c o m b i n a t i o n  of t h e  effects  of i n b r e e d i n g  a n d  of v a r y i n g  l o c a l  

c o n d i t i o n s  of s e l ec t i on  p r o v i d e  a m e c h a n i s m  for  ~he i n d e f i n i t e l y  c o n t i n u e d  

p roces s  of ~rial a n d  e r r o r  a m o n g  loca l  p o p u l a t i o n s  w i t h  r e s p e c t  to  gone  

combi~mtio~s w h i c h  is p r o b a b l y  n e c e s s a r y  for  p r o g r e s s i v e  e v o l u t i o n .  

I%EFEP~ENCES. 

: F l s ] ~ ,  1~. A. (1922). "011 the dominance rat io."  P~'oc. ~'oy. ~'oc. Edinb. 42, 321-41. 
- -  (1930). The genetical theory of natu~'al selection. Oxford: at the Clarendon Press. 

272 pp. 
Gow],]N, J. W. and E. H. G~'~ " (1933). "Gone number, kind, and size in Drosophila." 

Genetics, t 8 ,  1-31. 
]~IALD~kNE, J.  ]~. S. (192'f). " A  mathematical theory of nat)ural and artificial selection. 

Part  I . "  (/~'ans. Camb. phil. Soc. 23, 19-41. 
- -  (193l). " A  mathematical theory of nattu'al seleotion. Par~ VIII .  15'Ietastable 

populations." Ibid. 27, p~. 1, pp. 137~2. 
(1932). The cause8 of Evolutions. London: Longmans Green. 235 pp. 

MULL]~I~, .K.J .  (1928). " T h e  measm'ement of gone mutat ion rate in D~'osophilc6 ibs 
high variability, and i~s dependence upon tompm'atm'e." Ucnetics, 13, 279-357. 

- -  (1929). "The  gone us the basis of life." P~'oo. Int. Cong. Plant Sciences, t ,  
897-921. 

STaDL~, L. J. (1930). "The  frcqueney of mutation of specific genes in maize." Anal. 
Rec. 47, 381. 

W~zc~']~, S. (1920). "Princil)les of live stock breeding." Bull. U.S. D@. Agric. No. 
905, 68 pp. 

- - - - -  (1922). "The  efo cts of inbreeding and crossbreeding on gtfinea-pigs. I I I .  
Crosses between highly inbred families." Ibid. No. 1121, 60 pp. 

(1929). "Evolut ion  in a ~endolian 1)optflation. ' '  Ana~. ~ee. 44, 287. 
- - -  (1930). "The  genetical theory of natural selection. A review." J. He~'ed. 2 t ,  

349-56. 
- - - -  (1931 a). "Evolu t ion  in Mendelian populations." Genetics, i 6 ,  97-159. 
- -  (1931 b). "Stat ist ical  theory of evolution." P~'oc. Amer. Star. Assoc. 26, 

201-8. 
- -  (t932). "The  roles of mut, ation, inbreeding, crossbreedfllg and selection in 

evolution." P~'oc. Sixth Internat. Congress qf Genetics, ~, 356-66. 
- -  (193~). "The  analysis of variance and the correlations between relagivos with 

respocg ~o deviations from an optfinum." J. Goner. 30, 243-256. 


