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On the Stability of the Quadratic Mapping in Normed Spaces 

By ST. CZERWIK 

Abstract. The problem of the stability of the quadratic functional equation (including 
ULAM-HYERS and RASSIAS types of stability) in normed spaces is investigated. 

1. The problem of the stability of functional equations has been posed by 
S.M. ULA~I in [7]. D.H. HYERS in [3] has given a positive answer for the 
stability of the linear functional equation 

(1) f ( x  + y) = f (x)  + f (y ) .  

From that time many other related questions have been studied (see e.g. [2], 
[4], [6]). 

For the quadratic functional equation some results are contained in [1]. 
In this paper we prove theorems concerning some other types of stability of 
the quadratic functional equation in normed spaces. 

Let us note that f :  X ~ Y, where X and Y are groups is called a quadratic 
function iff f satisfies the following functional equation 

(2) f ( x  + y) + f ( x  - y) = 2f(x) + 2f(y) for all x, y E X.  

2. Let (El, I[ " II) and (E2, II" II) be two normed spaces and let R stand for the 
set of all real numbers. 

We shall prove the following 

Lemma. Assume that there exist ~ > O, ~1 >- 0 and v E R such that a function 
f : E1 ~ E2 satisfies the inequality 

(3) [ I f ( x + y ) + f ( x - y ) - Z f ( x ) - Z f ( y ) [ ]  < ~ +rt(llxl[~ + Ilyll v) 

for all x ,y  E Elk{0}. Then for x E Elk{0} and n E N (the set of  all natural 
numbers) 

(4) IIf(2"x) - 4"f(x)II 
< 3-1(4" - 1)(~ +c)  +2.4"-lr/[IxllV(1 +a+  ""+an-l), 

(5) Ilf(x) - 4nf(Z-"x)II 

< 3-1(4" - 1)(r + c) + 21-~tllxl[~(1 + b + . . .  + b"-l) ,  

where a = 2 ~-2, b = 22-~, c = Ill(0)II. 
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Proof Put x = y ~ 0 in (3). We get 

ILf(2x) - 4f (x)  ll < IIf(0)ll + r + 2r/llxll v 

which proves (4) for n = 1. Now, let us assume that  (4) is true for k < n and 
x E El\{0}. Then for n + 1 we have 

IIf(2"+lx) - 4n+ly(x)II 

< IIf(2 �9 2nx) - 4f(2"x)II + 41If(2~x) - 4nf(x) II 

< (r + c) + 2r/ll2nxll v -t- 3(r  + c)(4 n - 1) + 2" 4nr/llxll~ + a + . ' .  + a n-1 ) 

= 3-1(4 n+l - 1)(r + c )  +2.4~t/l lxll~(1 + a + ' "  + a n ) ,  

which proves the inequality (4) for all natural  n. 
Analogously,  taking x = y = ~, we can verify the inequality (5) for n = 1. 

Applying the induction principle we get the result for all n E N,  which 
completes  the proof.  [] 

Hav ing  done this, we are able to prove the following 

Theorem 1. Let E1 be a normed space and E2 a Banach space and let f : El --* 
E2 be a function satisfying the inequality (3)for all x ,y  E El\{0} and let v < 2. 
Then there exists exactly one quadratic mapping g:E1 --~ E2 such that 

(6) IIg(x) - f ( x ) [ [  < 3-1(4 + c )  -t- 2 ( 4 -  2~)-lr/llxl[ ~, x ~ E l \{0} .  

I f  moreover, f is measurable (i.e. f - l (G)  is a Borel set in E1 for every open set 
G in E2) or • ~ t --* f ( tx)  is continuous for eachfixed x E El, then g satisfies 
the condition 

(7) g ( t x ) = t 2 g ( x )  for all x E E1 and t E R .  

Proof Define the sequence o f  functions {g~} by the formula  

(8) gn(x) = 4-nf (2nx) ,  x E E1 ,n ~ N .  

Then {gn} is a Cauchy  sequence for every x E El. Really, for x = 0 it is trivial. 
Let 0 4= x ~ El. We have for n > m, 

I lgn (x )  - gin(X)II 
= 4 -n IIf(2 n-m" 2 rex) - 4n-m f(2reX) [I 

< 4 -n"  3-1(4 n-"  - 1)(4 + c) + 2" 4--m--lr/ll2mxllV(1 + a + ' "  + a n-m-l) 

_< 3 -1 �9 4-m(r + c) + 2m(v-2)-l(1 - a ) - b l l l x l l  ~ . 

Since v < 2, we guess that  {g~(x)} is a Cauchy  sequence. Define 

g(x) := lim g,(x) x ~ E l .  
n--~00 
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We shall check tha t  g is a quadra t ic  function. I f  x = y = 0, since g(0) = 0, it 
is clear. For  y = 0, x @ 0 we have 

g(x  + 0) + g ( x  - 0) - 2g(x) - 2g(0) = 0.  

Let  us now consider the case x , y  ~ El\{0}.  We get the following est imat ions 

]]g,(x + y) + gn(x - y) - 2gn(x) - 2gn(y)[] 

= 4-"Hf(2n(x + y)) + f ( 2 n ( x  - y)) - 2f(2"x)  - 2f(Z"y)[[ 

_< 4-"(~ + ~/(HZ"xTI v + l12"yllV)) 

< 4-"~  +2"(~ ~ + Ilyll~). 

For  n ~ co we get the equality 

g(x + y) + g(x - y) - 2g(x) - 2g(y) = 0.  

Consider  the case x = 0, y @ 0, we put  into tha t  equat ion  x = y getting 
g(2x) = 4g(x) for x 6 El.  Moreover ,  setting y = --x,  we obtain  g ( - x )  = g(x) 
for x 6 E v  Therefore,  

g(y) + g ( - y )  - 2g(0) - 2g(y) = 0,  

i.e. g is a quadra t ic  function. 
The  es t imat ion (6) we m a y  obta in  directly f rom the inequality (4). 
To prove the uniqueness assume tha t  there exist two quadra t ic  functions 

gi:E1 --~ E2, i = 1, 2 such that  

[[gi(x) - - f (x)][  < ci+bi l[x l[  ~, x E E I \ { 0 } , i  = 1,2,  

where ci, bi, i = 1, 2 are given nonnegat ive  constants.  Then  we have 

g i ( 2 n x ) = 4 n g , ( x ) ,  X C E l , n C N , i =  l , 2 .  

Now we obta in  for every x 6 E1 (gl(0) = g2(0) = 0) 

Ilgl(x) - g2(x)l] < 4-"  (]lgl(2nx) - f(2"x)l] + Ifg2(2"x) - f(2"x)ll)  

< 4-"(Cl + c2) + 2"(~-2)(bl + bz)][x]] v , 

whence, if  n --* co, we get gl(x) = gz(x) for  all x 6 El. 
Let L be any cont inuous linear functional  defined on the space E2. Con-  

sider the mapp ing  (p:~, --. N defined as follows 

q~(t) = L[g( tx)]  for all t E • and x E El,  x fixed. 

It  is easy to see that  tp is a quadra t ic  function. I f  we assume that  f is 
measurable ,  then q~ as the pointwise limit o f  the sequence o f  measurable  
functions 

q)n(t) = 4 - " L [ f ( Z n t x ) ] ,  n C N , t  c IR 
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is measurable. Therefore  q~ as a measurable quadrat ic  function is cont inuous 
(see [5]), so has the form 

q~(t) = t2(p(1) for t E ~ . .  

Consequently 

L[g(tx)] = q~(t) = t2~0(1) = tZL[g(x)] = L[tZg(x)], 

whence taking into account  that  L is any continuous linear functional, we get 
the property (7). This ends the p roof  of  the theorem. [] 

Theorem 2. Let E1 be a normed space and E2 a Banach space and let rl > 0 
and v > 2 be given real numbers. Let f : E1 ~ E2 satisfy the condition 

(9) I I f (x+y)  + f ( x - y )  - 2 f ( x ) -  2f(Y)ll < r/(llxllV + IlY[I ~) 

for all x ,y  E El. Then there exists exactly one quadratic mapping h:E1 ~ E2 
such that 

(10) IIh(x) - f ( x ) l l  -< 2(2 o -4 ) - l r / l l x l l  ~ for all x E El .  

I f  moreover, f is measurable or ~ ~ t ~ f( tx)  is contunuous for each fixed 
x E E~, then h satisfies the condition (7). 

Proof Define the sequence 

(11) hn(x) = 4nf(2-nX), X E E1 ,n E N .  

Since f(0)  = 0, applying (5), we get for x E E1 and n > m, 

Ilhn(x) - hm(x)ll < 2 l-v" 2m(2-v)(1 -- b ) - l r / l l x l l  v , 

which implies for v > 2 that  {h,(x)} is a Cauchy sequence for every x 6 El. 
Define 

h(x) = lim h,(x),  x ~ El .  
tl---+O0 

Then in view of  (8) we may verify that h is a quadrat ic  function. Using again 
the estimation (5) we obtain (10). 

It is not  difficult to prove that  

(12) h(2x) = 22h(x) for all x E Ea and all rational numbers  2. 

Now assume that  there exist two quadrat ic  functions hi:E1 ~ E2, i = 1,2 
such that  

Ilhi(x) - f ( x ) l l  < dillx[I ~, i =  1 , 2 , x  E E l ,  

where di, i = 1, 2 are nonnegative constants. We get by (12) for x E E1 

Ilhl(x) - h2(x) ll = 
< 

from which we guess that  ha = h2. 
theorem is quite similar to that one given for theorem 1. 

4 n Ilha (2-"x) - hz(2-nx)II 

4n(dl -F d2)ll2-nxll v 

2 "(2-v) (dl + d2)II x II ~, 

The proof  of  the last s tatement of  the 
[] 
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3. Now we shall present  an example  concerning the special case v = 2. This 
is a modif icat ion of  the example  contained in [2]. 

Define 
q~(x) = ~( ~' x ~ ( - ~ ,  -1]  u [1, +~ ) ,  

7x 2, x E ( - 1 , 1 ) ,  ( 

where ~ > O. Put 
oo 

f ( x )  = E 4 - " q g ( 2 n x ) '  x E R .  
n=0 

Then  f is bounded  by 4~ and satisfies the condit ion 

(13) I f ( x  + y) + f ( x  - y) - 2/(x)  - 2f(y)l  < 32e(x z + y2) 

for all x, y E ~ .  
Really, for x = y = 0 or x ,y  6 N such that  x 2 + y2 > �88 it is obvious. 

Consider  the case 0 < x 2 + y2 < 1. Then there exists k E N such that  

(14) 4-k-1 < x 2 + y2 < 4 -k ,  

whence 4k- l x2  < 4 -1 and 4k- ly  2 < 4 -1 and consequently 

2 k- ix  , 2 k - l y , 2 k - l ( x  + y ) , 2 k - l ( x  -- y) E (--1, 1). 

Therefore  for every n = 0, 1 . . . . .  k - 1 we have 

2 n x , 2 " y , 2 n ( x  + y ) , 2 n ( x  - y) E ( - 1 ,  1) 

and 
q~(2"(x + y)) + r - y)) - 2~o(2"x) - 2~o(2"y) = 0 

for n = 0, 1 . . . . .  k - 1. Now we obtain  applying (14) 

I f ( x  -t- y) -4- f ( x  - y) - 2f(x)  - 2f(y)l  
oo 

< Z 4-"l~P(2"(x + y)) + ~o(2n(x - y)) - 2~o(2"x) - 2~o(2"y)1 
n = 0  

cx3 

< ~ 6~4-" = 2.41-kc~ 

n=k 

< 32~(x 2 + y 2 ) ,  

i.e. the condit ion (13) holds true. 
Assume that  there exist a quadrat ic  function g : R  ~ R and a constant  

/~ > 0 such that  
If(x) - g(x)l -</~x 2 for all x 6 N .  

Since g is locally bounded,  then (see [5]) it is o f  the form g(x)  = 7x  z, 
x 6 R ,  where 7 is a constant.  Therefore  we have 

(15) If(x)l < (/~ + 171)x 2 for x 6 ~ .  
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Let k E N be such that k~ > fl + I2~l. Then if x E (0,21-k), 2"X E (0, 1) for 
n _ < k - 1  and we have 

k-1 
f(x) = ~ 4-nr > E cx4-"(2nx)2 = kgx2 > (/~ + I~l)x2' 

n=0 n=0 

which in comparison with (15) is a contradiction. 
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