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On the Stability of the Quadratic Mapping in Normed Spaces

By S1. CZERWIK

Abstract. The problem of the stability of the quadratic functional equation (including
ULaM-HYERS and RassIAS types of stability) in normed spaces is investigated.

1. The problem of the stability of functional equations has been posed by
S.M. Uram in [7]. D.H. HyEers in [3] has given a positive answer for the
stability of the linear functional equation

(1) f+y) =fx)+10).

From that time many other related questions have been studied (see e.g. [2],
4], [6]).

For the quadratic functional equation some results are contained in [1].
In this paper we prove theorems concerning some other types of stability of
the quadratic functional equation in normed spaces.

Let us note that f: X — Y, where X and Y are groups is called a quadratic
function iff f satisfies the following functional equation

) fx+y+fx—y)=2fx)+2f(y) foral x,yeX.

2. Let (Ey, | - ||) and (Ea, || - ||) be two normed spaces and let R stand for the
set of all real numbers.

We shall prove the following
Lemma. Assume that there exist £ >0,y > 0 and v € R such that a function
f:Ey — E, satisfies the inequality
€) 1fx+y) +f(x—y) = 2f(x) =2f W)l < &+ nlllxI® + [¥]%)
Sor all x,y € E\\{0}. Then for x € E;\{0} and n € N (the set of all natural
numbers)
) If(2"x) — 4"f (x)]|
< 3@ -DE+ 24 xPA+at 4+,
) If(x) —4"f27"x)|
< 3@ -DEH )27 A+ b+ + 0,
where a =272, b= 22" ¢ = [|f(0)|l.
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Proof. Put x =y # 0 in (3). We get
If2x) = 4f )N < 1F O + & + 2nlx])*

which proves (4) for n = 1. Now, let us assume that (4) is true for kK < n and
x € E{\{0}. Then for n+ 1 we have

12" x) — 4 f ()]
< f@2-2%) —4f @0 + 41 (2"x) — 4" f (%)

(€+C)+211||2"x||0+g(é+c)(4n_1)+2.4nrl”x”v(1+a+._.+an_1)
= 3@t —nE+ o +2-4lixl'A +a+ -+,

IA

which proves the inequality (4) for all natural n.

Analogously, taking x = y = §, we can verify the inequality (5) for n = 1.
Applying the induction principle we get the result for all n € N, which
completes the proof. O

Having done this, we are able to prove the following

Theorem 1. Let Ey be a normed space and E; a Banach space and let f:Ey —
E; be a function satisfying the inequality (3) for all x,y € E;\{0} and let v < 2.
Then there exists exactly one quadratic mapping g: E; — E; such that

©  lg®) —f@I<3E+)+24-2)""nlx)",  x € E\{0}.

If, moreover, f is measurable (i.e. f~(G) is a Borel set in E; for every open set
G in E>) or R ot — f(tx) is continuous for each fixed x € E,, then g satisfies
the condition

N g(tx) =t’g(x) forall x€E; and teR.
Proof. Define the sequence of functions {g,} by the formula
(8) Zu(x) =47"f(2"x), x€ E;,neN.

Then {g,} is a Cauchy sequence for every x € E;. Really, for x = 0 it is trivial.
Let 0 # x € E;. We have for n > m,

I gn(x) — gm)

47 M- 2mx) — 4P (27X) |

< 4@ D)(E ) 24T 2] A+ a+ -+ adm T
< 374TME 4 o) 4 20D — ey x)

Since v < 2, we guess that {g,(x)} is a Cauchy sequence. Define

g2(x) = r}g{.log,,(x) x € E;.
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We shall check that g is a quadratic function. If x =y = 0, since g(0) =0, it
is clear, For y =0, x # 0 we have

glx+0) + g(x — 0) — 2g(x) — 2g(0) = 0.
Let us now consider the case x,y € E;\{0}. We get the following estimations

lign(x +y) + gnlx — y) — 2gn(x) — 2g, (M) |
= 4@ (x+ )+ Q2 x—y) —2f2"x) - 2f 2"V
< ATEF (12X + 12717)
< 47270 (x) + Iy l°).

For n — oo we get the equality
glx+y) +g(x —y) —2g(x) — 2g(y) = 0.

Consider the case x = 0, y # 0, we put into that equation x = y getting
2(2x) = 4g(x) for x € E;. Moreover, setting y = —x, we obtain g{~x) = g(x)
for x € E;. Therefore,

g(y) +g(=y) —2¢g(0) — 2g(y) = 0,

ie. g is a quadratic function.

The estimation (6) we may obtain directly from the inequality (4).

To prove the uniqueness assume that there exist two quadratic functions
gi:E; — Ej, i = 1,2 such that

lgi(x) = fE < e+ billx]l”, x € E\{0},i=1,2,
where ¢;, b;, i = 1,2 are given nonnegative constants. Then we have
gi(2"x) = 4"gi(x), x€E;,neN,i=12.
Now we obtain for every x € E; (g:{0) = 2:(0) =0)

Ig1(x) —g2(x) < 47" (Ig1(2"x) — F2"%)|| + [|g22"%) — f(2"x))
< 47Mer+ ) + 27 (by + by)x),

whence, if n — oo, we get g1{x) = g2(x) for all x € E;.
Let L be any continuous linear functional defined on the space E,. Con-
sider the mapping ¢:IR — R defined as follows

o(t) = L{g(tx)] forallt € R and x € Ey, x fixed.

It is easy to see that ¢ is a quadratic function. If we assume that f is
measurable, then ¢ as the pointwise limit of the sequence of measurable
functions

@u(t) =47°LI[f(2'tx)], neN,teR
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is measurable. Therefore ¢ as a measurable quadratic function is continuous
(see [5]), so has the form

o(t) = p(1) for teR.
Consequently

Lig(tx)] = ¢(t) = fo(1) = *L[g(x)] = L[ g(x)],

whence taking into account that L is any continuous linear functional, we get
the property (7). This ends the proof of the theorem. O

Theorem 2. Let E; be a normed space and E, a Banach space and let n > 0
and v > 2 be given real numbers. Let f: E| — E, satisfy the condition

©) Ifx+y) +flx—y) = 2f() = 2f I < 7(lIx]* + 1»1°)

for all x,y € E;. Then there exists exactly one quadratic mapping h:E; — E,
such that

(10) [h(x) = F(¥)| < 20" ~4~"5lx|® for all xe€E;.

If, moreover, [ is measurable or R > t — f(tx) is contunuous for each fixed
x € Ey, then h satisfies the condition (7).

Proof. Define the sequence

(11) hy(x) =4"f(27"x), x€E;,neN.

Since f(0) = 0, applying (5), we get for x € E; and n > m,
Ihn(x) = Bn(x)]| < 2'7° - 2"C=(1 —b) 1y |x|)*,

which implies for v > 2 that {h,(x)} is a Cauchy sequence for every x € E;.
Define
h(x) = lim h,(x), x€E;.
n—o

Then in view of (8) we may verify that h is a quadratic function. Using again
the estimation (5) we obtain (10).
It is not difficult to prove that

(12) h(Ax) = A*h(x) for all x € E; and ali rational numbers 4.

Now assume that there exist two quadratic functions h;: E; — E, i = 1,2
such that
[hi(x) — f) < dillxl]®, i=12,x€E,

where d;, i = 1,2 are nonnegative constants. We get by (12) for x € E;
A1 (x) — ha(x) | 4"[h1(27"x) — b2 (27" X) |

4"(dy + da) 127" x|

= 27070(d, + dy)|x|)”,

from which we guess that hy = hy. The proof of the last statement of the
theorem is quite similar to that one given for theorem 1. g

Ii

IA



On the Stability of the Quadratic Mapping 63

3. Now we shall present an example concerning the special case v = 2. This
is a modification of the example contained in [2].
Define ( Jo )
o, X € —00, — U s +o0 D
o0 = {ax2, x € (-1,1),

where o > 0. Put

f) =) 4"p(2"x), x€eR.
n=0

Then f is bounded by %a and satisfies the condition
(13) fx+y) + flx—y) = 2f () = 2f ()| < 320(x* + y?)

for all x,y € R.
Really, for x = y = 0 or x,y € R such that x> + y* > % it is obvious.

Consider the case 0 < x* + y? < %. Then there exists k € N such that
(14) 47 < 4yt < 47k,
whence 4 1x? < 471 and 4“"'y? < 4! and consequently
26t oty ok 4+ y), 28 (e — y) € (=1, 1).
Therefore for every n=0,1,...,k — 1 we have
2'x,2"y,2%(x+y),2"(x—y) € (-1,1)

and
P2"x +y) + 0(2"(x — y)) — 20(2"x) — 2¢(2"y) = 0
forn=20,1,...,k— 1. Now we obtain applying (14)

[f(x+ )+ flx—y) = 2f(x) = 2f )]

< D4R (x4 y) + 02N (x — y) — 20(2"x) — 20(2"y)]

n=0

[e0]
< D 6udT =24
n=k
< 32a(x* 47,
i.e. the condition (13) holds true.
Assume that there exist a quadratic function g:R — R and a constant

p > 0 such that
If(x)—glx)| < ﬁx2 forall xeR.

Since g is locally bounded, then (see [5]) it is of the form g(x) = yx?,
x € R, where 7 is a constant. Therefore we have

(15) fI < @B +p)x* for xeR.
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Let k € N be such that ka >  + |y|. Then if x € (0,2'7%), 2"x € (0,1) for
n < k—1 and we have

@ k—1
fx) =D 47"0@"x) 2 3 ad (@) = kox® > (B + 1y’
n=0 n=0

which in comparison with (15) is a contradiction.
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