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Jacobi Forms of Higher Degree

By C. ZIEGLER

Introduction

Let H, ,; denote Siegel’s upper halfplane of degree n+j (n,j€ N) and let
I,.;,:=8p(@n+j,Z). We consider a Siegel modular form F¢ [l k] of
weight k, i.e. a holomorphic function F:H, ,— C satisfying the functional
equation

F(M(Z)) = det (CZ + DY - F(Z) for every M€ T, ,
and having a Fourier expansion of the form

F(Z) — Z C(TV) . e2m‘a(TZ)'
T=T'20
T half integer

For all that we use the usual notation M <(Z) := (4Z + B)(CZ 4+ D)~ for

A B -y )
M=\, )€, with 4,8,C D¢ Zim+intd; ¢ denotes the tracefunction

and T the transposed matrix to 7. Writing
(2.
Z =
W z,

with Z, € C», Z, € CU) and We CY the partial Fourier expansion of Fwith
respect to the variable Z, is given by

F(Z) = F(Z.b Wy ZZ) = Z ®.Il(zh W) * e2nit1(.ﬂlz),

M 20
half integer
where
1
T1 ey R
2 ) P
Q{t(zn W) = Z ¢ . g2mio(T1Z1) . p2mio(RW)
Ty,R 1 R
2

The above formula is well known as Fourier-Jacobi expansion of the Siegel modu-
lar form F. Now the functions @ 4 inherit certain functional equations from F:

40 BO
- [o Eo o0 . AB
Lt M=| = ¢ GFnHw1thM—(CD)€I’,,.
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Then F(M (Z>) = det (CZ + DY* - F(Z) implies:

Do (M{Z,5,W(CZy + D)) = det (CZ, + D) - 2HoHWCZADICHO. (7, )

(M
for every M ¢ I,. The same argument for
E 00 4
~ A Epu  =x
M=1o o - |
0 00 E

with A, p€ ZUm ¢ 70D satisfying (% -+ pd') = (¢ -+ pk’)’ shows:
DUZy, W+ AZy + p) e 2ANLEL DD . @ (7, W) 2

for every such triple [(4, ©), #].

The attempt of this paper is to give a starting point for a systematic investiga-
tion of holomorphic functions @ : H, x C¥" — C satisfying the functional equa-
tions (1) and (2) as well as a certain condition on their Fourier expansion. EICHLER
and ZAGIER have recently developped a theory of these functions (called Jacobi
Forms) in the special case n = 1,j == 1 (see [2]). As far as | know the only papers
investigating higher dimensional cases are GRITSENKO [4], MURASE [8], SHIMURA
[10] and Yamazaki [14]. Nevertheless no satisfactory general theory seems to
exist, so this paper may be viewed as a first serious attempt to build up such a
theory in the spirit of Eichler and Zagier.

In 1. we give the precise definition of Jacobi Forms and discuss some basic
concepts of the theory ; the main result of this section will be the finite dimensionali-
ty of the space of Jacobi Forms. In 2. we shall construct Jacobi Forms by means of
Eisenstein Series. Analogously to the theory of Siegel modular forms we shall first
consider ordinary Eisenstein Series before we generalize our results to Eisenstein
Series of Klingen’s type. Furthermore we shall develop some technical tools,
for example the notion of Petersson scalar product. In 3. we investigate various
topics concerning theta series: First we shall prove a result of Shimura, which
states an isomorphism between the space of Jacobi Forms and a certain space of
vector valued Siegel modular forms of half integral weight. Then using even uni-
modular lattices we shall construct Jacobi Forms on the modular group I, by
means of theta series and discuss some of the related problems, especially the theory
of singular Jacobi Forms. 4. is devoted to applications of our theory: First we shall
investigate (non) surjectiveness properties of the Fourier Jacobi expansion of
Siegel modular forms. Then we shall be concerned with Siegel’s Hauptsatz for
Jacobi forms and as a corollary shall obtain a stability theorem for Poincaré.
Square Series.

This paper is a short version of the author’s 1988 thesis—also some slight
modifications and corrections have been carried out.
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1. Jacobi Forms

We consider the Heisenberg group
HED := {[(A, p), %] | A, p € RUM, 5 e RGD, (3¢ + pd') symmetric}
which is a group with the following composition law:
[(h ), o] o [V, ), 2] 2= [+ Xy o+ ), 5+ o+ A’ — ).
The mapping

E 00 4
A Eu =«
A, 1), %] —
R E I
0 00 E
defines an imbedding of H{*? into Sp (n -+ j,R). Now the group Sp (n, R) acts

on H{) by multiplication from the left:

[(l, ‘u), %] M = [(l, /.t) * M, x]

So we can define the Jacobi group G%? := Sp (n, R)ix H*? with the associated
composition law:

(M, 0)- (M, (') :=(MM', M" - (')
ie.
(M, (4, @), %]) - (M', [X, (), %'])
= (MM, [A+ X, o+ @), + o + ' — BA"])
where (1,7) = (L, p) M.
It is easy to verify that G actson H,x C{™ asa group of automorphisms. The
action is given by:
(M, [(4, @), %)) - (Z, W) := (M Z),(W + AZ + @) (CZ + D)7%).

Our next aim is to define a factor of automorphy.

Let E be a finite dimensional C-vectorspace. We shall consider holomorphic
mappings @: H,x CY¥” — E and denote the C-vectorspace of all such mappings
with O(H,xCU" E).

1.1. Definition. Let ¢ : GI (r, C)— GI(E) be a rational representation of GI (n, C)
on E. For ®¢ O(H,xCY" E), Mc Sp (n,R), £ =[(A,u), %] € H™ and .4 cRU)
with # = 0 symmetric and half integer, i.e. 2.4, # € Z, we define:

(D o M) (Z, W)
i=0(CZ + D)1 - ¢~ 2HolMWCZEDIICWD . (M (ZY, W(CZ -+ D))
((p ],/4 Z_,‘) (Z, W) = eZnia(jl-(lZl’-}-ZlW’—{—(u+,ult))) . (D(Z, W+ AZ + ,“)~

ij?
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Of special interest is the case E= C and g(N) := (det N)* for N¢ Gl (n, C)
and some fixed k¢ Z.

1.2. Lemma. For M, M’ Sp (n,R) and ¢, '€ H{? we have the following
relations:

DM M =9 |(MM), (1)
QT =D[(&-0), )
Pl M= |M|(EM). &)

Corollary: G acts on O(H, x C%", E) by
?— gm@,-// (M: C) = @|g,¢ll Ml/{ .

Proof. Straightforward computation.

Remark. An element (M, {) € G acts trivially von O(H,x C9?, E) if and
only if M =FE and ¢ = [(0,0), »] such that o(# -x) € Z. The set A", of all
such elements is a normal subgroup of G% and passing to the quotient G2/,
we obtain a faithful representation of G%”/4", on O(H,x C%", E).

Let

Hy? 2= {[(A u), ) € HED | &, p € 20", € 267

and G9P := Sp (n, Z)x HP? C G§". Analogously we define HJ? and G%P.
We now give the precise definition of Jacobi Forms:

1.3. Definition. Let p and .# be like in Definition 1.1.

A (vector valued) Jacobi Form of index .# with respect to ¢ on a subgroup
I'C Sp(n,Z) of finite index is a bholomorphic mapping @€ O(H,x CY", E)
satisfying:

1. @, o M= D forevery Mc I';
2. @| 4t = D forevery {€ HP?;
3. for each M ¢ Sp (n, Z) the function 9|, , M has a Fourierexpansion of the
following form:
2ni

(Plouw M)(Z, W) = > > AT, R)- eF”(TZ) . gRAio(RW)

T=Tt>0 Rezn))
T half integer

1 1
w2 R
with a suitable A€ Z and (T, R) == 0 only if =0.
> R

We denote the vectorspace of all Jacobi Forms of index .# with respect to ¢
on I' by J, 4(I"). In the special case E=C, o(N) = (detN)¥, k€ Z, we writs



Jacobi Forms of Higher Degree 195

Ji. .o(I") instead of J, ,(I") and call k the weight of the corresponding Jacobi Forms.
Obviously we have:

1.4. Lemma. Let @¢ J, ,(I') be a Jacobi Form on I'. Then @|, , M is a
Jacobi Form on the conjugate group M-! I'M for .each M<¢ Sp(n, Z), ie.
Blou M€ Jp y(M~ I'M).

The following simple observation is sometimes useful in order to verify the con-
dition on the Fourier expansion of a Jacobi Form: A symmetric matrix §€R®"?
is semipositive if and only if § + &S; = 0 for every ¢ > 0 and some fixed semi-

1 1
_ —T —R
_ Ap 2
positive symmetric S, € R™”. For example | =0 if andonlyif
_ pt
1 1 2 R
—T —R
Ap 2
: =0 for every ¢ > 0. Now .# + ¢E is invertible, so we
7Rt M -I'- ¢FE
can write:
Lr Lg 1
irt 2 E — R(M + eE)y™
1 =
<R M+ ¢E 0 E
1 —LR(jl +eE)' R (0} E LR(/// +eE)\’
X ﬂ.[' 4 2 €
0 M + cE 0 E
1 1
—T —R
Ar 2
and we obtain the following criterion: . =0 ifand onlyif T=0,
. pt
> R

M =0 and 4T — ApR(M + ¢E)' R" = 0 for every ¢ > 0.
This criterion is sometimes sufficient for our purposes (for example in order to
prove 1.5., 1.6.), nevertheless we would like to have a better insight in what

1 1
—T —R
Ar 2 -

. = 0 means for T, R. Therefore we choose U¢€ GI(j, Z) such
—R

2

- - (M0 - -
that U'.4U = (0 0> with # € RP, ] := rank (#), det # ==0. We write
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U= (U, V) with Ue Z9, v Z0i-D_ie. M = U'.4U. Now
1 1 1 1

—T —R —T —RU
E O0\[A 2 E 0 Ar 2
0 U 1 0 U/ \ 1. - -
—R — U'R" U'#U
2 2
[ L T L RU L RV
Ap 2
= LU’R’ M 0
2
1
— V'R 0 0
L2
! T ! R
A[' _2_ 1
So . =0 ifand onlyif T=0, ,//z’go,TRV=O and
7R’ M

AT — 2 RA-' R =0,
where R := RU and 4 = UAU. Using this criterion, the third condition
. . . |
in the definition of Jacobi Forms becomes ¢(T, R) =0 only if 5 RV =0 and

AT — 2 RAM- R=0. i
If a Jacobian Form satisfies the stronger condition ¢(T, R) &0 onlyif 5 RV=0

and 4T — A,R4~' R > 0 it is called cusp form. We now state:

1.5. Theorem. Let D€ J, ,(I") be a Jacobi Form and let (€ Hg"-"), ie. =
[(A, w), %] with 2, ue QU xc QUN, Then the function

fz):= e2:tia(.///~}.Zl’) - D(Z,2Z -+ p)
is a vector valued Siegel modular form with respect to o on some subgroup 1" of
finite index in Sp (n, Z) depending only on I' and (.
Proof. We have
fZ) = e A (@] 4 1) (2, 0),

so it suffices to prove that PZ) := (D| 4 {) (Z,0) is a Siegel modular form.
First we shall show the functional equation. For any M € I' we have

(D], M) (Z) = o(CZ + D)™ - DLUM (Zy) = o(CZ + D)™ - (D] 4 {) (M (Z),0)
= (Pl Lot M) (Z,0) = (D, M| 4((M)) (Z,0)
= (‘pf/// (CM) (Z,0) = Q)wz(z)-
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Now suppose (M ="' with ("€ N ,, ie. (' =](0,0), %] with
o(M -%")eZ and '€ HP). Then
(@;19 M)(Z) = @541(2) = ‘p;f'o;'o;(z) = (‘Dl// C"’Jt C,|.//{ ) (Z,0)
= (D, D (Z,0) = D(2).
So @, transforms like a Siegel modular form for each M in
Arpy ={McT|3L'CNy I HPD, such that (M =" ' 3 C T,
(M =1{"o{"o{ means

[, 1) - M, %] = [(0, 0), 2] o [(X', &), %] = (4, ), %]
=[A+X,p+p)n+o +u" +Ap — Wi
and so M€ A, if and only if

() - (M — E) = (X, p) =0 (mod Z9*7), 0]
oM - (V! — ' X — WA € L (set o' = —p'A"). Q)

Now it is easy to see that 4., contains some congruence subgroup I = I'[l] C
Sp (n, Z) and f|, M = f holds for every M€ I". So in order to prove f¢ [I”, o]
it remains to check tde cusp conditions for f. Since this verification may be done
exactly like in the one variable case (compare Eichler/Zagier [2], proof of Theorem
1.3.), we omit further details. The reader who is willing to do the slight modifi-
cations necessary should recall our preceeding discussion on cusp conditions for
Jacobi Forms. [

For n=2 the well known Kdocher-principle implies that any holomorphic
mapping f: H, — E transforming like a Siegel modular form on some subgroup
I"C Sp (n, Z) of finite index, automatically satisfies the cusp conditions. This to-
gether with Theorem 1.5. implies the following K&cher-principle for Jacobi
Forms:

1.6. Lemma (K &6cher-principle for Jacobi Forms). Let n = 2 and I' C Sp (n, Z)
be a subgroup of finite index. Then any function @ ¢ O(H,x C9", E) satisfying
@,y M= for every Mc I and D|, =D forevery [ HP? isaJacobi
Form in J, 4(I"), i.e. the third condition in the definition of Jacobi Forms can be
omitted.

Proof. It is easy to see that the condition on the Fourier expansion of a Jacobi
Form @ is equivalent to the condition that the functions

fil(Z) 1= @I (Z,0Z + p)

satisfy the cusp conditions for Siegel modular forms for every pair 4, u€ QU". O
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1.7. Corollary. Let E = C and o(N): = (det N)*, k € Z. Then the Jacobi Forms
Jform a bigraded ring:

Jori(I) 1= k@{ Je. (D).

Proof. The product of two Jacobi Forms @€ J, (I"), @,€ Ji 7(I') obviously

transforms like a Jacobi Form of weight k + k and index # + .#. The cusp
condition is clearly satisfied for @(Z, W) := @(Z, W) - D,(T, W) since

ﬁ,p(Z) = (f; 1)/1,;; (2)- (fz),z,,, @. O

Let @ ¢ J, 4(I") be a Jacobi Form. For fixed Z,¢ H, we consider the function
g(W) := D(Z,, W). Now each pair 4, u€ Z9 occurs in some = [(4, u),]
€ H and (x + pl) symmetric implies o(# - (x -+ pi") € Z, so g satisfies the
functional equation

g(W + 2Zy + y) — e-—-zmaw-(zzozt+2aw’)) . g(W)

for every A, u€ Z9", Thus g is a (p := dim¢ E)-tuple of theta-functions with
respect to the lattice
7l . Z, + ZUm  gum

The space of all such theta-functions is finite-dimensional and its dimension D
is independent of Z, € H,. For dimensionformulae see Lemma 3.1. The main
result of this section is:

1.8. Theorem.
dimc Jewg(m < 00,

Proof. Let 67°, ..., 0% be a basis of the space of theta-functions considered
above. We say that a D-tuple (W, ..., Wp) of points W, CU" is Z,-generic,
if det (67°(W))) == 0. This property is independent of the choice of the basis
6%, ..., 85 and by induction on D one easily proves that generic D-tuples always
exist. The set of generic D-tuples is openin C9?” x ... x CY¥” (D-times), therefore
we may choose D pairs (A7, u®) € QU such that the points W; := A9Z, + u®,
i=1,...,D define a Zy-generic D-tuple. By Theorem 1.5. the functions

f,(Z) - ezazfauz.z(i)zz(i)f) . @(Z, Z’(i)z + 1”(3)

are (vector valued) Siegel modular forms on subgroups I C Sp{n, Z) of finite
index. Consequently we obtain a map

D
J: Je,ﬁ(f')%iéjl el
¢_>(fla “-7fD)'

By choice of 1@, u® this map is injective, so

D
dime J, () < 3 dime [T, 0] <oo. [
i=1
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Corollary. dim¢ J, ,(I')=0 if g is irreducible and not polynomial. Especially
dim¢ J, ,(I') = 0 for k<0, i.e. there are no nonvanishing Jacobi Forms of nega-
tive weight.

1.9. Definition. For @ ¢ J, ,(I") we define P (D)€ O(H,_, xC"~V E) by
. Z 0
S (D) (Z, W) = lim Q((O l.t),(W, 0))
and call & the Siegel operator.

We claim that the above limit always exists: Since @ is a Jacobi Form it admits
a Fourier expansion converging uniformly on sets of the form

{(Z,W)|Im Z = Y, > 0, We K CY” compact}.

So we are allowed to compute the limit termwise and obtain an expression for
& in terms of Fourier coefficients. Explicitely the Fourier expansion of #(®) is
given by
2ai
&= 3 Y TR

T=TteQ(n——1,n—1) REZ(" ~1,§)

eZm’a(R W),

where the Fourier coefficients ¢(7, R) are related to the Fourier coefficients (7, R)

- T 0\ (R
of @ by means of the formula ¢(7, R) = ¢ ((0 0), ( 0 ))

B
For any M = D)E Sp(n— 1,R) with 4, B, C, DR 17~ we set

C

40 B O
=0 100 € Sp (n,R).
C 0 DO
0 0 0 1.
For a subgroup I'C I', of finite index we define
PI):={MeT,_|McT}

which is a subgroup of finite index in I, _;.
Finally if p: GI(n, C)— GI(E) is a rational representation of GI(n,C) on E,
we denote by &(p) the rational representation of G/ (n — 1, C) on E defined by

som:=e((y 1))

1.10. Theorem. Let D€ J, ,(I") be a Jacobi Form. Then &(®) is also a Jacobi
Form in Jg ) 4(F(I')), i.e. the Siegel operator defines a linear mapping

&L Jot(I) = T 0 (F(I)).
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Proof. Straightforward computation analogous to the case of Siegel modular
forms.

Corollary: The Siegel operator defines a linear mapping
S Do) = T f(D,21).

Proof. AL = I,_y and %(o) (N) = (det NY, if o(N) = (det N}*. [

N T 0\ (R
Remark. If @is a cusp form, then #(®) =0, since ¢(T, R)=c ((0 0) ’ ( 0 ): 0

for every T, R and @€ J;22(I"). But in contrast to the theory of Siegel modular
forms, we do not have J;'(I") = kernel (¥).

2. Eisenstein Series

Our investigations are analogous to the theory of Siegel modular forms. First
we shall consider ordinary Eisenstein Series, later on we shall generalize our results
to Eisenstein Series of Klingen’s type. We restrict ourselves to the special case
E = C and o(N) := (det N)* with k€ N even and define the ordinary Eisenstein
Series by

EOUZ, W)= 3 (e (@ W),
YEGoo\G)
where

Go :={y €GP |1 uy =1}
= {(M’ [(2" y), %D € G{zﬂ’j) { Mc I'n,(b A€ ker (Jf{)}

A B .
with I := {M: (C D)E Sp(n,2) | C= 0} and ker () := {4 € RU" |

M2 =0}. Let # be a complete system of representatives of the cosets
I',o\ I, and A be acomplete system of representatives of the cosets Z9" /(ker (.#)
N ZU4) | then we obtain a complete system of representatives of the cosets G, \ G
by

B

di= {0 e cg? i = (g pleac = 041,02 4).

Cc D

Therefore we have explicitely:

E;E"Z,g (Z, W) — Z det (CZ + D)—k . e~2n:c(jf-W(cz+D)—xcwf)
Mc#

s Z eZm‘c(./lz"(M<Z>A’ +2UCZ+D) "Wty
ied

It is clear, that E{, formally transforms like a Jacobi Form in J;_,(I,), so the
problem is to show convergence and to check the cusp condition.
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2.1. Theorem. For k> n + rank (#) + 1 even the Eisenstein Series E(,
converges normally on H,xCY" and defines a nonvanishing Jacobi Form in
Ji.(L7). The convergence is uniform on vertical strips of the form

Wy(8) :={(Z, W)e H,xCW" | Z = X + i¥,
Y = 0E, o(X?) < 6, s(WW') < 6-1).

Proof. Let [ := rank (#). We choose a matrix U= (U, V)EGI(j, Z) like

-~ -~ (MO0 - -
in 1.4., such that U4 U= (0 0) with .# ¢ R%), det 4 == 0. The decompo-
sition

Z0m ~ U - 290 ~ U - 70 @y V- 70—

shows ker (#) N ZU» = V- ZU=_ 50 we may choose A = U+ Z%. Analo-
gously we may split each W& CU into two components according to the decom-
position

QoM U CUM o U- O @ V- QU=

That is W may be written in a unique manner as W= UW, + VW, with
W,eC% and W,ec CY". Doing so we obtain the identity

ELWZ, W) = EQ(Z, W).

Especially E{,(Z, W) does not depend on W,, i.e. is constant along ker (#). So
in order to prove convergence, we may assume without loss of generality .# > 0,
resp. / = j. In this case the series E{",(Z, W) may be obtained as a subseries of the
A -th Fourier Jacobi coefficient of the Siegelian Eisenstein Series E{" ™ of degree
n -+ I (Compare Bocherer [1], formula 13). Using his kind of argument we may
conclude that E{™, inherits convergence from E{"*", which is well known to con-
verge for k> n + I+ 1 even. The argument also yields the statement about the
uniform convergence in vertical strips.

Next we have to verify the cusp condition. By the Kdocher principle there is
nothing to prove for n = 2. In the remaining case n=1 we have to show that
certain Fourier coefficients do vanish. This may be done exactly like in Eichler/
Zagier [2], Chapter I, 2. by using the Poisson summation formula and deforming
the path of integration to infinity. Finally E{, does not vanish identically, since

lim E,(E,0) = 1. O

Before we shall consider more general types of Eisenstein Series, we shallintroduce
the notion of Petersson scalar product. Its investigation will be a good preparation
for our treatment of Eisenstein Series of Klingen’s type.

For Zc H,, We CY” let Z= X+ iY and W = «+ i be the decomposi-
tions into real and imaginary parts. We define a volume element 4V on H,, x CU"
by

av = (det Y)—(n+j+1) cdX AndY Adx A d‘B’
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where dX := ndx,, (u =), etc. A glance at dV shows its G¥+-invariance. The
form (det Y) @+ J¥ A d¥ is the usual Sp (n, R)-invariant volume form on H,,
while (det Y)™/ - dx A dp is the translation-invariant volume form on CY? nor-
malized to vol (CU?)(ZU™ . Z + Z0my) = 1.

Let @, ¥¢ J, 4(I') be Jacobi Forms with respect to some rational representa-
tion ¢: Gl (n, C)— GI(E). Without loss of generality we may assume p to be
irreducible and polynomial (compare corollary of 1.8.). Then we choose a her-
mitean metric on E invariant under the restriction of ¢ to the unitary group
U C Gi(n, C), ie.

o(U) v, o(U) - w> = v, w) for every Ue U(n).
For irreducible p such an inner product is unique up to multiplication with a

scalar factor. For any real symmetric positive definite matrix ¥ let Y* denote some
positive symmetric squareroot of Y. Then the expression

e~ BY Y L oYY B(Z, W), oYY W(Z, W)

is I'x HD-invariant, which may be checked by straightforward computation.
Therefore we define the Petersson scalar product of @ and ¥ in the following way:

2.2, Definition (Petersson scalar product)
(@,¥)r := eI (oYY Z, W), oY) H(Z, W) dV .
rix HPN\H,, x cOm

A Jacobi Form @ is called squareintegrable if |®]? := (@, @), < o0,

If I'o C I'y is a subgroup of finite index we have (@, V), =[I'y : ] (D. ¥)r,.
For (M, )€ GIP let (Z*, W*) := (M. D) -(Z, W). Then the U(n)-invariance
of the inner product on E yields

e~ 4OM BT L oYY B(Z*, W), o(YH) D(Z*, W)

= T4V - (o(VH) (Do M) (Z, W), oY) (Blo,.e M) (Z, W)y
So if I'C Sp(n, Z) is a normal subgroup,ie. I'x HF) C GV isalsonormal,
then G acts on I'x HY*?\ H,x C%" and we obtain:

(@, @)p = (@IQM{f M, @{9"/{ M)p for every Mc Sp (f’i, Z).

In general we can find some normal subgroup 'y C I'C Sp (n, Z) of finite index,
which is also a normal subgroup of finite index in M~! I'M. Then

(@, ®)r = (@, Pr,

[TF]

1
:m@]M’é | M)p, = (@ | M, D | M)p-1rar-

So @ is squareintegrable if and only if @, , M is squareintegrable for every M¢
Sp (n, Z). Obviously the Petersson scalar product is positive definite on the space
of squareintegrable Jacobi Forms. Furthermore we have the following lemma:
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2.3. Lemma. The Peterson scalar product (D, V) is well defined and finite for
D,¥¢eJ, (I and at least one of D and ¥ a cusp form.

Corollary. Cusp forms are squareintegrable.

Proof. The condition cusp form for @|, , M (M¢c I,) enables us to estimate the
integral over suitable open neighbourhoods of the corresponding rational boundary
components.

In the proof of 2.1. we made use of the decomposition
QU ~U- e oV CU~Im

Writing W = UW, -+ VW, had the effect that we could replace .# by M=

U4 U which is invertible. Before proceeding further we formalize this kind of

argument, so that in future we may assume without loss of generality .# > 0.
Let @ J, 4(I") be a Jacobi Form and let

@(Z, W) — Z C(T, R) . e2m’a(TZ+RW)

T,R

be the Fourierexpansion of @. We know: (7, R) =0 only if RV =0, so

o(TZ + RW) = o(TZ + RW,) holds whenever o(T, R) 0. This shows that
D(Z, UW, + VW,) does not depend on W, i.e. @ may be considered as a func-

tion of Z and W, only. We define & ¢ 0(H, x C%", E) by
HZ, W) := D(Z, UW)).
One easily checks the formulae
(B2 M)(Z, W) = (®,., M)(Z, UW,) for every M€ Sp (n,R),
@7 O) (2 W) = (D], U)(Z, UW)  for every ¢ € HE
with UL = [(Uh, Up), UxU"] for ¢ = [(%, u), )€ HD, Especially we observe.
DeJ, z(I) for e J, ,(I'). In fact we have the following theorem:
2.4. Theorem. The mapping
Ty o) = I, 7 (D),
&> T (D) := D
defines an isomorphism J, ,(I")== J, 7(I") mapping cusp forms one to one onto

cusp forms. Jy is compatible with Siegel operator and Petersson scalar product,

r~

ie. P (D)= 9;(\&5) and (@, ¥); = (®, P)r. Furthermore EP, = E"z.

The proof of Theorem 2.4. is straightforward.
We shall now define Eisenstein Series of Klingen’s type. Again we restrict our-
selves to the special case E = C and o(N) := (det N)* with kc N even. Let
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det # 40 and D€ JH(],) be a cusp form. For n> m we define a function
Fe 0(H,x C#) by

Z *
F(Z, W) :=®Z,, W,) where Z= (*‘ *) and W = (Wy, *).

Our idea is to consider the series

EQZ W, ®) = Y (Fluy)(Z W)
yeG'go\(;‘z"’i)
with
Go, = {(M, [(4, ), #]) € GFP | ME T, 4 = (A4, 0). 2, € 207}

and

A, 0 B, B,

As A, B; B
L i={MeSp(n, Z) | M = 3 A4 B3 by . Ay, By, Cy, D, € Zmm}

y p( )I C1 0 Dl D2 1 1 1 1
0 0 0 D,

We observe that Fj, 4 y does not depend on the choice of the representative, so
E®, (%, %, D) is formally well defined. If .# is not invertible we define:

ED(%, %, D) := T G (EX7(*, %, T y(D))).

It is clear that E{, (%, %,®) formally transforms like a Jacobi Formin J,_,(T},).
For m=0,0 =1 wehave EMy (%, %,1) = E",, ie.the ordinary Eisenstein
Series occur as special cases of Eisenstein Series of Klingen’s type. Again the main
problem is to show convergence. The condition on the Fourier expansion of
E{My(%, %, D) is automatically satisfied for n = 2 by the Kécher-principle and
for n==1, i.e. m =0 we can apply the results of 2.1. We shall prove:

2.5. Theorem. Let D ¢ J{H(I,) be a cusp form and let k€ N even. For k>
n -+ m -+ rank (A) -+ 1 the Eisensteinseries E{y (%, %, D) converges normally
on H,XCY", consequently EXy(%, %, D)€ Jk, P e

In order to prove Theorem 2.5. we need some preparations:

2.6. Lemma. Let ®¢ J, ,(I,) bea cusp form. Then there exists some constant
C> 0 such that

k
1@(25 pV)I é C- (det Y) 2, ez""fﬂ'ﬁl’"ﬁf)
for every Z = X_" iYG Hm and W=uo + i‘BE (C(j’m)_

Proof of 2.6. Without loss of generality we may assume det .# == 0. Defining

L3
WZ, W) = (det Y)? - e300 | @(Z, W)|
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we have to show that A(Z, W) is bounded on H, xCY™, Since W(Z, W) is
GYD-invariant (compare 2.2.), it suffices to show that A(Z, W) is bounded on some
suitable fundamental domain D of GY™?\ H,, x CY", We choose

D:={ZAZ+ )| Z€F ucRI™, 0= |2}, lp,| = 1,

where &, denotes Siegel’s fundamental domain for H,,/ 1.
Now DN {(Z, W)€ H,xCY™ | det Y < K, K> 0} is compact. Therefore
our conclusion follows from

lim A(Z, W)= Z, W)ebD

dety— o0

which is valid since @ is assumed to be a cusp form. [

Ly * ,
2.7. Corollary. For Z = ( ! )E H,Z,cH, W= (W, *)cC W, ¢
CU™ et *

k
Hm(Z, W) = (det Y])-—Z_ . e2rw(./fl'51Yi”lﬂtl)-.
Then |F(Z, W)| < C-|H,(Z, W)| holds with C like in 2.6. We also observe:

|(Fl ) (Z, W)l < C+ [(Hule.w ) (Z, W)| for every y € GE.

For y€ G%, and k€N even we easily check the formula |(H,, )y » Y)(Z, W)|=
|H,(Z, W)|. Therefore the series

Z Y(Hm }k,vﬁf 3") (Z: W)!

GG D
is well defined and majorizes the Eisenstein Series E"4(Z, W, ®).

Proof of Theorem 2.5. Obviously it suffices to show that each point (Z,, Wy)¢€
H, x CY" admits an open neighbourhood U = U(Z,, W,) such that the series

> [|Fla(Z W)X dY dx df

VEGm ‘C(n $1%44

converges for k> n 4+ m -+ j -+ 1. (Note .# > 0). We shall actually show more
Let T denote a complete system of representatives of the cosets G7 \ G%?, then
the series

R:=73% [|(Huluv)(Z W)|dxdYdxdp

ve¥l U

converges for k and U= U(Z,, W,) like above,

For U H,xCU" let
stab (U) := {y € G2 |y - (Z, W) = (Z, W) for every (Z, W)¢c U}.
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It is easy to see that each point (Z,, W,)€ H, x CY"? admits an open neighbourhood
U = U(Zo, Wo) C H,x T such that

a) UC H,xCY is compact,

b) ¥ € GFP, W(U)N U == 0 = y € stab (Zo, Wo)),

c) y € stab ((Z,y, Wo)) = U = y(U).
By c) the finite group S := stab ((Z,, Wy))/stab (H,x C%") acts on U. So we
have a decomposition

U=U, V.. VU, »=+#S,
such that each U; (j=1,...,) is a fundamental domain for U/S, i.e. each Uj;
is a fundamental set and p(Up) N U; is a set of measure zero unless y € stab (H, ><

CUM), We shall show the convergence of R for any U = U(Z,, W,) satistying
the conditions a)—c) above. Instead of R we consider the series

= E f {(I{m!k,.,c’l ?}) (Z9 H’)} * {Hn(Za W)[‘l dV

yel U
where dV := (det Y)" @D . dX A dY ndx ~df denotes the G -invariant vo-
lume form on H,x €Y. Since U is compact in H, X CY" there exist constants
C,, C,, C3, Co € R, such that

0< C < |HAZ, W)[ ' < (<00

and

0<' Cs < (det Y)"0 4D < €, < o0

for every (Z, W)e U. So Ris convergent if and only if R is convergent. Now the
substitution (Z, W)yt -(Z, W) yields

R=3 [ Holeoo VEZ W) - [H(Z, WY dV

ye¥ U

=3 [ |HAZ, W) |HZ W) dV.

ve¥ p(U)

Using U= U,V ...V U, v=#S§ with U;(j=1,...,) likeabove, we obtain:

szZ [ |HAZ, W)~ | HAZ, W)[* dV

1 yeY 9(U))

H

=3 [18Z W B W Y
J= U-

where U = U »(U;). The second identity makes use of the following obser-

vation: If vol (;\/1( AIA yz(U ) =0 with y,,7,€ 7T, thenalso vol (37" y(U)
=0, which implies 5!y, € stab (H,x C%"). Since stab (H,xC%”)CG% we

obtain y, = y,. A similar argument shows vol (y(UJ) N U, J) =0 for y €G%,
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7 ¢ stab (H,x C%”), So U, is contained in some fundamental domain of G7.
Furthermore there exists some constant C€R such that det(Im Z) << C for
every (Z, W)e U, j=1,...,». Observing that the expression |H,(Z, W)|-
|H(Z, W)|™! dV is G%-invariant for even k, we obtain

RZ(#S) [ |HaZ, W)|- |HZ, W[ dV
detYV<C

_k x _ -
= #S) [ (detY) 2-(detY)? - e 2trEY 6'=p Y1) gy
det)¥<C

for every fundamental set ¥ of G7 \ H,x CU”. We choose
Vi={Z,W)| ZE Fpmlul, Wi = L Z, + p;, 0 < ||, 0] ], |05 | < 13

where &, .[u] denotes the fundamental set for H,/I,, described in FREITAG
[3], 1, 5., (Anhang). Then the above integral becomes

_k
2

ki
(detv) 2 -(det )z "

F o mil
detY <C

_ . —1at_ —1at
{ dox e s I L dﬁ2} dx dy.
RUm) z(m) ROGm) z0m).y, « RUn—m)

We compute the integral within the brackets: Let

= o o 2

Then the substitution (B, 85) := (81, B) (f _i) = (B1, —P.1B + B,) yields

gy —1 —lgty
e~ 2no(a- 6y 1t —p v 1)) dp, dp,
RUmz(im).y, «pUn—m)
Xl m
— o~ 20CA By Y, 55) dﬂx d,32

rUm)zUm).y xRU.n—m)

L L
2 2

— const - (det Y,)’ - (det ¥,)7 — const - (det ¥,)T - (det V)7 .
So
~ k—j) k=5
R<const- [ (det¥) = -(detY) z -[(det ¥)~®+P.dxqy]
Z p,mlHl
detY<C

and the latter integral is convergent for k — j > n + m+ 1 (compare FREITAG
[3], Chapter 1, 5.10), ie. k>n-+m+j+ 1. O
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2.8. Theorem. For k > n -+ m + rank (#) 4+ 1 even we have
TER(L) C L™ (T 13))
where S J (I) = Ji 4(Iy) denotes the (n — m)-times iterated Siegel
operator.
Proof. In the following we shall show
FETES(*, %, D) = D,

which obviously implies Theorem 2.8. Since the Siegel operator commutes with
the mapping Jy (compare 2.4) we may assume without loss of generality

det # = 0.
Now
ey(n—-m)(Elgt‘)/ﬂ(_)(,’ *, Q))) — pl—m (Z F]k,//l 7)
vel
_ SP("_'")(F) + y(n—m)(Q)
where
AZ, W)= 3 (Flnv)(Z W).
eY
yéGrgo

Since "™ (F) = @ by definition of F, it remains to show F" ™ (2)=0.
Let
-Q(Z, W) — Z CQ(T, R) . e2niU(TZ+RW)

T,R
be the Fourierexpansion of £2. We shall show
T 0 .
Co (0 0) , R} =0 for every Tc¢ R"™™ half integer,
which implies £"~™ (2)(Z, W) =0, since the Siegel operator of a absolutely
convergent Fourier series may be computed termwise. Now
co(T, R) = f XZ, W) - e~ 2 TZERW) g7 dW
Im(Z»W)P"“(Yo,ﬂo)
where P denotes some fundamental parallelotope of the lattice #([,)x Z*" with
(m) Z, *
:= {S€ 2" | S = S'}. Especially i :( ) z:(‘ )
t(I,) :={S¢ | S = S}. Especially if T 0 0 and . x
with Z, € H,, we obtain:

T 0 . .
“ <(0 ) ’ R) = [ 2zZwy eI em i dz dl
Im(Z,W)=(Ya,00)
= 2 / (Flea 7) (Z, W) - e 2TED . g=270RW) g7 dyy
yeYl P

yeEGM In(Z,W)=(Y0,B0)
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since 2= 3 FJ, 4y converges uniformly on the area of integration. The
ysY
766y
above integrals are independent of (¥, f,), so we may deform the area of integra-
tion to infinity. Now our assertion follows from the formula

) ({E 0 . -
tl_1>n°1°(Hm lk,ﬂy)(X+z(0 tE),oc)—O for y4 G%.

The latter may be shown by an argument analogous to the Siegelian case (compare
FRrREITAG [3], page 72). We leave the details to the reader. Hint: The matrix norm
of (CZ + D)* (and consequently any exponential factor occuring) remains
bounded as t—oo. [

3. Theta Series

Let S¢ ZUP be symmetric, positive definite and let a, b QU”, We consider
the theta series

05, ,(Z, W) 1= 2 £SOt DZ0+a) +20.+ )W +5)Y)
R 2 .
)_ez(f.’l)

with characteristic (a, b) converging normally on H, x CY7.

For Z,c H, and 4 €¢RY? symmetric, positive definite and half integer let
T 4(Z,) denote the vectorspace of all holomorphic functions g: CY¥” — C satis-
fying

g(W + 2Z, + ‘u) - e~2:zfuuf-(azozf+zzw‘)) -g(W)

for every 2, u € ZU™, Writing this functional equation in terms of Fourier coeffi-
cients yields:

3.1. Lemma. Let A" be a complete system of representatives of the cosets
QM) ZUD|ZGD  Then the functions

{02.4,0,0(Z0, W) |a€ N}
Sform a basis of T 4(Z,). Especially D := dim¢ T ,(Z,) = {det Q.4)}".

As an easy applicatlon of the poisson summation formula we obtain:
3.2. Lemma. For a€ A" we have

-z £
Ort,0,0(—Z7, WZ-1) = {det Q4)} * - {det (%)}2 - A AMWZIW)

—2mic{2 M bal .
e o a') , 62//{,&,0(2: W),
beN
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furthe(rn;ore Orpa0(Z + S, W) = Eet#asa g, «(Z, W) holds for every
Se Z"" symmetric.

Using 3.1. and 3.2. we obtain a result of Shimura establishing an isomorphism
between J, ,([,) and a certain space of vector valued Siegel modular forms of half
integral weight. By Theorem 2.4.wehave J, ,(I})~J, #(1I}), sowemayassume
without loss of generality det .# == 0.

For fixed Z,€ H, and ®¢€ J, ,(I,) eachcomponent of the mapping g(W):=
D(Z,, W) is contained in T 4(Z,). So we may write

DZ, W)= 3 [2D) Vru00(Z, W) *
acN”
with uniquely determined holomorphic mappings f;: H, — E. The holomorphi-
city of the f’s is an immediate consequence of the linear independence of the
0r.4.00(Z, *)’s (@€ AN). Now ®elJ, ,(I,) is a Jacobi Form, so @, , M=
holds for every M € I',. This together with Lemma 3.2. implies

5z = et (2)| 7 -2 ety 2 B et fz),

fAZ + S) = e~ 2miol#aSa) . £ (7) for every S€ Z™P symmetric. )
Furthermore the Fourier coefficients (7, R) of 6, 4 ,0o(Z, W) are given by
T, R)
B ]1, if 31¢€ ZY" such that R = 2#(A + a) and T= (A + o) M(A + @)

- 10, otherwise.

Especially ¢(T, R) #=0 only if 4T — R#-* R' = 0. Now the cusp condition
for the Jacobi Form @ implies that the functions {f, | a € 4"} necessarily must have
Fourier expansions of the form

D= % o),
T=T!20
halfinteger
Conversely suppose given a family {f, |ac#"} of holomorphic mappings
£, H,— E satisfying the functional equations (1), (2) and the cusp condition (3).
Then we obtain a Jacobi Form in J, ,(I}) by defining @(Z, W) via equation (*¥).
We have shown:

3.3. Theorem (Shimura). Equation (*) gives an isomorphism between J, ,(I})
and the space of vector valued Siegel modular forms of half integral weight satis-
Jying the transformation laws (1), (2) and the cusp condition (3).

Remark. Of course Theorem 3.3. may also be formulated for Jacobi Forms on
subgroups I'C I', of finite index. If rank (.#) is even, then Theorem 3.3. gives:
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an isomorphism of J, ,(I") onto a certain space of vector valued Siegel modular
forms of integral weight. For more details we refer to SHIMURA [8]—he especially
gives a precise definition of vector valued Siegel modular forms of half integral
weight.

1
Corollary 1. For k < —2—rank (M) we have dim¢ J, ,(I") =0.

Corollary 2. For 2.#) unimodular and k - n even we have
J J
Jio,.td 1) = [F, k— 3‘] “Orp00(Z, W) =~ {—71, k— —2—] .

We now show that the isomorphism described in Theorem 3.3. is in some sense com-
patible with the Petersson scalar product defined in 2.2. More precisely:

3.4. Lemma. Let D, ¥ ¢ J, ,(I,) be two Jacobi Forms such that
DZ, W)= fAZD) brp00(Z, W) and V(Z, W) = Y g(Z) * Orup0(Z, W).

aeN" beN"
Then

n 1 1 _J
(@, 9);, ={det@m)} 2- [ 3 (¥Y?)fA2),0(Y?)g2)) - (det Y) * do,

H,|T, ac A

where do = [(det Y)~®1V dx dY).

Remark. The right hand side is just the expression for the Petersson scalar pro-
duct (f.g)y, of the vector valued Siegel modular forms of half integral weight

fi={fala€ A} and g:={g |bEN}.

Proof of 3.4. Our assertion follows immediately from the formula

o .
oA MBY B L (Z, W) Oy 5o, W) dx dB
RUmZ(m 5 RUM ZUm). ¥

— 8,5 - {det ()} 7 - {det ¥)T
where J, , denotes the Kronecker delta of a and b. [

Our next aim is to construct Jacobi Forms in J;_,([}) by means of theta series.
We have already seen the example 6, 4 ¢ o(Z, W), whichis a Jacobi Formin J; (F,,)
for 2.# unimodular. For our purpose the following lemma is useful: Eiad

3.5. Lemma. Let D€ J, 4 (I") 24 1€ Z949) bea Jacobi Formand let c€ ZU7»).
Then the mapping
@ : H,x 00" > E,
(Z, W)~ D(Z, W)

defines a Jacobi Form in J, , (I") with M, := ' M sc.
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The proof of Lemma 3.5. is straightforward.
Corollary. For Uc GI(j, Z) we have J, ,(I')== J, yt.qu(D).

3.6. Definition. Let S¢ Z?*29 be symmetric, positive definite, unimodular, even
and let c€ Z@). We define the theta series 9%, b

IUZ, W) = Y ST 2CSW} for Z¢ H, and W€ CYP.
;ez(Zk,n)

1
We observe 9¢) € J, 4(I,) with 4 :=—2—c’Sc since 9YUZ, W)= O5,0,0(Z, cW).
The Fourier coefficients ¢(T, R) of #{) are given by

oT, R) := #{A.€ Z3 | }'Sh = 2T, ¥'Sc = R}

T 1R
2

-;—(2, ) S(A, )=
—R' ]

— 4 3€ Tk
] 2

Especially we have &~ (8%2) = 9§, which may also be checked directly.

3.7. Definition. A Jacobi Form ®@¢ J, ,(I") iscalled singular, if it admits a Fou-
rier expansion such that the Fourier coefficients ¢(7, R) are zero, unless det (4T —

RA-'R) = 0.
We say @ is singular of degree d, if
max {rank (4T — RAR) | (T,R) =0 =n—d (0<d=n).

Examples of singular Jacobi Forms are given by theta series: Let 2k < n - rank (%),
then 9%, € J, (I, is singular, since suppose given T, R with (T, R)==0, there
exists some 1¢ ZC5" with

1
T —R
1 2
7(1, o) S@, o) =
-
2R M
1 ~ 1
T 7R T _Q—R
So rank = rank <2k < n + rank (#) =
| L,
7R V4 7R M

n -+ rank (%), which implies det (4T — RAZ~' R') = 0.
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J
2
(Corollary 2 of Theorem 3.3). Using this isomorphism we obtain the following two
lemmata, which carry over in a more or less trivial manner from the theory of
Siegel modular forms: Lemma 3.8. is a first hint to our result 3.12., while Lemma 3.9.
gives us an idea about generalisations of Siegel’s Hauptsatz.

In the case 2.# unimodular and kn even we have J, ,(I,)~|[,, k —

3.8. Lemma. Let D¢ J, ,(I,) be a non-vanishing singular Jacobi Form and sup-
pose 2/ unimodular, kn even. Then:

1. 2k < n -+ rank (A), k =0 (mod 4),
2. @ may be written as linear combination of theta series 9%,

Proof. Lemma 3.8. is essentially a restatement of the well known result concerning

singular Siegel modular forms in {Fn, k— —]2—} . O

3.9. Lemma. Let (2.#) be unimodular and let k = 0 (mod 4). Then the ordinary
Jacobi Eisenstein series E{", may be written as linear combination of theta series
9.

Proof. EQ((Z, W) = 9% (Z, W) - EP ;@ 0

Now the question arises whether we have general theorems like 3.8. and 3.9.
valid for arbitrary index .#. The answer seems to be affirmative in both cases:
Singular Jacobi Forms shall be investigated in the remainder of this chapter, while
a more general result of type 3.9. is presented in Chapter 4.

First we note that using the standard argument 2.4. we may restrict our investiga-
tion of singular Jacobi forms without loss of generality to the case of an invertible
index .# > 0. The main problem is to handle the complicated linear relations
between the 9¢)’s, which seems to be rather difficult in general. The result we shall
prove is valid for a more special type of singular Jacobi Forms:

3.10. Definition. A Jacobi Form @€ J, ,(I,) is called strongly singular, if:

1. det # == 0,
2. 2k <m,
3. @ is singular of degree n, i.e.

o(T,R) 0 only if 4T — RA-* R = 0.

Examples are given by means of theta series 9¢% with non singular C€ Z

1
(2k < n). We have 4 = 5 C'SC, so rank (#) = 2k and

(2k,2k)
b

oT, Ry = #{Ae Z@ | }'SA = 2T, ’'SC = R}
_J1,if R€Z"®.C and 4T — RM' R =0,

- [0 otherwise.
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1 . . »
Observe that the matrix ?R./Il"l R' is symmetric, positive and even for R€

1/ 0 0
7Zm2) . ¢, Of particular interest are the Fourier coefficients c( ( ) ( ))

0 S’ \Rs
with Rg€ Ag = AR(S, M) := {Rg € Z* | R~ R = 2S}.
Note that Az += @ since SCc 4;. We have

1 (0 0) 0) 1 if 3Uc Aut(S) with USC = Ry
“\2 (0 S’ \Rg/ ] |0 otherwise,

where Aut(S) := {U¢€ Gl (2k, Z) | USU'= S} denotes the group of automor-
phisms of S. It is clear that Aut (S) acts on Ag by multiplication from the left. The

a5 9 (2)-

is precisely the coset Aut (S) - SC¢€ Aut (S)\ 4.
This important observation gives us complete information about linear relations
between the 9¢%’s in the strongly singular case: We set

1
AC = Ac(s, uﬂ) = {CE Z(Zk’Zk) 'Z' C'SC = uﬁ}

and consider the mapping ¥: dc— Aut (S)\ 4z defined by ¥(C) := Aut (S)
- SC. It is easy to verify that ¥(C,) = ¥(C,) holdsifand onlyif C, =U""C,
for some U€ Aut(S). In other words ¥ induces an injective mapping ¥':

Aut (S~ \ 4. — Aut (S)\ 4. So given some complete system of representatives
(Ciz,,. pof the cosets Aut (S"‘)\AC, the corresponding theta series 9%, ... ﬁf.,!‘)cy

are linearly independent. On the other side the substitution A— U4 for Ucg
Gl (2k, Z) yields

OAZ, W) = 9yt y—1(Z, W) for every U€ GI (2k, Z).
Furthermore tde theta series

(n)(z) (n)(Z)

are linearly independent for 2k < n, if only Sy, ..., S; are pairwise inequivalent.
Combining these results we obtain:

3.11. Lemma. For 2k <n and k=0(mod 4) let Sy,..., S, be a complete
system of representatives of the unimodular classes of symmetric, positive definite,
unimodular, even matrices S¢ Z®*; furthermorelet C{....,C{Y (x=1,...,h)

be a complete system of representatives of the cosets Aut (S;")\ A(S,, #). Then
the theta series

O el el
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are linearly independent. Furthermore each strongly singular theta series 9% €
Ji,#(I,) coincides with precisely one of the above listed ones. '

Remark. The above description of the linear relations between the 9¢%’s depends
essentially on the strongly singular case—in general there exist much more linear
relations.

Lemma 3.11. provides a good deal of information necessary to prove:

3.12. Theorem. Let D€ J, ,(I,) be a non-vanishung strongly singular Jacobi
Form. Then:

1. 2k = rank (), k =0 (mod 4),
2. @ may be written as linear combination of theta series 9.

Before proving Theorem 3.12. we state two easy auxiliary lemmata without proof:

3.13. Lemma. Let D€ J, ,(I}) be a Jacobi Form and let ¢(T, R) denote its
Fourier coefficients. Then

«(UTU', UR) = «(T, R), for every U€ Gl(n, 7), t)

1 1 ,
¢ (T + 7Rﬂ. <+ —2—1'R’ -+ XA R+ 22’,//{) = (T, R) for every A€ ZU"  (2)

3.14. Lemma. (Fourier Jacobi expansion of Jacobi Forms). Let @€ J; ,(I7)

Z, 0
be a Jacobi Form and let ¢ << n. We suppose Z = (0 ! 7 ) with Z,€ H, and
2
W= (W, W)) with W,eCU9. The coefficients ¥r, g, of the partial Fourier
expansion

Z, 0 ; ;
? ((0 1 Zz)’ Wy, WZ)) = 2 Y, r(Zy, Wy) - 2HoTaZ2) . 2rio(Ra W)

2,R2

define Jacobi Forms in Ji 4(I,_,) for every T,, R,.

Proof of 3.12. Let «(T, R) be a non-vanishing Fourier coefficient of @. Then
4T — RA-! R* = 0 implies rank (T) < n since rank (#) = 2k < n by Corol-
lary 1 of 3.3. Let

o := max {rank (7) | 3 R such that ¢(T, R) = 0}.

By Lemma 3.13. we have c«(UTU’, UR) = ¢(T, R) for every U€ Gl(n, Z), so
there exists some S¢€ Z@? with det S =0 and some Rg€ Z@? such that

{6 5. ()
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The formula 2S — Rg.#~' R = 0 implies ¢ = j == rank (.#). We now choose
and fix some pair S, Ry like above with det S minimal. Analogously to the theory
of singular Siegel modular forms our main idea is to consider the Fourier Jacobi
expansion of @ (compare 3.14.) for Z, € H,, W, € CY? with ¢ like above:

Z, 0 , .
? ((0 1 Zz)’ Wy, Wz)) = X Vr, (21, Wy) - @702 . g2rioRala)

2aR2
Especially we shall compute the coefficient gz < € Jk, #(,—,). We have
Ty 12 R,

VisnlZu W)= T ¢ 1) (@) |- eemeo . ammm,
T4, T12,Ry T:» —Z—'S 8.

Like in the Siegelian case we obtain
Rs

0 . :
Yfé S.Rg Z,.Wi=c¢ 1 s . Z 2MS(T121) . 2mic(Ry W) ,
0 =5 T1.T12,Ry

where the summation is taken over all 7, T,, R, for which there exists some
U€ Gl(n, Z) such that

T, T, 00
r, Ls]= Yy Lg]Y
12? '7

and

()= 7"z,

Rs/ Rs]

The set of all such T, Ty,, R; can be described explicitely: We necessarily must
have

n Th
(Rl) (1 (Z’Sl l’S) Z’RS)
T, _;_S '\rg) | “\Z\s2 s ’(RS
for some A¢ Z@ 9. Therefore
W;S,R Z, W) =c|. 1 , ( ) . eni{u(szrz,m+2u(R'Sz.W})}
5 0 ?S S Aez(:‘:‘—a)

Now T%S,RSE Jk’_,,,(]-'n._e) implies W%S,RS(ZI)O) € [Fn—g’ k}, so detS= I,
rank (§) = 2k and k =0(mod4) follow immediately. Furthermore defining
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C := S~ Ry€ Z@) we observe
T‘}S RS(Z19 Wl) = const - 19 9)(Zl, Wl)

1
Consequently > C'SC = # and p = rank (S)==rank (.#) = j. This proves

the first part of our theorem.
For the second part let Sy,...,S,, C{”,...,Cf? (x=1,....h) be like in

Lemma 3.11. Furthermore let cﬂ(T R) denote the Fourlercoefﬁcwnts of 19"’) o)
We consider the function d

Yh

¢0(Z, W) = QS(Z’ W) Z Z L2 I iy )C(a)(z W)

1 (0 0
_— (x)
c(z(o sa)’S“Cﬁ)

Bab = 7 70 0
x f ()
cﬂ(z (0 Sa),sacﬂ )

which is also strongly singular. By definition each Fourier coefficient co(7, R)

14,0 0 oy .
of @, vanishes for T= ——( ), S¢€ ZeM  detS=1and R= ( R )w1th 28 =
S,

with

2\0 S
Rg#~* Rs. So recalling the beginning of our proof @,=0 follows. []

4. Applications
1. A non-surjectiveness theorem

Let Fe[l,.q, k] be a Siegel modular form of degree n + 1 and weight k.
We consider the mapping

o Z[Fn+1, k] - Jk,l(Fn)

defined by sending F to its first Fourier Jacobi coefficient @, obtained from the
expansion
zZ, W\ 2
F(W; -, ) mAY:‘ m(Zl’ IV) e2mmz;
If n=1, there exists a certain subspace [I,, k]* C [I';, k], namely the MaaB
Spezialschar, which maps isomorphically onto J; ;(I';) (compare Eichler/Zagier
[2], 6). In the following we shall show that in general the mapping «: [, k]—
Ji.1(I,) is not surjective, so there exists no generalisation of the MaalB Spezialschar
to arbitrary degrees in the above sense.
We start with the investigation of the Fourier Jacobi expansion of theta series
defining Siegel modular forms. For S¢ Z@%%*) symmetric, positive definite, uni-
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modular, even and Z € H, ; the theta series

P . TS5
ﬁfg" +1)( Z) e E po(SIZEY
1e7Qkin+-j)

defines a Siegel modular form in [, 1 ;, k]. It is easy to verify that the partial Fou-
rier expansion with respect to the variable Z,¢ H; obtained from the decompo-

~ 7z W' o~ .
sition Z = ( ) is of the form ¥¢NZ) = D) @ L(Z, W)+ 272D with
W Z, A =0
A -th Fourier Jacobi coefficient

{ce2@RoDyetSc =1}

Next we shall show that for fixed S there may exist c;, c, € Z%D, such that
9D, , 9P, € Ji1(I,) are linearly independent. In order to verify that two such
theta series are linearly independent, it suffices to show that one Fourier coeffi-
cient ¢(T, R) takes different values for 9¢), and 9%, , since ¢(0,0) = 1 for each
9¢.. We recall that

o(T, R) = #{Ac Z®" | }'SA = 2T, }'Sc; = R} for i = 1, 2.

We shall construct an example for k=16. Let R=0 and T=T;:=
1 0...0

0 0...0 } then
0 0...0
o(To, 0) = #{A€ ZO¥V | 'S = 2, X'S¢; = 0} for i = 1, 2.
So in order to construct our desired example, we have to find a suitable S¢ Z3232
and two vectors ¢y, ¢, € Z®?V with ¢iSe, = ¢4Sc, = 2, such that ¢(T,, 0) takes

different values for i = 1, 2. For S¢€ Z®%*® we choose the matrix obtained from
the even unimodular lattice E := Eg @ E,,, where

1 8m
Eg, = {_Z—(xu vees Xgm) ERC™ | x,€ Z, x; — x; =0 (mod 2), § x; =0 (mod 4)}

for me N (compare SERRE [9]). For L€ {E, Eg, E;,}, t€ N and y¢ L we de-
fine:

N(L, 2t) := #{x € L | x'x = 21},
N, 2t,y) :== #{xe L |x'x = 2t, x"y = 0}.

Our problem is then equivalent to finding two vectors y, y,€ E with yiy, =
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Viy, = 2, such that N(E,2,y;) &= N(E, 2, y,). We claim that the vectors

o= (1111111100 .,0,0,00€ E
Ey Ejs
o =—2—(0000000000 L0,2,2)€E

Eg Ez4

have the desired properties. Using the notation y, (resp. y,) for the canonical pro-
jections of y, onto Eg and y, onto E,, some easy combinatorial calculations yield:

N(E, 2, yl) = N(E89 295)1) + N(E247 2) =126 + 1104 = 1230,
N(E, 2, 7,) = N(Es, 2) + N(Eya, 2, ) = 240 + 926 — 1166.

‘We have shown:

4.1. Lemma. There exists some S € Z8%32 symmetric, positive definite, unimodu-
lar, even and cy, ¢y € Z8%V with ¢}Se; = c5Sc, = 2, such that the theta series
9%, and 9L, define linearly independent Jacobi Forms in Jyg,(I,).

Combining Lemma 4.1. with the description of the Fourier Jacobi expansion
of the theta series 9§ *(Z)¢€ [I,,, k] for k = 16,7 =1 we obtain:

4.2. Theorem. For n = 32 the mapping o: [I, .4, 16] = Jis,(I,) defined by
Fourier Jacobi expansion is not surjective.

Proof. We have n+ 1> 2k, so each Fe[l,., 16] is singular (compare
FreTaG [3], 111, 5. and Anhang IV). Therefore the theta series

9 D), ... 04 (2)

form a basis of [}, 16], whenever # := {S|...., Syaz)) 18 a complete system of
representatives of the unimodular classes of symmetric, positive definite, uni-
modular, even matrices S¢€ Z®>*?. EBspecially dimg[l,,;, 16] = A(32) for
n = 32. Furthermore

dime ([, 41, 16]) = #{S€ R |3 c€ Z®*P such that ¢'Sc = 2}.
On the other side Lemma 4.1. implies
dimg Jig ((I,) = #{S€ X | 3 c€ ZC*V such that ¢'Sc = 2} + 1,

since 9YU(Z, 0) = ¥¢°(Z) and n = 2k. Comparison of the dimension estimates
shows that « is not surjective.
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2. Siegel’s Hauptsatz for Jacobi Forms of index m€ Z.

The result we shall proof is the following:

4.3. Theorem. Let k =0(mod4), k> n- 2. Then the Eisenstein series

E{M(Z, W) may be written as linear combination of theta series 9$AZ, W).

The proof of 4.3. will contain explicite description of the above linear combina-
tions and furthermore yields a stability theorem for Poincaré Square Series, which
we shall state now: Let k,m,n€ N\ {0} and Z¢ H,, then the Poincaré Square
Series P{"(Z) is defined as

(n) m(Z) = Z det(CZ - D —k Z e2nimZM<Z>}.t.
MeI, o\, sl

For k> n+ 2 this series is well known to converge normally on H, and to
define a non vanishing Siegel modular form of weight k. Our result may be for-
mulated as follows:

4.4. Theorem. Let k=0(mod4), k>n+2 and let S,,...,S, denote a
complete system of representatives of the unimodular classes of symmetric, positive
definite, unimodular, even matrices S¢€ Z®2%_ Then P{), may be written as linear
combination of the corresponding theta series z‘)‘"’ ie.

h

Po(2) = Z m, - 9§A(Z).

The coefficients m, are given by

- A(S,, S)! 2m
[ -1, . . —_—
o = O S ST o T Ay, S ';%'W) 4 (S” E )
>
where

A(s(Zk,Zk)’ T(q)) - #{GE 7.2k.0) ‘ G'SG = T}
and
) i= 3 ud)a (37)

d?m
d>0

Here u(d) denotes the Mébius function and a,(n) denotes the n-th Fouriercoefficient
of the Eisenstein series E{V ¢ [I'y, k).

Proof of 4.3. and 4.4. We consider the Fourier Jacobi expansion of the ordinary
Siegelian Eisenstein series of degree » + 1 and weight k:

EIS"H)(Z) — 2 e}({nzn (Z, W) - g2nim

mz0
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- - zZ W .
where Z¢ H,.; is written as Z=(W ; ) with Ze H, and z,€H,. A
2

result of Bécherer (compare [1], Satz 7) states:
Z e]((rgn(z’ W) . eZm’nmz;
m>0
=33 3 > a(t)-det(CZ+ D) ™*

teN aelN 1ezlin) J\lefn,o\ r,
n>0 >0 (4 2y primitive

. 2Nt W(CZ+ D) icwt ezm'x{zM<z>;.’ +2a4(CZ+D) "Wl , e27ita?z

=% % 3 ) at) - Ea(Z, a W) - &,
teN oeN deN
n>0 >0 d>0
where E{");, denotes the Jacobi Eisenstein series of weight k and index ¢ d? (compare
2.1.). Using Bocherer’s result we immediately obtain:

2. ) = % 3 (%) - W) 1)
s>0

where we have introduced 8(») := Y, u(d) ak( ) in order to simplify our nota-

dy
) >0
tion. Since (1) = const. - d*~! for some positive constant, it is easy to verify
dl
d>n0

that d(») > O for every » > 0. Therefore we may invert the system of equations
(1) and obtain:

EE(Z, W) = 8(m)~" {emz, Wy -3 6( ) N sW)}

$2m
s>1

= d(m)~ {el(Z, W) — D, e/({"‘z_;_(Z, siW) + Z Y, e (”)_,% (Z, 515, W) — ]f

splm sy sllm 32"" ’s%sz ]
si>1 s1>1 s3>1
= 30n" - X PO - (2, W)
1*m
>0

with p(t) := 3] (——1)”#{(s0, 51 S)ELT 5o = 1,8 > 1, ..., 5, > 1,
y=0
Y

I1 5. =t}. We observe that p(¢) is nothing but the Mébius function u(t), since
i=0

p(®)

=1 U

Z (=17 (s — 1) = ZO (1 — &)y
1 1 5 u(t)

T W &
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where {(s) denotes the Riemann zeta function. Therefore we obtain:

E®AZ, W)= 8(m)~t+ S u(t) - e<"> (Z, tW).
t2im
t>0

By Siegel’s Hauptsatz we have
~ h -~
Er0@)= X m, - 9470 (2)
v=1

with

A(Sw Sv)—l
A(Sl’ Sl)—1 + .- + A(Sln Sh)_l '

m, 1=
Fourier Jacobi expansion of both sides of (3) yields

h
&z, W)y=22m 3, I(ZW).
v=1 ce7(2k,1)
c'S,,c=2m
Inserting (4) into (2) we obtain
EEn(Z, W) = 0(my~" - 2, ul0) Z m 3 9802, W)

ce2(2

t>0 ’S,,c=%f'—'

and Theorem 4.4. follows immediately from the formula

PA2) = ELZ,0)
and

IP(Z) = 9P (Z, 0) for every c€ Z+D,

@

3

C)

()

Actually we have shown more: The formula 4¢(Z, tW) = 9¢,(Z, W) implies

h

ER@ZWy=0my*-X > X m-u) 9P(Z, W),

v=1 £3m 7(2k,1)
clSyc=2m

which also proves 4.3. [

Remark. Theorem 4.4. may also be obtained directly without using Jacobi
forms but deeper results of Bcherer and Klingen—the above indicated proof has

the advantage of being more elementary.
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Appendix. An open problem

In order to obtain Jacobi Forms on the modular group I, we made use of several
construction principles:

1. Fourier Jacobi expansion of Siegel modular forms (Introduction).
2. Eisenstein Series.

a) ordinary (2.1.).
b) of Klingen’s type (2.5.).
3. Theta Series (3.6.).
4. Linear combinations and linear transformations of the torus variable (3.5.).

As we have seen principle 1. is not enough in order to obtain all Jacobi Forms.
For example there are theta series 3¢, which are no Fourier Jacobi coefficients of
Siegel modular forms. Nevertheless each theta series may be obtained by combining
principles 1. and 4., since 9(Z, W) = du(Z, cW)(E = E®P) and {#Aut(S)} 9%
occurs as Fourier-Jacobi coefficient of 19("“") Furthermore we have seen that the
ordinary Eisenstein Series E{,(Z, W) may be obtained by combining 1. and 4. too.
So it seems that we do not know any examples of Jacobi Forms, which may not
be obtained in this way. Therefore we formulate the following

Problem. Can one construct all Jacobi Forms by combining principles 1. and 4.?

Of course our theory is far away from giving an answer to that question.
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