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THE FRATTINI SUBLATTICE OF A
DISTRIBUTIVE LATTICE

M. E. ADAMS

1. Introduction

The Frattini sublattice of a lattice L is defined to be the intersection of all its
maximal proper sublattices and will be denoted & (L). Koh [6] considers the problem
of characterisations of lattices L such that ®(L )=0 and proves that for every lattice L
there exists a lattice L; such that L~ @(L,). In this paper we consider the Frattini
sublattice of a distributive lattice in the category of distributive lattices. Our ap-
proach is from a topological point of view.

We prove that for any distributive lattice L there exists a distributive lattice L,
such that L= @(L,). Further consideration of the method employed enables us to
answer questions that developed from work by Koh [6].

The topology used is that introduced by H. A. Priestley [7]. We restate the Repre-
sentation Theorem.

DEFINITION. A topological space S with a partial order (<*) defined on it is
said to be totally order disconnected provided that for x, yeS x+ *y there exists dis-
joint clopen sets X, Y such that xe X, ye Y, X is decreasing and Y isincreasing.

REPRESENTATION THEOREM. Every (0, 1) distributive lattice L has a topo-
logical dual space L' which is a compact totally order disconnected space. The elements
of L are isomorphic with the clopen decreasing sets in L’. Conversely every compact
totally order disconnected space is homeomorphic and order isomorphic with the dual
space of some (0, 1) distributive lattice.

I would like to thank my supervisor Dr. Brian Rotman and the referee for his
remarks concerning the first draft.

2. The topology

Any (0, 1) distributive lattice L has a topological representation as a compact
totally order disconnected space L’, the elements of L being isomorphic with the clopen
decreasing sets in L’. Thus we may think of L as being the collection of clopen
decreasing sets in L', denoted L, and any proper sublattice L, of L as a proper subset
L, <L (sublattices are by definition allowed to be void). We begin by showing that
for any sublattice L, of L a separating set S can be uniquely defined over the topo-
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logical space L', after which we consider how S behaves for a maximal sublattice.
We remark that the essence of Lemmas 2 and 3 is contained in Section 9 of J. Hashi-
moto [5]. However our presentation in terms of the Priestley topology is quite different.
Because of this and for completeness we give proofs.
We denote topological duals with a prime symbol.

DEFINITION 1. (a) For a (0, 1) distributive lattice L with a sublattice L, we may
associate three sets S;ie{a, B, y}, viz.

S,={x|x=<a)foraeL’and ae 4 for all 4eL,}

Sp={x | x=Ka) foracL’ and a¢ 4 for any AeL,}

S,={x| x=<a, by wherea, beL',a}* b and for any AeL, (ac A — be A)}.
Let the separating setbe §=S,0 55U S,.

(b) A subset X of L' is said to be compatible with a separating set S providing (i)
{a)e S implies aex, (i) {a)e S implies a¢ X and (iii) <a, b>€ S and qeX implies be X.

LEMMA 2. Let L be a (0, 1) distributive lattice having a sublattice L, with separat-
ing set S. Then for a clopen decreasing set A< L' we have Ae L, iff A is compatible with
S. Thus for sublattices L,, L, with separating sets S,, S, respectively, L, # L, implies
Sy #S,.

Proof. Given a clopen decreasing set A that is not compatible with S then by
definition 4 ¢L,.

Conversely suppose A is compatible with S. When there exist x, ye L’ such that
xe A and ye L' — A we must have x3}*y. But then by compatibility x 3 * y implies the
existence of B,eL,; such that xe B, and y¢ B,. For a given y we can form an open
cover {B, | xe A} for A, which by compactness has a finite subcover B, , ..., B,,. Set
B,=Ji<i<n Bx,- Then B,24, y¢B, and B,eL, since L, represents a sublattice.
But (N,.1'-4 B,=A. Hence by compactness again we have a finite subset such that
MNi<ism By, =A. Since L, is a lattice A4eL,. If A is empty then just choose B, such
that B,eL; and y¢B,, or if A=L’ then simply cover 4 with B.eL, such that xeB,;
and then treat as before.

LEMMA 3. Ifa(0, 1) distributive lattice L has a maximal proper sublattice L, with

separating set S, then S consists of one element of the form
(i) <a) where acL’ is afixed element and a<*x for all xe L

(i) «a) where ac L’ is afixed element and a=* x for all xe L’
or

(iii) <a,b> a fixed pair a,beL’, a}*b such that (a,>*a —a,>*b) and

(by<*b—>b,<*a).

Conversely a set containing an element of the form (i), (ii) or (iii) is the separating set

of a maximal proper sublattice.
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Proof. First suppose that L is a maximal proper sublattice so that S is not empty.
Then there are three cases to consider ()3(a)e S, (B)IaPeS and (y)Ia, b)eS.

(o) If (ade$S and a£*x for some xeL’, then {x, adeS since gae 4 for all AeL,.
But since x* *a there is a clopen decreasing set C such that xeC and a¢C; C¢L,.
Consider the sublattice of L given by {#}UL,. This is a proper extension of L, since
by hypothesis 0¢L,. However C¢{0}u L, contradicting the maximality of L,.

Thus {a)e S implies a is minimum (> *) and hence {x)e S implies x=a.

Suppose in additon to {(a) there are points {x) or {x, y>eS. Then the sublattice
{0} UL, is again a proper extension of L, that omits L' in the case {x)e S, or a clopen
decreasing set C with xe C and y¢ C in the case {x, y)eS. Either of these cases con-
tradicts the maximality of L,.

Hence {a)e S implies a is minimum (<*) and 3=1.

(B) If €aPeS we can use similar arguments to those in case (o) to show a is a
maximum (<*) and S=1.

(y) If there is a pair {a, b)e S then by (a) and (B) the only other elements of S are
of the form {x, y>. _

We begin by showing that if S=1 then the conditions in (iii) are satisfied. Suppose
there exists a different ordered pair <{a,, b,) such that ¢, *b,, ¢;>*a and b, <*b.
Then a clopen decreasing set C with a,eC and b, ¢ C certainly exists. However for
any such C we have a¢,e C implies ae C, and b, ¢ C implies b¢ C. Thus C is incompatible
with {a, b)> and is not a member of L,. Thus {a,, b, is compatible with every CeL,.
We deduce the following statement:

(A) (Ka,byeSra 2*b rna,=*arb <*b)—><a, b DeS.

Hence we have that if S={<a, b>} for a given pair a, be L', then a, >*q implies
a,>*b,and b, <*bimplies b; <*a.

If S contains at least two different pairs {a, b), {a,, b;) then for one pair, say
{ay, b,>, we must have either a}*a, or b£*b,. Suppose aF *a,. Then there is a set
C,eL such that aeC; and a,¢C,. There is also a C,eL such that aeC, and 5¢C,.
Setting C=C,; n C, we see that ae C while a,, b¢ C. Thus we consider the lattice L,
generated by C and L, and see that {a, b) is not an element of its separating set.
However (a;e X —b,eX) is preserved under finite joins and meets of members of
{C}UL,. Thus {a,, b;> is a member of the separating set of L, contradicting the
maximality of L,. Similarly for b *5,.

This shows that for a maximal proper sublattice S is of the form described. Next
suppose a separating set S consists of one element of the form (i), (ii) or (iii).

If the set consists of a single pair {a, b) that satisfies condition (iii) then to prove
the Lemma we must show that for any C,eL that is incompatible with {a, b)> together
with all CeL that are compatible with {a, b)> we can generate L.

Let X be the member of L we elect to generate. For xe X and ye L’ — X we must have
x % *y and by condition (A) if {(x, y)> #{a, b) then either x} *a or y£*5b. Thus by the
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argument given above there is a CeL such that xe C, y¢C but ae C implies beC. If
{x, y>=<a, b) then we take C,. Hence for a fixed y we may cover X with allowable
elements none of which contain y. By compactness this has a finite subcover the union
of which, say X, is suitable generated. Now as y varies we have [}, ;._x X,=X.
Choose a finite subcover by compactness. Thus X is finitely generated by C, and allow-
able members of L. If X'is @ or L' then it is automatically compatible with {(a, ).

The only remaining cases are when the given set consists of a minimum (<*) ele-
ment {a), or a maximum (<*) element {«). These automatically correspond to
proper maximal sublattices that hold all of L except a meet irreducible zero or a join
irreducible unit respectively. This completes the proof of Lemma 3.

We point out that although Lemmas 2 and 3 are in terms of (0, 1) distributive
lattices this restriction is not essential. For example if the distributive lattice lacks
a zero then we add one in order to obtain a topological representation. This is equiv-
alent to a minimum (<*) point m in the space, so that the elements of the lattice
are clopen decreasing sets that contain m. Thus separating sets for sublattices in
Lemma 2 all contain {m), and in Lemma 3 we adapt by considering only cases
(i) and (iil). The case when L consists of a single point must be dealt with separately.
However it presents no real problem.

3. The Frattini sublattice

The Frattini sublattice of a lattice L is the intersection of all its proper maximal
sublattices and is denoted by ®(L). If we let ®*(L)=®(P(L)) we can inductively
define $**'(L)= @ (@*(L)) for successor ordinals a+ 1 and &*(L)= ("<, ®*(L) for
limit ordinals. This means that for each lattice L we have a sequence:

Lo2&(L)=2 ¢*(L)- -2 ¢*(L) 2

In [6] Koh asks whether there is always an ordinal « siich that $*(L)=9. This is equiv-
alent to showing that there exists a lattice with no maximal proper subalgebras,
which with the aid of Lemma 3 we are now in a position to do.

We remark that Birkhoff [2] conjectured that every sublattice of a distributive
lattice could be extended to a maximal proper sublattice. This problem was solved in
1951 by Takeuchi [9] with a counter-example, namely the sublattice {(x, 0) | xew*} of
the lattice @ * x 2. Hashimoto [5] points out that w * can be replaced by any distributive
lattice L that has no proper maximal filter.

THEOREM 4. There is a distributive lattice with no maximal proper sublattices.

Proof. We consider the chain w+ 1 with its interval topology. This is a compact
totally disconnected space C on which we will impose a (<*) relation in the following
manner.
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For a proper initial segment 7={0, ..., n} of @+ with a (< *) relation defined on it
we let py, ..., p, be a list of pairs <a, b) a, bel such that a}*b. If (q, b) =p; then set
x<*n+jfor x<*a, xel. This gives us a new initial segment R(1)={0,...,n, n+1,...,
n-+r} with an extended (< *) relation defined on it.

Let 7,={0, 1}. I, is trivially ordered under ( <*).

I..;=R(,) for 0sn<o.

Since x<*y x, yel, implies x<*y in I,, m>n we have a well defined (< *) relation on
w. We let this, together with x <*w for all x <w, be the (< *) relation on C.

We must show that ( < *) is a partial order and is totally order disconnected.

Since (<*)<(<) we have (<*) is reflexive and anti-symmetric. To see that it is
transitive consider x <*y and y <*z. We take an induction on n and let n<w be the
induction stage such that zel,. At this stage we must have x, yel,_; and a pair
{a, by for which we set z>*k all k<*a. But y<*a implies x<*q by transitivity in
I,_, and thus x < *z. If z=o then x <*z all x by definition.

To show that C(<*) is totally order disconnected we have two cases. First
m<*n, in which case {x|x<m} will serve. Second m) (*», which implies m, n < w). Say
m is to be a member of a clopen increasing set. Then {x | x>*m or x>n+ 1} will do.

If C(<*) represents the lattice L we take L—{1} as our example. For suppose
L—{1} has a maximal sublattice. Our construction together with Lemma 3 implies
that its separating set must be a pair {g, 5) of type (iii), 2, b<w. Choose I, such that
a, bel,. Since a}*b there is cef, (, c>*a and ¢} *b which contradicts maximality.

We now prove that every distributive lattice can be obtained as the Frattini
sublattice of some other distributive lattice.

THEOREM 5. For a distributive lattice L there is a distributive lattice L, such
that L=®(L,).

Proof. Suppose to begin with that L is a (0, 1) distributive lattice. We build on the
topological space L’ a new topology that is a mixture of product topology and com-
pactification. This new space (with slight modification in certain stated cases) will be
the topological interpretation of an L, satisfying the Theorem.

Let X={(n, p) l 0<n<w and peL'}u{m}. m here may be any symbol, not
necessarily an integer.

We define a topology T on X to have an open base given by sets of the following
forms:

(@) {n}x Yforgivenn<wand YSL’, Yopen;

(ii) {m}ulU,({n} x L") for all n such that N<n<w for some given N.

We claim that X together with the topology 7 is compact. This is because for a given
open cover X; of X one set must have m as an element. If this open set is K where
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K={m}ulJ,({n} x L") for n=N we have X—K=\|,({n} x L'} n<N. But (X—K)n
N X, is an open cover of X— K with the product topology. This yields a finite sub-
cover X, ..., X; , since the product topology of two compact spaces is compact. Thus
X,,,---» X;,, Kis a finite subcover for X. Hence (X, 7) is compact.

We now impose a (< *) relation on (X, 7) by setting

() m>*x, xe X—{m}.

(B) <0, P> <*<0, py> if py <*p,in L.

) €0, p><*{n, pyfor0 <n<w.

(®) If <0, p1 > <*<0, py> set <0, p; > <*<n, p,).

Using (a)... (8) we show (<*) is a partial ordering. The reflexivity is trivial. To see
antisymmetry suppose x, ye X, x<*y and y <*x. Then since m< * x any xe X we may
suppose x={n;, p;y and y=<{n,, p,>. But x<*y implies n, =0. Similarly y<*x
implies n, =0, a contradiction, since this reduces to case (f) which means p, <*p, and
p,<*p, in L'. Hence (<*) is antisymmetric. Transitivity is secured by condition (8)
and is also straightforward to verify since 0 <n,, n, <w implies {n,, p,> and {n,, p,>
are (< *) incomparable.

In order to show (X, 7<*) is the Stone space of a distributive lattice we must show
that it is totally order disconnected. That is for d,, ds, d, £ *d, we must find a clopen
increasing set D such that d,eD and d,¢D. Since d; £*d, we must have d,={n,,
p,» for some n,, p,. We consider the various cases d, takes.

(i) dy=m.
Then D=\, ({n} x L")u {m}, n, <n<w will serve.
(i) dy={ny, p;>, n,>0.
(@) ny#n,.Set D=, ({n} x L") U {m} where n=n, or n,<n<aw.
(b) n,=n, and p, #p,. Choose a clopen set C in L such that p,eC and
p2¢C. Thenset D=({n,} x C)u{m}u | J,({n} x L") where n, <n<w.

(i) dy=<ny, p1, n =0.

By definition p, £ *p,. Hence there is a clopen iricreasing set C in L', p;eC and
p2¢C. Let D=\, ({n} x C)u U, ({k} x L") L {m} where n, <k <w,0<n<o.

We conclude that (X, 7, <*) is a compact totally order disconnected space and
proceed to investigate its Frattini sublattice.

We will show that a non empty clopen decreasing subset C of X is a member of
every maximal sublattice iff it is contained in {0} x L'. There are three cases to con-
sider.

(i) C=X.

By definition xeX implies x<*m. Hence {{m)} represents a separating set of a
maximal sublattice that does not contain X. Thus X¢ @ (X, 7, <*)).

(i) C£{0} x L and C#X.

Since C£{0} x L' we must have {n,, p, >e C for some n, >0. However C# X im-
plies that m¢ C. Consequently C clopen implies {n,, p, > ¢ C for some n,>n,. But this
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means {1y, p; ) *<{n,, py. Suppose x>*<{n,, p,> for some xe X. Then by definition
x=m and it follows that x>* (n,, p,>. Alternatively suppose x <*<{n,, p;>. Then by
definition x<*<{0, p,> and it follows that x<*{n;, p;>. Thus the pair {n,, p,>,
{n,, p,» satisfies condition (iii) of Lemma 3 and is the separating set of a maximal
sublattice that does not contain C.

(iii) C<{0}x L'

Since C#9 by Lemma 3 any maximal sublattice not containing C must be of the
type (iii) with separating set {{a, b>}. Suppose <a, b is such an ordered pair. Then
with C not a member of this maximal sublattice we have ae C and 6¢C. Thus a is of
the form (0, p) for some pe L’. We show that for ¢ C it is not possible for {a, b) to
satisfy condition (iii) in Lemma 3 and thus Ce & ((X, 7, <*)). Firstly we cannot have
b=mbecause {1, p>>*(0, p) but {1, p>+*m. Secondly we cannot have b={n,, p,>,
ny >0 since <{n,+1,p>>*{0,p> but {n +1, p>**<{n,,p,>. Finally we consider
b=<0, p;>. <0,p>%*(0, p,> implies pk*p, in L', thus by definition <{l,p)F*
0, p;> although {1, p>>*<0, p>.

Thus we have shown, providing there is no xe L’ such that x<*y for all ye L', that
the Frattini sublattice of (X, 7, <*) is precisely the clopen decreasing sets contained
in {0} x L’ which by definition is homeomorphic and order isomorphic with L’. So let
L, be the lattice represented by (X, 7, <*). In the case that a minimum (<*) point
x exists in L' we would have 0¢ & (L, ) with § meet irreducible. But @ (w x 2)={<0, 0>}
(Koh [6]) and @ (L, +L,)=®(L,)+ P(L,) (Koh [6]) where + denotes ordered sum.
So that in order to obtain L as the Frattini sublattice we let L, =(w x 2)+ Lattice
(X, 7, <*).

If the given distributive lattice L lacks either a zero or a unit we add a meet irre-
ducible zero or join irreducible unit respectively in order to obtain a topological
representation which will have a minimum (<*) point or maximum (<*) point. If
only a zero is lacking we let L, = (X, t, <*). The fly in the ointment is when L lacks a
unit. Then we must ensure that {0} x L'¢ ®((X, 7, <*)). To do this we add new ele-
ments to the (< *) relation with the following clause:

(e) (1, mp><*{n,myyl<n<wwheremel and x<*m, forallxel'.

Similar arguments to those used above give that the new (< *) relation is a partial
order that is totally order disconnected over (X, t). We now want to determine when
a clopen decreasing set C is in @ ((X, 7, <*)). If C=X or <0, m,>¢C then the same
arguments apply. Thus we have two main cases.

@iy C={0}x L.

Consider the pair {0, m > % *{1, m;)>. Then x>*{0, m,) implies x=>*{1, m)
by (¢) and x<*{1, m,) implies x<*{0, m;>. That is to say {€0, m.>, {1, m D} is
the separating set of a maximal lattice that omits C.

(i) I, myeC, C#X.

Since L has no unit m; is a maximum (<*) that is an accumulation point of
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L' —{m.}. Thus {1, m;>eC implies {1, p>eC for some pe L' — {m}. This reduces to
the previous case (ii), giving a maximal sublattice that omits C.

Koh’s example @ (w x2)={{0, 0>} deals with the case when L is a single element.
This concludes Theorem 5.

In Theorem 5 the distributive lattice L, that we construct is such that |L,|=|L| + w.
Koh’s theorem in the category of lattices is such that for infinite L we have |L,|=|L|
while for 1 <|L|<w we have [L;| <w. (By necessity if [L|=1 and L=®(L,) we will
have |L,|>®.) We will show now that in general the cardinality for finite L cannot be
reduced.

THEOREM 6. Let L be a finite distributive lattice. The only members of ® (L) to
have complements are the zero and unit of ® (L) itself.

Proof. The unit of & (L) will be the greatest join reducible element of L and the
zero of @ (L) will be the least meet reducible one. We may assume these are the unit
and zero of L since ®(L,+L,)=®(L,)+ ®(L,). Thus suppose contrary to the hy-
pothesis of the Theorem that there exists a finite lattice L with join reducible unit and
meet reducible zero and an element p such that pe & (L) has a complement. By Lemma
3 every separating set of a maximal sublattice is of the form {{a, b>}. Since p'=L’
and p has a complement L'—p’ is clopen decreasing. Thus xep’ and ye L' —p’ im-
plies x) (*y. Choose maximal (< *) x and minimal {<*) y. Then {x, y) is the separat-
ing set of a maximal sublattice. But xep’, y¢p’. Thus p is not a member of this sub-
lattice. This contradicts pe ¢(L) and concludes the proof.

Koh [6] asked whether for ail distributive lattices L such that every sublattice can
be extended to a maximal proper sublattice and @ (L)=0 it follows that L is a chain.
And whether the only lattices for which every sublattice is the intersection of maximal
sublattices are chains. The answer to both these questions is negative. By improvising
on the method of proof of Theorem 5 we gain some insight as to how strong the answer
for distributive lattices is.

DEFINITION 7. (i) For an ideal [ of a distributive lattice define the congruence
O;bya=b(@))iffavi=bviforsomeicl.

(ii) For a filter F of a distributive lattice define the congruence @z by a=5b(0;)iff
an f=b afforsome feF.

(iii) Let I be a relatively complemented ideal of a distributive lattice L; then 7, the
maximal relatively complemented ideal exists. Similarly for F,, the maximal relatively
complemented filter. Then we define the Boolean Congruence @gof Ltobe O v O, ;
if either 7,, or F, is undefined then @; or O  are replaced by the identity congruence.

THEOREM 8. For a given (0, 1) distributive lattice L there is a distributive lattice
L, such that:
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(i) every sublattice of L, can be extended to a proper maximal one;
(i) L,/@p=L;
(i) ®(L,)=0.
Proof. Suppose that L is a (0, 1) distributive lattice with representation L’. We
consider the set X

X={np)|new* +o+1+w*+o,pel’}u{m}uim,}.

We give X a topology < defined to have an open base consisting of the sets:

(i) Zx Y, where Z is an open set of the interval topology on (1+w*+w+1+
+*+w+ 1) that does not contain end points, and Yis openin L',

(i) {m3}oU,({n}xL"), n>N for some fixed N n, Neo*+w+1+ow*+w, and

(i) {m,}uU,({n} x L"), n<N for some fixed N n, New* + o + 1 + 0* + w.

Since (1 +w*+w+1+w*+w+1) is a compact space we have by similar arguments
to those in Theorem 7 that (X, t)is compact.

We now impose another (<*) relation on (X, 1). The set 0*+w+1+0*+w
partitions naturally into Py + P, +P; with P,, Py =w*+wand P,=1. We let:

(@) my>*xforall xe X— {m,}

m,<* x for all xe X—{m,}
(B) <0, p1><*<0, p3>, 0P, if py <*p,
(Y) <05 p><*<n’ P>3 nEPS
<0’ p>>*<n’ p>, nEPI
(8) If x<*<0, p)> let x <*{n, p>, neP;,
If x >*0, p) let x >*{n, p>, neP,
By similar arguments to those used before the relation (<*) is a partial order (tran-
sivity is secured by two applications of (3)) that is totally order disconnected over
(X, 1); and thus (X, 7, <*) represents a distributive lattice Ly.

Because of (a) Ly has a join irreducible unit and a meet irreducible zero. Let
L,=Ly—{0, 1}. We begin by showing that every proper sublattice X of L, can be
extended to 2 maximal one. We have that KU {0, 1} is a proper sublattice in Ly and an
extension to a maximal proper sublattice of Ly gives a maximal proper sublattice of
L,. Accordingly Lemma 3 gives that the separating set of Ku {0, 1} contains a pair
{a, b, with a+*b and neither one equal to m, or m,. We consider the values taken
by a, b where a={n,, p,», b={_n,, p,> and show that there is an associated maximal
pair {a,, b;>.

(1) a=<ny, p1>, meP;.

If b=<n,, p2y, n,6Pyand {0, p,> <*{ny, p,> weseta, =aand b, =b. If €0, p, >« *
{ny, pyy or n, =0, choose nyeP; and set a, =a, b, ={n;, p,». Finally in this case if
n,eP, weleave a, =aand b, =b.

(i) a=<0, p,),0eP,.
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a **b means {0, p;>+*{n,, p,» which implies the existence of n e P5 such that
{ny, p1> & *<{n,, po,». We now operate on this pair in the manner of case (i) to obtain
a,, b,.

(i) a=<ny, pyy, mepP;.

If <0, p,> =*<{n,, p,,) then n,eP, or P,. Either way let ¢, =a and b, ={n;, p;>

where n e P, ; ny=n, if n,eP;, ny=n, +1 otherwise. For <0, p,> % *{n,, p,> we take
this pair to case (ii) to find q,, b,.
Thus for {a, b), a}*b we obtain a new pair {q;, b,>, a;+*b;, x>*a, implies
x=*b, and x<*b, implies x<*qa,. This means that {a,, b,) represents a maximal
proper sublattice in K. Since a, >*a and b, <*) statement (A) of Lemma 3 shows
that this is a proper extension of K.

We now show that L; /@y~ L.In L, @, _is represented topologically by |, ({n} x
x L"yu{m,} neP,, a decreasing open set. This is because apart from m, (which as a
representation of L, is a member of every clopen decreasing set) any two points are
incomparable (<*) while any other xe X implies x>*y for some y#m, in the set.
Similarly ©;_can be represented by the open increasing set | J,({n} x L"yu {m,},
neP;. But then the dual space of L,/@; v O is X—(U,ep, {n} x L 0{m,y})—
~(Uner,{n} x L' 0 {m,}). This is precisely the closed subset {0} x L’ with the induced
topology which by definition is homeomorphic and order isomorphic with L’. It
remains only to show that ®(L;)=90. To see this consider any clopen decreasing set
CeL,. By definition m,eC and m, ¢ C. This implies that for some n,, n,eP; or for
n;, nyeP;. We have {ny, p>eC and {n,, p>¢C for some fixed peL’. But then {{#,,
>, {ny, p»} is the separating set of a maximal sublattice excluding C. This concludes
the proof.

The proof may be further generalised to give:

THEOREM 9. For every (0, 1) distributive lattice L there is a distributive lattice L,
with a congruence © on it such that:
() L;/O=L;
(ii) Every sublattice is the intersection of maximal sublattices.
We omit the proof and instead prove the following Theorem which illustrates some of
the essential ideas. This Theorem may also be deduced from Hashimoto [5].

THEOREM 10. If L is a distributive lattice without zero or unit such that every
proper ideal is the intersection of maximal proper ideals and dually for filters, then every
sublattice is the intersection of maximal proper sublattices.

Proof. Given such an L we add a zero and unit in order to obtain a topological
dual L' that has a maximum (<*) m, and minimum (<*) m,. By Lemma 5 of Adams
[1] the topology in such a space is such that for a given point xs#m,, m, if x is not
covered {<*) by m, then xeClosure {x,},.r Where x<*x, and x, is covered (<*) by
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m;. Similarly if x does not cover (<*) m, then xeClosure {x,},.z Where x,<*x and
x, covers (<*) m,.

Suppose L, is a sublattice of L. Then L, u {0, 1} has a separating set in which all
members are pairs of the form (a, b). Now consider a clopen decreasing set CeL
which is not a member of the sublattice. Then for some pair {a, b), a} *b we have
aeC and b¢ C. If ais not covered (< *) by m, then C clopen implies that there exists
a,eC, a;> *a and a, covered (< *) by m,. If a is covered let a, =a. Similarly for b we
can find b, < *b, b, ¢C and b, covers (< *) m,. However q,eC and b,¢C implies
a, %+ *b; and {ay, b,) represents a maximal sublattice that by statement (A) of Lemma
3 contains L, but omits C. Since this is true for any C we have every sublattice is the
intersection of maximal ones.

A special case of Theorem 10 is the following:

COROLLARY 1. If L is a relatively complemented distributive lattice without
a zero or unit then every subalgebra is the intersection of the maximal ones that contain it.

We remark that Sachs [8] has shown that every subalgebra of a Boolean algebra is
the intersection of maximal subalgebras.

Finally we give a characterisation of the Frattini sulattice of the direct product
L, x L, of two (0, 1) distributive lattices. First a definition:

DEFINITION 12. Fora (0, 1) distributive lattice L let:
(i) Do(L)={x l xeL, x has a pseudo complement x* and x* =0}
(ii) Dy (L)={x | xeL, 3x* such that for all yeL (xvy=1ey=x*) and x*=1}.

THEOREM 13. Let L=L,x L, where L; is a (0, 1) distributive lattice then
(% %2)e O (L) if

(@) x;ed(L)w{0,1;} i=1,2,
and

(b) One of the following holds

() x;eDo(L;) i=1,2.
() x;eDy(L;) i=1,2.

Proof. The Stone space of L; x L, i1s homeomorphic with the sum of the Stone
spaces L} and Lj; the (<*) ordering being the same within each component. But
d,e L}, d,e L, implies d; incompatible (< *) with d,. Thus an element of L is topolog-
ically the sum of its components.

We prove first that (a) and (b) hold if x=(x;, x,)e ®(L).

(a) Suppose x;¢ ®(L;). Then we must have a maximal sublattice of L; that omits
x;. If x;#0,, 1, Lemma 3 implies the existence of a pair {a, b), @, b,eL;. But in L’ if
a;>*aor by <*b we would have q,, b, L;. So {a, b) represents a maximal sublattice
in L that omits x.

(b) Consider a point xe A, some (0, 1) distributive lattice, with topological dual
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x'<= A’. Suppose x’ has a pseudo complement C, then C is a clopen decreasing set and
C={y l yeA' y%*k for any ke x'}. This is true because if y>*k for some kex’ then
yeC implies ke C, a contradiction, since kex'nC. If y£*k any kex’ then we can
find a clopen increasing set K such that ke K, y¢ K. Covering x” in this manner and
choosing a finite subcover we have a clopen increasing set K such that x’= K and
y¢ K. But then (4" — K)nx’ =0 implies 4"~ K< C, that is ye C.

Thus x’ has a pseudo complement iff {y ] yeA',yz*k for any kex’} is clopen and
the pseudo complement is zero only if this set is empty. So we have:

() xeDy(A)iff ye A'— x' implies Jkex’ such that y > *k.
Similarly

(ID) xeD, (A4)iff yex’implies dke A" — x’ such that y <*k.

Suppose that neither (b) (i) nor (ii) are true and without loss of generality let us
say x;¢Do(L,). Then there is ye L] —x} such that y3*k for any kex|. We may
suppose without contradiction that y is minimal (<*).

If x,¢ D, (L,) then there is a maximal (<*) zex) such that z&*k any ke L, — x}.
But since z is maximal (<*), y is minimal (<*)and z} *y we have (z, y) represents
a maximal sublattice. However zex’ and y¢x’ implies x is not a member, contra-
dicting xe ®(L). Thus x,e€D; (L,). Since (b) (ii) fails x,¢D, (L,) and there exists a
maximal (<*)zex}, z£*k any keL]—x}. But again {z,y) represents a maximal
sublattice that omits x. Contradicting xe ¢ (L). Thus we conclude that xe ®(L) im-
plies (a) and (b).

Suppose next that (a) and (b) hold. Since L and L) are not empty we have that
any maximal sublattice is of type (iii) in Lemma 3. Suppose {a, b) represents a maxi-
mal sublattice that excludes x; that is to say a3 *b, aex’, and b¢x’. Since x satisfies (a)
we must have ae L] and be L), or vice versa; suppose ac L. Consider when (b) (i) is
satisfied. We have béx’, beL) and x,eDy(L,). But this implies the existence of
kex, such that b>*k. Thus {a, k) is in any separating set containing <{a, b), contra-
dicting the maximality of the sublattice. Alternately suppose (b) (ii) holds. Then
ae x| necessitates the existence of ke L} —x}, k>*a and k2 *b. Once again we derive
a new pair <{k, b) that is in any separating set containing <a, b, a contradiction.

Thus for any xe L that satisfies (a) and (b) we may deduce that x is a member of
&(L).

Theorem 13 is in terms of (0, 1) distributive lattices; no attempts has been made to
investigate the cases where a zero or unit is missing. We point out however that although
the situation is less natural it is still manageable from the topological point of view.
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