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The stability of Homomorphisms and Amenability,
with applications to functional equations.

by G. L. ForTI

1. Introduction.

The investigation in respect of the stability of homomorphisms, i. e. of the Cauchy
functional equation, was proposed in 1940 by S. M. ULaM during a talk before the
Mathematics Club of the University of Wisconsin. D. H. HYERS solved the problem
in 1941 (see [8] and Theorem 1 of the present paper).

In the last ten years this result has been used by many authors, especially by
people working in the field of functional equations.

This led to a great number of papers dealing with generalizations of HYERS’ result
in different directions (see, for instance, the vast bibliography in [9]).

Others important investigations have used the stability of homomorphisms in
order to solve some non-homogeneous functional equations and in particular
alternative functional equations of Cauchy type. As far as I know the first result of
this kind is in [3].

The original HYERS’ theorem holds when the mapping involved is defined on an
abelian group. This yields to the following question: is this fact indeed essential? The
answer is no. L. SZEKELYHIDI in [16] proved that the amenability of the group is
enough to ensure stability. Now another question naturally arises: what are the
connections between stability of homomorphisms and amenability of the group
where they are defined? .

In the present paper we try to give answers to the previous questions.

In Section 2 the notion of stability is defined and some consequences of it are
proved. The results are not all new, but they are reported in order to make the paper
self-containing.

The third section deals with the connections between stability and amenability of
groups (or semigroups) and a necessary and sufficient condition for amenability in
term of stability is proved.

In Section 4 some results of the former two sections are used to solve an
alternative functional Cauchy equation, that is an equation of the form

fey) =) —fy)eV

where Vis a particular set. The result obtained extends known results to a more
general frame.
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2. Stability of Homomorphisms.
We start this section with the following

Definition 1. Let G be a group (or a semigroup) and B a Banach space. We say that the
couple (G, B) has the property of the stability of homomorphisms (shortly (G, B) is HS) if
for every function f: G — B such that

If(xy) —f(x) —fWI =K

for every x, y € G and for some K, there exist ® € Hom (G, B) and K’ depending only on
K such that

f(x) — e(x)| = K’ (1)

for all xeG.

Different definitions of stability for the homomorphisms (or, that’s the same,
stability for the Cauchy functional equation) are given and studied in several paper,
see for example [14] and [11].

The definition above is suggested by the following theorem ([8]):

Theorem 1. (D. H. HYErS)-Let E and E' be Banach spaces and let f: E— E’ be such that
f(x+y) —f(x) = fW| £, x,ye E. Then the limit I(x) = lim 27"f(2"x) exists for

n—+

each x € E, I(x) is an additive function, and the inequality ||f(x) — I(x)|| < J is true for
all x in E. Moreover | (x) is the only additive function satisfying this inequality.

A glance to the proof of Theorem 1 shows that it remains true if the Banach space
E is substituted by an arbitrary abelian group or semigroup; so we can say that for
all Banach spaces B and all abelian groups (or semigroups) G the couple (G, B) is HS.
From Theorem 1 we get easily the following

Proposition 1. Let G be an arbitrary group (or semigroup) and let B be a Banach space.
Assume that f: G — B satisfies the inequality

IfGxy) —f(x) = fO)I = K
for all x,yeG.

Then the limit g(x) = lim 27 "f{x*") exists for all xe G and

n—+ o
If(x) — g ()|l < K and g(x*) = 2g(x) for all xeG. @
The function g is the unique satisfying conditions (2).
Proof. The existence of the limit and the first of the (2) are contained in the first part

of the proof of Hyers’ theorem. The second of the (2) is an immediate consequence of
the definition of g. Let now h: G — B satisfying conditions (2), then

™) = h (™) = If(x*) = 2"h ()l £ K,



Stability of Homophormisms 217

dividing by 2" and letting n— + oo, we have g(x) = h(x).
Proposition 1 shows that the existence of the limit

lim 27"f(x*")

n—+ o
depends only on the completness of the space B. Whether the function g is additive
or not depends on the group G.
These simple remarks enable us to prove the following

Theorem 2. Let the couple (G,B) be HS, then the smallest constant K' fulfilling
inequality (1) is equal to K, moreover the homomorphism & satisfying (1) is unique.

Proof. Let g be the function defined as in Proposition 1, it fulfills the conditions (2).
Since (G, B) is HS, there exists & e Hom (G, B) such that |f(x) — ¢ (x)|| £ K’ for all
xeG. |[f(x*") — & (x¥)|| = |If(x*") — 2" P (x)| £ K’, dividing by 2" and taking the
limit as n— + oo, we have g(x) = @ (x), thus if K’ is the smallest constant fulfilling
(1), we get K’ < K. On the other hand, if we take f(x)= &(x)+c, where
®eHom(G, B) and |ic|| = K, we get |[f(xy) —f(x) — f(y) = llc] = K and [f(x)
— @(x)|| = K, whence the smallest constant fulfilling (1) must be K.
The uniqueness of ¢ follows from the Proposition 1.

Corollary 1. If G is a finite group (or semigroup), then (G, B) is HS for every Banach
space B, and ® = 0.

Theorem 3. Assume that the couple (G, C)(or(G,R)) is HS. Then for every complex
(real) Banach space B, the couple (G, B) is HS.

Proof. Let f: G — Bbe such that ||[f(xy) — f(x) — f(¥)| £ Kforall x,yeG.If B'is the
(topological) dual of B, for every Le B’ we have | L {f(xy) — f(x) — f(3) }|=

[L(f(xy)) — L(f(x)) — Lf(y))| = K||L], thus there exists $. € Hom{G, T) such that
[L(f(x)) — @, (x)| £ K| L]. Define ¢ (x) = nl-l:'foo 27" f(x2") (the limit exists by Pro-

position 1); we have @, (x) = l_{rgrz 27" L(f(x*")) = L(®(x)), by the continuity of L.

So L(P(xy)) = @p(xy) = PL(x) + P(y) = L(D(x)) + L(P(y)) for every LeB,
hence @ (xy) = ¢ (x) + @ (y). By Proposition 1 we have that (G, B) is HS.

From now in this section we assume that the couple (G, B) (G group or semigroup)
be HS, and if f is a function from G into B, by ¥f(x,y) we denote the Cauchy
difference € f(x,y) = f(xy) — f(x) — f(y). If € f(x,y) is bounded, by @, we intend the
homomorphism approximating f as indicated in Definition 1.

We now study the relations between the range of € f (when bounded) and the
range of f— @,. The results we achieve will be used to solve some alternative
functional equations.

Definition 2. Let M be an arbitrary subset of a real or complex vector space, by C(M)
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we denote the convex hull of M, that is the set of all elements of the formz o; x;,0; = 0,
Z o =1xeM.

The following useful theorem is a straightforword generalization (with its proof)
of Theorem 2 in [3].

Theorem 4. Assume that € f(x,y) e M, where M is a bounded subset of a Banach space
B. Then h(x)e C(— M), where h = f— ®;. (By A we intend the closure of A).

Proof. Let xe G and u = h(x). Then for every positive integer s we have

s—1
h(x) =su+ Y m;,meM. 3

i=1
This can be proved by induction over s:

h(x?) — 2h(x) = f(x?) — 2f(x)e M, so h(x?) = 2h(x) + m;,m; = 2u + m,e M;
R 1) — h(x%) — h(x) = f(**) — f(x*) — flx)e M

SO

Rt =h(x*) + h(x) + my=(s+1)u Z
Dividing (3) by s and taking the limit as

s— + oo, we have
s—1
u=—lim s Y m
n—+o i=1

(the limit exists since k is bounded), hence ue C(— M).

As a consequence of Theorem 4, the range of f — &, is contained in the closed
subspace of B spanned by M.
A result of this kind, under different assumptions, has been obtained by K. BARON in
[1]. He proves the following

Theorem 5. (K. BARON) Let G be an abelian group, Y a vector space over Q and Z an
arbitrary subspace of Y. A function f: G — Y satisfies the condition

Jlxp+x3) = f(x1) —flx;)eZ

for all x,,x, € G, if and only if there exists an additive function g: G — Ysuch that f(x)
— g(x)e Z for every xeG.

It has to be noticed that the additive function g in Baron’s theorem is not uniquely
determined.

The following theorem gives a stronger result than Theorem 4 and it will be used
in Section 4 in order to solve some functional equations.
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Theorem 6. Assume that € f(x,y) € M (x,y € G) where M is a bounded subset of B and let
h=f— &, If¢is the identity of G, let — h(e) = m,e M.
Then h(x)e {— (m,+M) + C(M)} n C(—M).

Proof. Since h(g) — h(x) — h(x"Y)eM and — h(g) = mye M, we have, for some
meM, h(x) = — h(x™ 1) —my — m, hence h(x)e — h(x~!) — (my, + M). By Theo-
rem 4, — h(x~Y)e C(M) and h(x)e C(— M), thus we get the desired result.

3. Stability and Amenability.

In the previous section we obtained some consequences from the fact that the
couple (G, B) has the property of the stability of homormorphisms.

In this section we intend to analyse for which groups G the couple (G, B)is HS. We
have already remarked that, as a consequence of Hyers’ theorem and of Corollary 1,
the couple (G, B} is HS for all abelian and all finite groups (or semigroups), whatever
be the Banach space B.

Definition 3. — Let G be a group or a semigroup and B(G) be the space of all bounded
complex—valued functions on G, equipped with the supremum norm ||f || .
A linear functional m on B(G) is a left invariant mean (LIM) if:

(@ m(f) = m(f), fe B(G);
B) inf{f(x)} £ m(f) < sup{f(x)}, for all real~valued fe B(G);
) m(.f) = m(f), for all xe G and fe B(G), where .. f(t) = f(xt).

Likewise we say m is a right invariant mean if m(f.) = m({f) for all x € G, where f_(t)
= f(tx), and we define two—sided invariance in the usual way. Condition (B) is equiva-
lent tom(f)20iff2 0, and m(1) = 1, hence |im| = 1 for every mean.

The following two propositions hold (see [7]):

Proposition 2. If G is a semigroup with a left invariant mean and a right invariant mean
on B(G), then there exists a two-sided invariant mean on B(G).

Proposition 3. If G is a group, there is a left invariant mean on (B (G) if and only if there
is a right invariant mean on B(G). Hence, by Proposition 2, there is a two-sided
invariant mean on B(G).

Definition 4. A semigroup G is left (right) amenable if there is a left (right) invariant
mean on B(G); if G is a group these conditions are the same and we say that G is
amenable.

The following theorem due to L. SzEKeELYHIDI ([16)] shows that amenability
implies the stability of homomorphisms. We give here a direct proof.

Theorem 7. (L. SZEKELYHIDI) Let G be a left (right) amenable semigroup, then (G, €) is
HS.
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Proof. Let f: G — € be such that |f(xy) — f(x) — f(¥)| £ K for all x, ye G; then, for
each fixed x € G, the function f(xy) — f(y), as a function of y, is in B(G). Let m, be a
left invariant mean on B(G) (the suffix y denotes that m, acts on functions of the
variable y) and define

=m,{,f—f},xeG.
Q(XZ y{xzf f} - y{xzf xf+ xf—'f} = my {x(zf_f)} + my {xf_f}
=my{,.f—f} + ®(x) = P(2) + P(x), so ®€ Hom(G, D).

19) =10l = Imy {of =1} =10 = Iy {of —f =[G} < sup fixy) = f)
—f)| £ K,xeG, thus (G,T) is HS

Corollary 2. Let G be a left (right) amenable semigroup, then for all Banach spaces B,
(G,B) is HS.

Proof. From Theorem 7 and Theorem 3.

Now a question arises naturally: are there groups or semigroups G such that
(G, B) 1s not HS for some B?
In view of Theorem 7 we must look among non amenable groups or semigroups.
The following theorem (presented by the author to the 22™ International Sympo-
sium on Functional Equations) gives an answer.

Theorem 8. Let F (a, b) (S (a,b)) be the free group (semigroup) generated by the elements
a and b. The couple (F (a,b),R) ((S (a, b),R)) is not HS.

Proof. We shall construct a function f: F (a,b) » R such that |€f(x,y)] < 1 and for
every @ € Hom(F (a,b),IR) the difference f — & is unbounded. To do this, if x € F (a,b),
we assume that the “word” x be reduced, that is it does not contain pairs of the forms
aa”',a 'a,bb~ 1 b~ b andit is written without exponents different from 1 and —1.
We now define a function f: F (a,b) — R in the following way: if  (x) is the number of
pairs of the form ab contained in x and s (x) is the number of pairs of the form b~ 'a~*
contained in x, then f(x) = r(x) — s(x).
The function f'is unbounded and for each x, ye F (a,b) we have

flxy) —f(x) = fy)e{-1,0,1}
so |€f(x.y) £ 1.

Assume now that ®e Hom(F (a,b),R) exists so that f— @ is bounded. & is
completely determined by the values @ (a) and @ (b) and f'is identically zero on the
subgroups generated by a and b respectively. Hence the boundedness of f — @ on
these two subgroups implies @ = 0; thus f — @ = f, a contradiction since fis un-
bounded.

Ifinstead of the free group F (a,b) we consider the free semigroup S (a,b), we get the
analogous result by defining f(x) = r(x).

1t is well known that a group containing F (a,b) as a subgroup, is not amenable.
Hence a question arises: can Theorem 8 be extended to groups containing F (a,b)?
This can be formulated in the following way:
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let G D F(a,b) and let f: F (a,b) > IR be defined as in Theorem 8; is it possible to
extend fto f: G — R such that |€f(x,y)| < K for all x,ye G?
This problem is till now open.

Theorem 7 and 8 suggest to study the connections between the stability of
homomorphisms and the amenability of groups or semigroups.
In fact we obtain a theorem giving a necessary and sufficient condition for the
amenability in terms of a kind of multi-stability.

We denote with B"(G) the space of all bounded real-valued functions on G and
with B"¢ (G) the space of all real-valued functions fon G for which € fis bounded on
G x G.

Theorem 9. Let G be a group. G is amenable if and only if for every n-tuple
fisf20 « - -5 J. € B'6(G), there exist @,,,, ..., P, Hom(G,R), such that
Jfi — @,€ B'(G) and for all n-tuples x,,x,, ..., x,€ G, the inequality

Hixuta %) S 3 {00 =)} SK(nxaan) @)

holds, where

H(xy, Xy, .. ux)=inf Y €fi(x1,y) and K(xy,X5,...,X,) =sup Y. €fi(x;,y).
yeG i=1 yeG i=1
Proof. Assume that G is amenable and let m, be a left invariant mean on B(G). If
fieB€(G) we put @,(x)=m,{f;—f}, xeG, by Theorem 7 we have
&,e Hom(G,R) and f; — <15 € B’(G) Fix now x,,x,, . . ., x, € G, by (f) of Definition 3
we have

mf{Z(f(xy f,(y}<my{Z(xﬁ f)}<suP{Zf.xy — N},

yeG i=1 yeG i=1

hence from the definition of @, and of f; we get

inf {3 fi()} + Z fite) < z x)Ssup {3 fiton)} + z fix)

yeG i=1 i yeG  i=1
thus we get inequality (4).
Conversely let f,.f3, . . .f,€ B (G), then f,, 1>, . . ../, € B"#(G) and the corresponding
homomorphisms (existing by hypothesis) @, are equal to zero. We now show that
the inequality (4) implies the condition of DIxMIER (see [7]). We must show that

sup { Z (fi(x:3) =fi»)} 2 0. 5)
ye i=1
Assume that the supremum in (5) be equal to — ¢ < 0, then

n

Z f;(xuy <—é- Zf( )

i=1

hence by (4) (the @,’s are zero) we get
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_if,(x )< —g— Zf,(x

a contradiction.

Remark 1. Theorem 9 is stated for groups, but obviously it is true also for semi-
groups and for left or right amenability.

4. Applications to Functional Equations

In this section we shall use some results of the previous sections in order to solve
some alternative Cauchy functional equations.

The problem, in its general form, can be formulated as follows: to find all functions
[ such that

) Joy) —f(x) —f(y)eV

where f:G — H, G and H groups and VC H.

The problem of solving an equation of this kind appeared the first time in a paper

of R. GER ([6]) in the special case G = H = R and V= {0,1}.
Results have been obtained in [4] and in [12] when G and H are abelian groups and
V has only two elements, in [3] when G is abelian, H is a Banach space and
V=1{0,b,2b,...,Mb}for be Hand M positive integer, and in [ 13] when G is abelian
and H and V satisfies some suitable hypotheses.

Herein we assume that H is a Banach space B and that the couple (G, B)is HS and
we study (*), for special sets V. We shall use techniques similar to those contained in
[3] and generalize some results of [13].

It is easy to see that one can always suppose, without loss of generality, that Oe V;
indeed if a € Vand we put g (x) = f(x) — a, then fis a solution of (*),, if and only if g is
a solution of (*), _,.

Let vy, v,, .. ., v, be nindependent vectors in B and let V= {0,v,,v,,...,v,}. If we
consider equation (*),, thanks to Theorem 4 of section 2, we can assume that the
unknown function f is bounded and, identifying the vectors v; with the standard
basis in IR” via an isomorphism, that fassumes values in IR” or, more precisely, in the
convex hull (contained in the unit cube) of the set — V(we use the same names for
vectors v; and the set Veither as elements or subset of B or as elements or subset of
R"). Since f: G —» R”, by f; we denote the i-th component of f.

Lemma 1. Let f:G — C(—V) be a solution of (*),. Let F;, = {veC(—V):p;(v)
=a},j=1,2,..,n 04 =01, where pj is the projection on the j-th coordinate axis.
Then

i) thesetsS;, = {xeG:f(x)eF;,},a=0,1,areeither empty or subsemigroups of G;

ii) H;=8;,US;, is a (non empty) normal subgroup of G;
i) if ye H; and xe G\H|, then f;(xy) = f;(x) = f;(xy).
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Proof. The proof is similar to that of Theorem 6 in [3].

Lemma 2. Let f: G —» C(—V) be a solution of (*)y. Define H = {xe G:f(x)e — V}.
Then H is a normal subgroup of G.

Proof. Since H = (") H, the theorem follows from (i) of Lemma 1.
j=1

Theorem 10. Let f: G — C(— V) be a solution of (*)y. The range of fis contained in the
segments joining the n+1 points — vy, —vy, ..., —v, (where vy = 0).

Proof. The theorem follows from Theorem 6 of section 2. We give here a direct proof.
If ¢ is the identity of G, we have —f(g)e V, so for any xe G we get
f&) = fx) = flx " HeV,sof(x" 1) = — f(x) + f(e) — v;forsomei = 0,.. .,n Letf(e)

n

= — v, thenf(x 1) = — f(x) — v, —v;and — f(x) = Y 4;v;,4;20and Y 4; =1
j=0 j=0
This yields

Fe Y = 3 Aoy + (e — Doy + (ki — Doy
j=0

Jj*ik

and sincef(x~')e C(— V), this implies ; = Oforj # i,kand 2 — 4, — 4, < 1, thatis
Ak+}‘i= 1 andf(x)= —lkvk—liv,-.

Theorem 11. Let f: G — C(—V) be a solution of (*)y.

i)  The range of f'is contained in only one of the segments joining the points of —V;
ii) fis constant on the non-zero cosets of H (H is the subgroup of G defined in Lemma
2).

Proof. (i) Let xe G be such that f(x) = — A, v, —4;0;, 4 + 4, = 1,4, > 0,4, > 0,and
let ye H be such that — f(y) = v;, j * k,i. Then, by (*),, we have
fO) —fx)—fx™H = — v; + AU + A0 —f(yx_l)e v,

that is
—fx Yev,— Lo + Ao, + V;

ifv, * vy, v; + v, this implies that either the coefficient of v, or that of v; is negative; a
contradiction.

Ifv, = vy = 0,then — f(yx~!) = v; + (1 — 4;) v;, a contradiction by Theorem 10. Let
now ye G be such that f(y) = — u;v; — o, p; + 4y = 1, p; > 0,y > 0, where the
pairs (v,,v;) and (v;, v,) are different. By (*),, we have
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JO) = f(x) = fyx™Y) = — w05 — o + Ao + Ao, — flyx"YeV,
that is

—fx Y= 2 ovepv;+ moy— 4o — 4o+ V.
r=0

If the four vectors v;, v, v, v; are different and v, # v, v; # vy, then either g, or g, is
negative, a contradiction. If v, = vy = 0, we must have — f(yx™') = y;v; + p v,
+ (1—A;)v;, again a contradiction, since, by Theorem 10, all 6, but two must be zero.
Assume now v; = v,; we have —fx"Ne(u; — M) v; + wo,— Ao+ V.If v, 0,0
are different from v, = 0, we have two possibilities: g; & A, then — f(yx~1) = (y;
=) v+ wv, + (1—A)v;, a contradiction as above; u; =/, then g =4, and
— fyx~Y) = pv, + (1 — ;) v;, this means that the three points f(x),f(y).f(yx ') lie
on three different segments joining the points of — V] thus, by the first part of the
proof, H must be empty; a contradiction.

If v; = vy = 0, then —flyx~ Y = v, + (1—4;)v; a contradiction as above.

If v, = vy =0, then — f(yx~!) = (4;—4)v; + (1—4.)v;; again a contradiction.

If v; = vy = 0, then — f(yx~ e (;—A)v; + v, + ¥, so either

—flyx™Y = (;—A)v; + vy or — f(yx™1) = (14~ 4)v; + pv, but this two
points are not on the required segments.

(i) If f=(0,...,f.,0,...,0), the theorem follows from Lemma 1.

Iff(x) = fi(x)v; + f; () v,, wheref,,fj G- [— 1,0] are solutions of (*) , 1y such that
fio) +fi(x)= -1, then by (i) {xf = —pju{xiflx)=—v;} =
{x:fi(x)=0}u{x:filx) = O} {x f;(x) = 0} u {x:f;(x) = — 1} and, by Lemma
1,f;1s constant on the non-zero cosets of H; since f; + f; = — 1, also f; is constant on
the non-zero cosets of H and so this happens for f.

Theorem 12. A function f: G — C(— V) is a solution of equation (*) if and only if it has
one of the following forms:

i) f=(0,...,0,£,0,...,0) for some i =1,..,nand f;: G — [—1,0] is a solution of
*) (0,115

i) f=00,...,0,£0,...,0,f,0,.. 0) for some i and j, where f,f;:G - [—1,0] are
solutions of (*) (g.1), such thatf,(x) +fi(x) = —1 for all xeG.

Proof. The proof follows immediately from Theorem 11.

Remark 2. 1t has to be observed that if there are solutions of (*), of the form (i) of
Theorem 12, then there are also of the form (ii); indeed let f:G - [—1,0] be a
solution of (¥) (o 1, it is immediately seen that the function g(x) = — f(x) —lisa
solution of (*) (¢,1}.

Till now the set Vwas a special finite set; we intend to extend, when possible, the
previous results to the case of Vinfinite.

Consider as before the Banach space B and assume it is a real space of infinite
dimension. As any vector space, B has a Hamel basis, i.e. a set V= {v;} ;; of
independent vectors spanning B, in the sense that any element of B has a unique



Stability of Homophormisms 225

representation as a finite linear combination of elements of V. We can always assume
that all v;’s have norm 1, so Vis a bounded subset of B.

Now we consider the equation (*), for the set V described above. As in the
previous case we can suppose that the unknown function fis bounded and takes

values in C(—V) = C(-V).
For any subset I of J, by p; we denote the coordinate projection given by

p1(x) = pi( Z“j”j) = Z“jvj,XEB,
JjeJ Jjel
(where only a finite number of o;’s are different from zero).
For any I C J,f; = p;of. Obviously if f: G — C(— V) is a solution of (*),, then for
any I C J,f; is a solution of (*), .
Then from Theorem 12 we get immediately the following

Theorem 13. Let f: G —» C(—V) be a solution of (*),; then f has only these possible
forms:

i)  there exists ke J such that for every icJ, i+ k, f; = 0 and f, = A, v,, where
24:G - [—1,0] is a solution of (*) .13

il) there exist k,heJ such that for every ieJ, i+ k, i+ h,f; =0, and f, = 1, v,,
Ju = A v, where A, A, : G - [—1,0] are solutions of (*) (.1, such that
Ae() + A (x) = — 1.
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