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Note on Nonstability of the Linear Recurrence

By J. BRZDEK, D. POPA, and B. XU

Abstract. We prove a non-stability result for linear recurrences with constant coef-
ficients in Banach spaces. As a consequence we obtain a complete solution of the
problem of the Hyers-Ulam stability for those congruences in the complex Banach
space.

Throughout this note, denote by N, Ny, R and C, as usual, the sets of positive
integers, nonnegative integers, reals and complex numbers, respectively. Moreover
K is either the field R or C, X is a Banach space over K, andS := {a € C | |a| = 1}.

The stability problem of functional equations was originally raised by
S. M. ULAM [13] in 1940. He posed the following problem: under what condi-
tions does there exist an additive mapping near an approximately additive mapping?
In 1941, this problem was solved by D. H. HYERS [8] in the case of Banach spaces.

After HYERS’s result a great deal of papers on this subject have been published,
generalizing ULAM’s problem and HYERS’s theorem in various directions and to
other functional equations (see e.g. [1, 2, 3, 4, 7, 10, 12]). Furthermore, many
surveys, specially on stability of functional equations and their systems in several
variables, were given successively (see e.g. [5, 6, 91).

The Hyers-Ulam stability of linear recurrence with constant coefficients, a dis-
crete case of equations in a single variable, was investigated in [11], where the
second author of the present paper has proved the following theorem.

Theorem 1. Let p € N, 8 > 0, a1, ..., ap € K be such that the equation
p .
rf =Y arr =0 (1)
i=1
admits the roots r1, . .., rp € K\ S and (bp)ncn, be a sequence in X. Suppose that

(Yn)nen, is a sequence in X with the property
IYntp ~ @1Yn4p—1 = —apyn —bnl <8, Vn €No. @
Then there exists a sequence (Xn)neN, in X, given by the recurrence
Xntp = A Xntp—1 + -+ apxp + by, Yn e Ny, 3)
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such that

Xl < 5 s
[(L—=ri)--- (L~ frp)

Iy — Vn € No. 4)

Roughly speaking, we say that a functional equation is stable in the Hyers-Ulam
sense if for every solution of the perturbed equation, there exists a solution of the
equation that differs from the solution of the perturbed equation with a small error.
However, because of many later restatements (see e.g. [1, 9]) of the original prob-
lem, raised by S. M. ULAM in 1940, we introduce the following two definitions
(cf. [10], p. 290).

Definition 1. Recurrence (3) is said to be weakly stable in the Hyers-Ulam sense
provided, for every unbounded sequence (¥n)nen, in X with

sup”yn+p — Al Yntp—1 — " —apYn — ball < 00,
neN

there exists a sequence (x,),enN, in X such that (3) holds and

sup [[ys — x|l < o0.
nGNo

Definition 2. Recurrence (3) is said to be strongly stable in the Hyers-Ulam sense
provided for every & > 0 there exists § > 0 such that, for every sequence (yn)neN,
in X satisfying (2), there exists a sequence (x,)zen, in X such that (3) holds and
SUPpen, llyn — Xnll < €.

Of course some other definitions are possible, but the first one seems to be rea-
sonably weak, while the second one is quite strong. It is easily seen that a recurrence
that is strongly stable is also weakly stable and a recurrence which is not weakly sta-
ble is not strongly stable either. Therefore the definitions suit well the statement of
the next theorem, where we supplement the result of Theorem 1 by showing that, in
each case where at least one of the roots of the characteristic equation (1) is in S,
the congruence is not (weakly or strongly) stable in the Hyers-Ulam sense. Thus we
completely solve the problem of the Hyers-Ulam stability for the linear congruences
with constant coefficients in the complex Banach spaces, in the sense of either of
the definitions.

Theorem 2. Let K = C, ay,...,ap € K, and (bu)nen, be a sequence in X. The
recurrence (3) is weakly (strongly, respectively) stable in the Hyers-Ulam sense if

and only if the characteristic equation (1) does not have any root in S.

In the real case we have only the following.
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Theorem 3. Let K =R, ay,...,a, € K, and (bp)nen, be a sequence in X. As-
sume that the characteristic equation (1) admits roots ry, ...,rp, € R. The recur-
rence (3) is weakly (strongly, respectively) stable in the Hyers-Ulam sense if and
onlyifry,....rp, € {—1,1}.

Corollary 1. Let K =R, a € K, and (bu)sen, be a sequence in X. The recurrence
Xn+l =axn + by, VYneNy %)

is weakly (strongly, respectively) stable in the Hyers-Ulam sense if and only if

lal # 1.

It is easily seen that Theorems 2 and 3 are immediate consequences of Theorem 1
and the given below Theorem 4 (Corollary 1 follows from Theorem 3).

Theorem 4. Let ai, ...,ap € K and (bn)nen, be a sequence in X. Suppose that
the characteristic equation (1) admits the roots ry,r, ..., r, € Kand at least one
of them is of module 1. Then for any 8 > 0 there exists an unbounded sequence
(Yn)neNy, Satisfying the inequality (2), such that for every sequence (Xp)neN, in X,
fulfilling the linear recurrence (3), we have

sup {[yn — xnll = o00. 6)
nENo

For the proof of Theorem 4 we need two lemmas.

Lemma 1. Let a € K, (by)nen, be a sequence in X, xg € X, and

Xnyl =aXn+ by, Vn e No, 7
Then
n
Xn=a"xo+ Y a" by, VneN (8)
k=1
Proof. Induction on n. O

Lemma 2. Let§ > 0, a € K, |a} = 1, and (bu)nen, be a sequence in X. Then for
each yg € X there exists an unbounded sequence (yn)neN,, satisfying the inequality

l¥n41 —ayn — bull <8, Vn €Ny, ®
such that for arbitrary sequence (xp)nen, in X, satisfying (7), we have
sup |lyn — x|l = oo. (10)
nGN()

Proof. Letu € X, |lull =1,

1, if sup,ew, | Xhe) @ *biet + nasu|| = oo;
-1, otherwise,

£ =

yo € X, and (yn)nen, be given by
Yn41 = ayn + by + ea"8u, Vn e N,.
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Take xo € X and define (x,)nen, by (7). Then, according to Lemma 1,
yn — xp = a"(yo — x0) + nea"du, Vn e Ny.
Since, forn € N,
Iyn — xnll > [lla"(yo — x0)ll — lIna"8ull| = |llyo — xoll — nd|
it is easily seen that
lim [lyn — xp|| = oo.
n—>00
To complete observe that, according to Lemma 1, for everyn € N,

n
yn=a"yo+ Zan_kbk—l + nea"du,
k=1

whence, in the case s = 1,

n
nll 2 |32 @ ber + na"su| ~ lyoll
k=

and, in the case ¢ = —1,
n n
Inl = |a"yo+ Y a" bt —na"su| = 208~ | 3" a"* b1 +na"su - Iyoll,
k=1 k=1
which, in either case, means that (y,),en, is unbounded. O

Now we are in a position to prove Theorem 4.

Proof of Theorem 4. For p = 1, the conclusion of Theorem 4 is true in virtue of
Lemma 2.

For p > 2, without loss of generality, assume that |r;j| = 1. From Lemma 2
it follows that there exists an unbounded sequence (¥,)nen, in X, satisfying the
inequality

Va1 = 7r1Yn — bull <8, Vn €N, (11

such that for every sequence (X, )ncn, With

Xny1 =nx, + by, VneNy, (12)
we have
sup || yn — Xnfl = 00. (13)
nENQ

Further, there exists a sequence (yn)nen, in X with
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Yntp-1—(r2+-- “+rp)yntp-2+-- __+_(_1)p—1r2 o rpYn =DYn, VRE No (14)

(it suffices to take yo = --- = yp—2 = 0, yp—1 = Jo; then (yn)nen, can be
determined step by step).
Inequality (11) implies that the sequence (y,)neN, satisfies the inequality

“)’n+p+(—1)(rl+' : '+rp))’n+p—l +- -+ (=DPry - 'rp)’n—bnu <8, VneNp,

(15)
which is equivalent with (2). Let now (xn)nen, be an arbitrary sequence defined
by (3) and (¥,)nen, be the sequence given by

Xn = Xntp-1 +( =Dt rp)xnp2t- - _+(_1)p—1r2 ccFpXn, Vn € Ng.
(16)
Then (12) and (13) holds.
We have to prove that sup, ¢y, [lx» — ynll = 00. Suppose the contrary. Then there
exists M > 0 such that

lyn —xall <M, Vn € No.
From (14) and (16) it follows that
l¥n — Xall < ”}’n-{-p—l — Xn+p-1 f+lr24+-+ rpl : ”}’n+p—2 - xn+p_2||

+oF 2 orpl e lyn — xall
<A +lrn+ - Frpl+Fr2...rph)M

for every n € Ny, which contradicts (13).
To complete the proof observe that, in view of (14), (¥n)nen, must be unbounded.

a
Remark 1. Let K = R. Consider the linear recurrence
Xp+2 = —Xn, Vn e Ng. a7
Its characteristic equation
r?=—1
have roots r; = i, r, = —i. We show that (17) is not stable.

Letu € X, |lull = 1, yo € X, and (¥n)nen, be given by

Yniz = —yn + (=D36u, Vne N,

where § > 0 and [a] is the biggest integer which is not greater than a. Clearly, we
have

|¥n+2 + yull < 8.
For n = 2k, we have

Yaterl) = —yak + (=1)%8u,  Vk € No. (18)

We claim that
yak = (=DFyo + (=1)*'kéu, Vk eN. (19)
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In fact, it is trivial for k = 1. Take m € N and suppose that it is true for k = m.
By (18),

Yomt1) = —Yom + (—1)"8u
= ~((=1)"yo + (=)™ 'méu) + (=1)"5u
= (=1)"lyg + (=1)"(m + Ddu.

So we have proved (19). Hence, for every sequence (xn)nen, in X, satisfy-
ing (17), we have

lyax — x2ell = (=1 yo + (=¥ 'k — (=1)*x0]|
> [I=D* (o = xo) Il = (=¥ k8ull] = Illyo — xoll — k8|
for every k € N, which implies that

Sup ||yn — Xnll = 0.
HGN()
Thus we have shown that in the case where K = R and the characteristic equation
of (3) (i.e. (1)) has no real roots, the recurrence can be not stable. Therefore the
following problem seems to be of interest.

Problem. LetK =R, a,...,a, € Rand (by)scn, be a sequence in X. Suppose
thatry, ra, ..., rp € C are the roots of the characteristic equation (1). Is it true that
recurrence (3) is weakly (strongly, resp.) stable in the Hyers-Ulam sense if and only
if [rj] # 1 fori = 1,..., p? (In other words: does Theorem 2 remain valid if
K=R?
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