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Cohomology of Graded Lie Algebras of Cartan Type 
of Characteristic p 

By CHIU Sen and SHEN Guangyu 

Abstract 
Let F be an algebraically closed field of characteristic p > 3. We study the cohomo- 

logy of graded Lie algebras of Cartan type over F. Let L = @ Lt~ ] be a graded Lie 
i ~ > - i  

algebra of Cartan type. For every irreducible Lt0rmodule V o, a graded L-module ~'0 
is constructed from which all irreducible graded L-modules are derived [9, 10, 11]. 
We determine the structures of H i (L, P'o), where L = W(2, m), I41(3, m) or H (2, m) 
and the structures of nl.(L, Ix), where L = W(2,(1,1)), W(3,(1,1,1)) or H(2,(1,1)) 
and Vis an irreducible restricted L-module. 

w O. Introduction 

In [3], DZHUMADIL'DAEV gave the structure of the cohomology groups 
H i (W(1,B), Ut) of the Zassenhaus algebra W(1,B). In [9], [10] and [11], SHEN 
GUANGYU constructed the graded modules ~'o of graded Lie algebras of Cartan type 
and determined the structure of the irreducible graded modules. 

In this paper we study the cohomology of graded Lie algebras of Cartan type. In 
particular, we determine the structure of the first cohomology of the graded Lie 
algebra L = • Ltij( ~- W(2,m)), W(3,m)) or H(2,m)) of Cartan type with coeffi- 

i>~- I  

cients in ~'o where V o is an irreducible Ltormodule. If moreover L is restricted, that 
is, L = W(2, (1,1)), IV(3, (1,1,1)) or H (2, (1,1)), then we determine the structure of the 
cohomology groups H 1 (L,10, where Vis an irreducible L-module, and the restric- 
ted cohomology groups H~. (L, IX), where Vis an irreducible restricted L-module. 

In w 1, we shall review the notions and the results of SHEN GUANGYU [9, 10, 11] 
and give a general discussion of the cohomology of graded Lie algebras of Cartan 
type. In w 2, we discuss some cohomology properties of W(n, m). In w 3, we reduce the 
computation of Hl(W(n,m), ~'o) to the computation of Hl(sl(n), Vo). Thus we 
determine the structures of H'(W(n,m),Vo) for n = 2,3 (see Theorem 3.1) and 
Hl.(W(n,(1,1 .... 1)), IX) for n = 2,3 (see Theorem 3.2). In w 4, we determine the 
structures of H 1 (H(2,m), ~'0) (see Theorem 4.1)and Hi(H(2,(1,1), Ix) (see Theo- 
rem 4.2). 
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w 1. The Graded Modules I," o 

Let F be an algebraically closed field, char F = p > 0. All Lie algebras and 
modules treated in the present article are assumed to be finite-dimensional. 

The following is a direct implication of DZHUMADIL'DAEV I-3 Theorem 1]. 

Proposition 1.1. Let L be a Lie algebra over F and Q an irreducible representation of  L 
k 

in the module M. I f  there exists a p-polynomial z (t) = ~ ct t p' and an element x ~ L 
i = O  

such that z (adx)  = 0 and z(o(x)) 4= O, then H * ( L , M )  = O. 

A Lie algebra L is a graded Lie algebra ifL = @ Lt~ 1 where the Lvj are subspaces 

of L and [Lti 1, Lu3 ] C Lti+jl. An L-module V is graded if V= ~) V~ and Lul V i C V/+j 
i~>0 

(We assume V o 4= 0 if V# 0 and V o is called the base space of V). 

Proposition 1.2 [10] Let L = �9 Ltij be a graded Lie algebra. 

(1) An irreducible L-module V is isomorphic to a graded module if and only if the 

elements of  L § : = ~) Ltl I and L -  = ~) Lvj act nilpotently on V. 
i > 0  i < 0  

(2) I f  Vis an irreducible graded module then V~--~ Vo is, up to isomorphism, a bijective 
map of  the class of  irreducible graded L-modules onto the class of  irreducible L[o I- 
modules. 

(3) I f  L is centerless and restricted, then every irreducible restricted L-module V is 
graded and V~--~ Vo is, up to isomorphism, a bijective map of  the class of  irreducible 
restricted L-modules onto the class of  irreducible restricted Lfo]-modules. 

l 

Theorem 1.1. Let L = 0) Lti I be a graded Lie algebra over F, L ~: Lto 1, and 0 an 
i =  - k  

irreducible representation of  L in the module V. I f  V is not isomorphic to a graded 
module, then H* (L, 11) = O. 

Proof By Proposition 1.2, there is x e L § ~ L-such that e (x) is not nilpotent. Choose 
a positive integer i such that p~ > k + l + i. Then (adx) p' = 0 and the conclusion 
follows from Proposition 1.1. 

We now give a brief description of Lie algebras of Cartan type W(n, m), S (n, m) 
and H(n,m). Let A(n) be the set of n-tuples of non-negative integers. For 
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= (~l . . . . .  a , )~A(n),  let I~1 = ~ ~. Set e i = (6 u . . . .  ,6,i)~A(n). Let lI(n) be the 
i = 1  

divided power algebra with basis {xr e A (n)} and multiplication 

x ~ ) x ~ =  C~+~xt~+~,o~,fleA(n), 

where 
n 

c~ = H C;; for ~ = (~1 . . . . .  ~n),~ = (~1 . . . . .  ~ ,)e .4(n)  
i = 1  

and C~'i -/~i! (~i -/~i)!" 

If m = (m 1 . . . . .  m,) is an n-tuple of positive integers and A (n, m) = {~ e A (n)l~ 
< p,,i}, then li = 11 (n, m) = <xl~l ~ ~ A (n, m) > is a subalgebra of 1I (n). Write 
= (pro, _ 1 . . . . .  p"" -- 1)~A(n,m). Define derivations Di, i = 1 . . . . .  n, of U(n,m) by 

O i x (a) = x ( a - ~ O  

n 

(We set x ~) = 0  if ~q~A(n)). Then IV= W(n,m): = { E ajD~lajell(n,m)} is a 
j = l  

derivation algebra of 1I (n, m). The bracket operation of W(n, m). is 

[S  aiDi, S b i D , ] = S Z ( a j D j ( b i ) - b ,  Dj(a,))D~. (1.1) 
�9 i j 

Set l t t~ j=<xt~l l~ l=i>  and Wul=(xt~)Djlx~)~llt~+ll,j=l . . . . .  n>. Then W 

= �9 Wt~ 1 is a graded Lie algebra of depth 1. 
i ~ - I  

The subspace S (n, m) spanned by 

Di,j ( f ) :  = D~ (f) D i -  Di (f) Dj,fe II (n, m), i,j = 1 . . . . .  n, 

is a Lie subalgebra of W(n,m)(see I-7]). If n = 2r, let 

a(i) = { 1,O~i<~r, 
-1 ,  r<i<~n,  

,w 
l = i + ~ ( i ) r , i  = 1 . . . . .  n .  

The subspace H (n, m) spanned by 

~ ( x ~ ) :  = ~ a(i3Dr(x~'))D.~eA(n,m),~ . r~, 

is a Lie subalgebra of S (n, m) (see [7]). 

If L is any one of W(n, m), S (n, m) and H (n, m), then L = ~ L m is a graded Lie 
i ~ > - I  

algebra of depth 1 and under the linear map x r176 D# ~ E~j, Lto } is isomorphic to gl (n), 
sl(n) and sp (n) respectively, where E~j is the matrix whose (k,/) - component is 

~ik 6j l"  
We proceed to construct a class of graded modules of L = W(n, m), S (n, m) or 

H (n, m). Let ~o be a representation of Lto I in the module Fo and ~'o = ~t | F o. If  D 
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= Z a/D/e L, then/3 : = Z D i (a j) | E o E 1~ | Lto J (see [9]). Let/3 = S gi | l/, where 
g/E 1I, I~ E Lto r Define a linear transformation 0o (D) of ~'o by 

Qo (D) ( f |  v) = D ( f )  | v + Z g i f |  Oo (li) v , f s  1I, V ~ V o. 

We have (el. [9], [10], [11]) 

Proposition 1.3. 
(1) Qo is a representation of L in ~'o. 
(2) ~'o = @ V/is a graded L-module where V~ = (x  t') | Vol I~1 = i > . / h e  base space 

i>~O 

of ~'o is l | Vo ~- Vo. 
(3) ~'o is transitive (i. e., Ann L t_ q = 1 | Vo). 
(4) IfVo is an irreducible Ltoj-module, then the irreducible graded I~-module with base 

space V o is isomorphic to the (unique) minimum submodule (l('0)ml, of Vo" 
(5) I f  V o is Ltol-irreducible, then ~'o is L-irreducible unless V o is trivial or a highest 

weight module with a fundamental weight as its highest weight. 
(6) I f  m = (1 . . . . .  1), i.e., L is restricted, and V o is an irreducible restricted Lto l- 

module, then (~'o)~/, is the unique irreducible restricted L-module whose base space 
is isomorphic to V o. 

Note 1.1. All irreducible graded modules of L are determined in [11]. (1) If  
L = W(n, m), let .~ = (E l  l . . . . .  E , , )  be the standard Cartan subalgebra of el(n), 

i 
At, i = 1 . . . . .  n, be linear functions on .~ such that A~ (E~j) = 6/~, 2o = 0 and 2 / =  Z 

j = l  

Aj, i = 1 . . . . .  n (the fundamental weights of gl(n)). I f 2 e ~ * ,  denote by Vo(2 ) the 
irreducible module of gl(n) with highest weight 2. If Vo = Vo (2/), ~'o (n, m) and 
P'o (n, m) rain will be denoted by ~'o (2/, n, m) and M (2i, n, m) respectively. By [11], we 
have the following facts. The W(n, m)-module ~'o (2i, n, m) is isomorphic to the 
module of differential i-forms with coefficients in lI(n,m). Let d/: ~'o (2/, n, m) 
--' ~'o (2~+~,n,m) be the exterior differential operator  which is a W(n,m)-module 
homomorphism. We have M (2/, n, m) = d/_ 1 T/o (2/n, m) and ker d/I M (2/, n, m) 

F tcT) (cf. [11, Proposition 2.1 and Lemma 2.1]). Hence we have an exact sequence 

0 ~ ker d i ~ ~'o (2i, n, m) ~ M (2/+ 1, n, m) ~ 0 (1.2) 

which induces the exact sequences 

0 ~ M(2o, n ,m) (=  F) ~ ~'o (2o, n, m) ~ M (21, n, m) ~ 0 

0 ~ F ~c7~ ~ ~'o (2i, n ,m) /M(2i ,  n,m) ~ M(2i+ 1, n, m) -~ 0 (1.3) 

where M (2, + + 1, n, m) = 0. 
(2) If  L = H (2, m), let Z o and No be the one-dimensional trivial module and the 

natural module of Hto j = sl(2), respectively, then ~'o, whose base space is Hto l- 
irreducible, is reducible if and only if V o = Z o or N o. We have Z o = tI, (2o)mi . = F 

and (]~o)mi, -~ U' /F ' I ,  where 1I': = @ (xt~)). 
0t*ff 
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Lemma 1.1. I f  i 4= j, then adw (x t~') D j) is nilpotent. 
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Proof From (1.1) we have ad (x t~') D j). x ~) Dk = x ~') x ~ -  ~j) Dk -- x ~) x ~'~) Dj. The 
assertion follows from an induction on aj. 

Corollary 1.1. I f  X is a root vector of Lto I (with respect to the standard Caftan 
subalgebra consisting of diagonal matrices), then ad L X is nilpotent. 

Proof It  is obvious for L[o ] = gl(n) or sl(n). For  L = sp(n), a glance at the expres- 
sions of the root  vectors (cf. [12, chap. 1, w 3]) shows the result. 

Theorem 1.2. Let L = W(n, m), S (n, m) or H (n, m), and Vo an irreducible Lto]-module. 
I f  V o is not a highest weight module, then H* (L, r/o) = O. 

Proof. It  is shown in [11, Lemma 1.1] that there exists a root  vector X ofL[o ] such 
that 0o (X) p = a. 1 # 0. Our conclusion follows directly from Proposit ion 1.1 and 
Corollary 1.1. 

Let L[o ] = gl(n), sl (n) or sp (n). An Lto]-module V o with highest weight 2 is called 
integral if 2 (hi) ~ {0,1 . . . . .  p -  1} C F, for all hi, where {hi} is the standard Chevalley 
basis of the standard Cartan subalgebra of L[o ]. 

Proposition 1.4. Let V o be an irreducible highest weight module of L[o I which is not 
integral, then 

H* (L, ~'o) = O, L = W(n, m), S (n, m) or H (n, m). 

Proof If  L = W(n, m), we have ad x ~'~ D i (x ~) D j) = x ~') x ~-*') Dj - 6ij x ~') Dj = (ai 
- 6ij ) x (~) Dj. Hence (ad x t~') Di) p - ad x ~'~ Di = 0. On the other hand, suppose 2 (Eli) 
= a ~ {0,1 . . . . .  p -  1} and vz is a highest weight vector. We have 0o (xt*') Di) (x ~ | va) 
= (ai + a) x t~) | vz. Hence 0o (xt~') Di) p - Oo (xt~') Di) * O, and our conclusion follows 
from Proposit ion 1.1 (~'o is irreducible by Proposition 1.3 (5)). For  L = S (n, m) or 
H (n, m) the argument is similar. 

w 2. The properties of cohomology of  W(n, m) 

In section 2 we give some general discussion of the cohomology of W(n, m) with 

coefficients in ~'o. For  convenience, let W = W(n, m), II = 1I (n, m) and I41//= t~ Wu]. 
j~i  

By Proposit ion 1.3 (2), we identify V o with the subspace 1 | Vo of ~'o. Suppose that 
Wx acts trivially on the Wtoymodule Vo, then we may regard V o as a Wo-module. Now 
we generalize Lemma 3 in [3] and obtain 

Lemma 2.1. The relative cohomology H*(W, Wt_I],~'o) is a direct summand of 
H* (W, ~Zo) and H* (W, W t_ 1], ~'o) ~- H* (Wo, Vo). 

Proof We denote the projection from ~'o onto Vo by Prvo. Let d : C *  (W, ~'o) 
C* (Wo, Vo) be a linear map such that ~1~ = Prvo(V" ) for ~e C~ (W, ~'o) = ~'o, and 
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sd tp (l~, . . ., 1~) = Prvo (~P (/~, �9 �9 

for l~ . . . . .  l~ e Wo, where k > 0 and ~p e C ~ (W, %}. We shall show that the following 
diagram is commutative. 

(w,  o)-L (w, r'o) 

c * ( W o  ' Vo) C (Wo' Yo) 

It  is clear that Prvo ( l (~ )  = Prvo (l Prvo (~), for l e Wo, ~ e ~'o, and I(o~1 ~p( . . . . .  l , . . . ) )  
= g ( l ( W ( . . .  ,~ . . . ) ) ,  for ~pe C~(W, ~'o} and le  Wo. Thus we have 

d~C~p = ~r 

We now prove that z~'{c, tw. w t-~.~'o~ is injective. By the definition of relative 

cohomology and Proposit ion 1.3 (3), we have C O (W, W t_ ~, ~'o) = ~'o wt- ~ = Vo. 
Thus a~r ~ ~w, w t- w go~ is the identity map. For  k > 0, let ~p e C ~ tw, w ~_ tl' vo) and 

~r ~p = 0. Assume Pr v~  0P ( . . . ) )  * 0, where j~ is the smallest positive integer such 
that the inequality is valid. Since ~p e C ~ (W, W~_ ~j, 1~o), we have 

k 

Dj 0P (lt . . . . .  l~)) = ~ ( -  1)iy) ([Di, li], lx . . . .  , ~ . . . . .  lk), 
i=1  

for l, . . . . .  l~ e Wo and]  = 1,2,. . . ,  n. Applying Pr y  to the both sides of the equality, 
j - 1  

the right side becomes zero, but the left side doesn t, and we get a contradiction. 
Thus ap = 0. 

Next we define a linear map ~r C* (W o, Vo)---. C* (W,, ~'o). Thus, we set 

( J '  q~ ) (x ~"~ ~ |  x <~ ~)  D~  ) 

= ,  

for k > 0 and ~o e C~(Wo, Vo), where cz t i ) , f l t i ) eA(n ,m) ,Dt i )~ . {Dl , . . . ,D , } ,  and let flto 
= (~il . . . . .  fli.), then D ~", = D~i~ . . .  D~i,,  and 

d '  v = v, f o r  ve  C~ Vo)= Vo. 

I t  is clear that ~ '  C* (W o, Vo) c_ C* (W, W I_ 1~, ~'o)- We need only to show that 
d ' :  C* (I4Io, Vo) ~ C* (W o, Vo) is the identity map, Then C* (W, W~_ ~1, ~'o) 

C* (W o, V o) and the lemma is proved. 
For  le  Wo, if le  W~o, we write Ill = i. For  r >_ 0 and k > 0, let C,k(Wo, Vo) 

= {~oeC~(Wo, Vo)[ if 1ll1 + . . .  +lld * r, then q~(l 1 . . . .  ,Ik) = 0}. Then C~(Wo, Vo) 

-= @ C, k (Wo, Vo). If  ~o e C~ (W o, Vo), then 
r~>0 

( d '  ~o) (x t~'',) Dr1) , . . . ,  x ~'~'~ O ~,)) 
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= ~ D ~"' (x(~'"')) �9 �9 �9 D a~k~ (x t~''k~)) | q~ (x (p"O Dti)  . . . . .  x ( ~ ' )  D(k)). 
I#(1)l + . . .  + I#(k)l-k=r 

I t  is obvious  that  ag'  q~ (/1 . . . .  , lk) = O, if I/ , l  + . . .  + Ilkl < r, ar sO' ~o (/1 . . . . .  Ik) = O, if 
lid + . . .  +ll~l > r, and d d ' f p ( l  x . . . . .  lk) = q~(/1 . . . . .  lk), if Illl + . . .  +llkl = r. 

We now wish to compute  the c o h o m o l o g y  H* (Wo, Vo) in special cases. 
Let T =  (xt~')Di . . . . .  x('")D,>, Vo a Wo-module and  V r = { r e  Vol T .v  = 0}. 

Then  we have 

L e m m a  2.2. I f  V T = O, then 

H i (Wo, Vo) ~ H i (Wo, T, Vo) 

Proof. Let 

C :O -+ C~ (Wo, Vo) d~ C '  (Wo, Vo) d~ C2 (Wo, Vo) -+ . . . (2.1) 

be the s tandard  c o h o m o l o g y  complex. Let us abbreviate Ci(Wo, Vo) as C j. Let 

FtC j = 0, if t >= l,t > j ,  FtC j = {up 6 CJI~v(/1 . . . . .  lj) = 0, 

if j -  t + 1 of variables l l eT} ,  if j_> t > l 

F t C  i = C j, if t < 0. 

Then we obtain  a filtration of the complex C (2.1) 

�9 ..  C F t + l C  C FtC  C F t - I C  C . . . .  

As in [8, Corol la ry  11.12],  it determines a spectral sequence {E,I r = 1,2 . . . .  }, where 
Ei'~ j = H i+j (Fi C/FI+ ~ C), for i,j e Z. By [4, w 2, Corol la ry  to Theorem 2]. We have 

FJ;J ~- W(T, C'(Wo/r, Vo)). 

Since the filtration {Ft C} is bounded,  the spectral sequence {E,} converges to H* (C) 
with the obvious  filtration 

~t  H" (C) = im (H" (F, C) -+ H" (C)), 

where the map  is induced by the inclusion Ft C -+ C, we have 

Ei~ ~- ~Pi Hi + j (C) / ~Pi + i Hi + j (C). 

I n  particular,  we have E~163 H 1 (C)/E~~ vg 2 H i (C) = 0. Hence 

E~ ~ -  H i (Wo, Vo) / E~ ~ (2.2) 

By [4, p. 594], we have 
E~ i ~ H 1 (T, Vo), 

E l~~  H i (Wo, T, Vo). 

Since Tis  a commuta t ive  Lie algebra and  Vo T = 0, we have 

H '  (T, Vo) = 0. 

Thus  we have 1,o_ ,,~ E~o - 0. Hence H i (Wo, Vo) = E~  ~ is a subquot ient  module  of 
E l ' ~  ~ H i (Wo, T, Vo). I t  forces H i (W o, Vo) - H i (Wo, T, Vo). 
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w 3. The computation o f H  1 (W, ~'o) 

Let W be W(n,m) over an algebraically closed field F, char F = p > 2. In  
particular, i fm = (1,1 . . . . .  1), then W(n, (1,1 . . . .  1)) is a restricted Lie algebra. In  this 
section we shall reduce the computat ion of the cohomology groups H x (W(n, m), ~'o) 
to the computat ion of Hl(sl(n), Vo). Hence we can determine the structure of 
H 1 (W(n,m), ~'o) for n = 2,3. Thanks to Theorem 1.1 and 1.2, we need to consider 
only the cases where V o is an irreducible highest weight module of W[o r We shall also 
determine the structure of H 1 (W(n, m), M (2i, n, m)) for i = 0,1 . . . . .  n. In  particular, 
we shall determine the structure of the cohomology group H x (W(n, m) V), where Vis 
an irreducible W(n,m)-module, and the restricted cohomology group 
H1. (W(n, (1,1 . . . . .  111, V), where V is an irreducible restricted W(n, (1,1 . . . . .  1))- 
module for n = 2 and 3. We divide the computat ion into several steps. 

Step i: In  this step we shall prove: 
a) I f  V o = F with trivial action (i. e. ~'o = ll) then there is an exact sequence 

0 ~/_i1  (w, w~ _ 1], u)  ~ H 1 (W,, u)  ~ H 1 (w[_ 11, u) -~ 0; 
b) If  Vo ~: F, then Hl(W,W[_l],~'o)-2 Hl(W,~'o). 

In  case a), we need to show only that the restriction map Hi(W,11) 
-~ H1 (Wt- 11, ll) is surjective. Indeed, any 1-cocycle ~p e Z 1 (W[_ 11, ll) can be exten- 
ded to a 1-cocycle on Wvia ~p (x ('1Di ) = x (') ~p (Di). This yields the surjectivity of the 
restriction map. I t  implies that natural action of W[o ] = gl(n) on H I (W[_ 1], ll), is 
trivial. 

In  case b), if V o 4: F, then the restriction map H 1 (W, ~'o) ~ H1 (W[-1], ~'o) takes 
values in 

H 1 (W[_ 11, Vo) or(") = ( Hx (W[_ 1j, U) | Vo) at (") = H 1 (W[_ 1], Vi) | (Vo ,t(,)) = O. 

Hence the restriction map is O. I t  implies that 

H1 (W, W[_ ij, ~'o) -~ H1 (W, Po). 

Using the cohomology five-term sequence, we have. 

0 --* H 1 (<D1), 1I) --, H l (W[_ 11, ll) ~ H 1 ((Dz . . . . .  D.>, lI) <v, > _., O. 

I t  is obvious that HI(<DI>,I~)= CI( (DI>, I I ) /d~  ([ i l l ]>,  where fix(D 0 
= x(p ,-, - x, o, o . . . . .  o) and [ill] is the cohomology class of f ir  On the other hand, let 
IIi = <x (q . . . . . .  "'eli]/1 = i), then we have 

p r o 1  - 1 

HI( (D2 . . . . .  D,>, lI) < m > =  �9 Hx ((D2 . . . . .  D.>, lIi) <m> 
i = 0  

= HI  ((D2, �9 -., Dn), ~[o). 

To repeat this procedure, we obtain 

n 

HI (B~[- I], U) ~- ~ ([fli]>, 
i=l 

where 
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~xtO . . . . .  p~,,- 1 . . . . .  o), i f j  = i, 

fi(DJ) = (0, i f j  4: i, 

for i,j = 1,2,. . . ,  n. Thus we have proved 

Lemma 3.1. I f  V o is a nontrivial irreducible gl (n)-module with a highest weight, then 

n '  (w, rZol ~- ~1 (w, wt-  1], rZo). 

I f  Vo = F with trivial action, then 

n 

H '  (W, ~'o) ~ �9 <Eft,]> @) H '  (W, Wt_ 1,,lI ). 
i = 1  

Our next task is to compute H 1 (W, W[_ 11, ~'o) in Lemma 3.1. 

Step 2: By Lemma 2.1, we have 

H* (W, W[_ 1,, ~'o) ~ n *  ( w  o, Vo). 

Step 3: Let I = E l l  + E22 + . . .  + E, ,~gl(n)  = Wto ]. We shall prove 

Lemma 3.2. I f  I does not act trivially on Vo, then 

H* (gl (n), Vo) = 0 

and 

H 1 (Wo, Vo) ~ H 1 (Wl, Vo) gt("). 

Proof. The first claim is a special case of Proposit ion 1.1 (Take z (t) = t, x = I). Using 
the cohomology five-term sequence, we have 

o - ,  H 1 (gl(n), Vo W,) - .  H ~ (Wo, Vo) --, H 1 ( W .  Vo) g~(") 

-~ H 2 (gl (n), Vo wl) ~ H 2 (Wo, Vo), (3.1) 

since Wo/W 1 ~- Wto J ~- g/(n). Using (3.1) the second claim follows from the first one. 

Step 4. In this step we shall compute H ~ (I411, Vo) g"~) for any V o. 

As W~ acts trivially on Vo, this is equal to 

Horngl(,)(Wl/[W1, Wl], Vo) = (~ Homglt,)(Y~, Vo), (3.2) 
i>>.1 

where Yi is the contribution to W1/[W1, I4"1] coming from Wtq. By (1.1) and Lucas 
Theorem, that is, 

b, f-I by (modp), 
av p* =l,=[Io au -=~=o a, 

v=O 
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where ~ bu p~ and ~ a~ p~ are the p-adic expressions, we can verify directly 
v>O /t=O 

Lemma 3.3. [I411, Wl-I = (Xt~)Dk ~ Wlll~l > 2,k = 1,2 . . . . .  n,(~) 4: (p~l,0.. . ,0),  
(0, p~2, 0 . . . .  0) . . . . .  (0 . . . . .  0, pU,) 

for 0 < #i < mi, i = 1,2 . . . .  , n). 
By Lemma 3.3, we have 

W~/[W1, I411] ~- ( ~ l j ,  xt~)Dk[~ = (0 . . . . .  0,p"',0 . . . . .  0, for 0 < #i < mi and 

i = 1,2 . . . . .  n), (3.3) 

where the congruent classes modulo [W1, W~] are denoted by the bars. Then Yi = 0 
for all i > 1, i 4: pU - 1 for all # > 0 and Ypu_ ~ (kt > 0) is isomorphic to a direct sum of 

{jlmj >/~}-copies of (F")* regarded as gl (n)-modules, where (F")* ~ W t_ 1] is the 
dual of the natural module of gl(n) (see [9, Lemma 2.2,1). Then there are 
#e {jlmj > p}-isomorphisms, denoted by ~0j tu) for j = 1,2 . . . . .  n and mj > p, which 
form a basis of Homg t ~,)(Ypu _ 1, (F")*). Hence 

f<~pi{~) I j = 1,2,.. ~ n,), if Vo -~ (F")*, 
m j > / / > O  

| nomgtr V0) = ( 0, otherwise. (3.4) 
i_>2 

To compute (3.2), we need to obtain only Homgt ~.) (Y1, Vo). We can verify easily that 
the linear map x r 1 7 4  is a gl(n)-module isomorphism of Wt~ ] onto 
lit2 ] | Wt_ q. As sl(n)-modules we have llt21 ~ V(22 0 and Wt_.] ~ V(21- 0, where 
2~ . . . . .  2, are the fundamental dominant weights and 1/(2) is the irreducible sl(n)- 
module with the highest weight 2. In characteristic 0, we have Wtl ] -~ llt21 | W t_ ~1 

V(22x + 2 . - 0  @ V(20, where the action o f / o n  V(221 + 2 . - 0  and V(2 0 is the 
scalar multiplication by 1 (by [6, Ex. 24.12] ). In prime characteristic, the formula 
holds if and only if the Weyl modules V(221 + 2,_ 1) and 1/(2 0 are simple. If  p 
> (221 + 2._~ + 6 , ~ )  = n + 2, where 6 =ha l f  the sum of positive roots and ~o 
= ~1 + ~2 + . . .  + an-1 is thehighest root, then V(221 + 2 n - 0 a n d  V(20 are simple 
and the formula holds. Thus 

F, if Vo ~ V(22~ + 2,_ ~) or V(20, 
Homal ~,) (Y1, Vo) ~ O, otherwise, (3.5) 

where the action of I on I/o is the scalar multiplication by 1. 
By (3.2) - (3.5), we have 

Proposition 3.1. Suppose char F = p > n + 2. Let V o be any irreducible gl(n)-module 
with a highest weight. Then we have 

( �9 , j =  1,2, ,n 

lp j~u~] m 
.'" 2 ) , / f  Vo -~ V(2,_ ~) and the actton 

> # > O 

of I on V o is the scalar multiplication by p - 1, 
n 1 (W~, V0) *t ~") --- " ~ F , / f  V o g V(22~ + 2._ ~) or V(20 and the action 

] of  I on V o is the scalar multiplication by 1, 
~,0,  otherwise. 
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Step 5: I f  I acts trivially on Vo, then by Proposi t ion 3.1 we have 

H i (W1, Vo) g' t") = 0. (3.6) 

Using the cohomology five-term sequence, we have 

0 ~ H 1 (gl (n), Vo wl) ~ H 1 (W o, Vo) ~ H i (W1, Vo) Of(n) ~ H2(gl(n), Vo wl) 
H 2 (Wo, Vo). (3.7) 

Since Wo/Wi ~- W[o I ~ gl (n). By (3.6) and (3.7), we have 

H i (Wo, Vo) ~ H i (g/(n), Vo). (3.8) 

So we have a reduction from Wto  g/(n) or even to sl(n) as for V o + F 

H i (gl(n), Vo) ~- H i (sl(n), Vo) ~ 

I f  p X n, then we have 

H i (g/(n), Vo) ~ H i (sl(n), Vo), (3.9) 

where Vo 4: F. Let # + and Wbe the set of the positive roots and the Weyl group of 
sl (n), respectively. I f  V(2) is the irreducible sl (n)-module with the highest weight 2 
and 26 W. 0 = {w(3) - 3 ]we W}, then by [6, Ex. 23.4 and 3, Theorem 3], we have 

H*(sl(n), V(2)) = 0, for 2r  W.0. (3.10) 

Now we shall discuss H i (sl(n), V(2)) for 2 e  W.0. Let G be the algebraic group 
SL (n) over the field F and G1 the first Frobenius kernel of G. Fix a Borel subgroup B 
in G and a maximal  torus T in B. Let U be the unipotent radical of B. Let A 
= {cq, . . . ,  c~,} be the set of simple roots, X (T) the lattice of all weights of T, X (T) + 
the set of dominant  weights in X (T), and X 1 = {2 e X (T)+]0 < (2 ,e )  < p, for all 
c~ e A}. More precisely we ought to replace X1 by X (T)/p X (T). Then X 1 is the set of 
all weights for sl(n). Suppose p > h (the Coxeter number), i.e., p > n. I f w s  W has 
length l(w) and 2 = X(T)  + with w "0 + p 2 e X ( T )  +, then by [1, Corollary 5.5] we 
have 

~H ~ (S" -I(w))/2 (U*) ~) 2) (1), if/(w) - 1 mod 2; 
H i (Gl, H ~ (w. 0 + p 2)) -~ (O,  otherwise; (3. 1 1) 

where S (u*) is the symmetriec algebra on u* = (Lie U)*. 

Since V(2) is restricted and irreducible, by [5, p. 575], we have 

H i (sl (n), V(2)) ~- H i .  (sl (n), V(2)), for 2 e X l, 2 #: 0. (3.12) 

Since H i (G1, I/) ~ H i .  (sl(n), l/) for any restricted sl(n)-module, by (3.11) and (3.12), 
we can compute  H i (sl(n), V(2)) at least for n = 3. 

For  n = 2, by (3.8) - (3.12), we have 

f F (~ F, if 2 = p - 2 ,  
H i (Wo, V(2)) ~ ](x , .O)D1) ,  if 2 = 0, (3.13) 

I ,  0, if2 4: 0 , p - 2 ,  
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where I acts trivially on V(2) and <x"'~ ~ Wo/[Wo, Wo]. 
For  n = 3, the fundamental  weights of sl(3) are 2 t and 22 (cf. Note  1.1 (1)). Then 

X t = {a t2  t + a222EX(~  [ 0 ~ ax, a 2 < p}. 
LetX,  = {a t2 t  + a2221at + a2 > p - 2 a n d 0  < al, a 2 < p - 1 } a n d X  b = {a121 

+ a222[at + a2 < p - 2  and 0 ~< aDa2 < p - l } .  Recall that  if 2 e X  b then H~ 
= V(2) and if 2 = a121 + a2 22 ~Xt then we have a short exact sequence. 

0 --* V(2) --* H ~ (2) ---, V(2') --* 0, (3.14) 

where 2' = (p - 2 - a2) 21 + (p - 2 - al) 22 ~ X b. By (3.8) - (3.12) and (3.14), we have 

( F, if 2 = ( p -  2) (2 t + 22) , 

~ n ~  "), i f2  = ( p - 2 ) 2 t + 2 2 ,  
HI(Wo, V(2)) ~- , ( H ~  tl), i f2  = 2t + (p -2 )22 ,  

- - ' / < x  t ' ) o l )  i f 2 = 0 ,  
k .  0, otherwise. (3.15) 

where I acts trivially on V(2). 
By Lemma  3.1, Lemma 2.1, Lemma 3.2, Proposit ion 3.1, (3.13) and (3.15), we have 

Theorem 3.1 Suppose char F = p/> n + 2 for n = 2,3. Let Vo be an irreducible gl(n)- 
module with a highest weight. 
(1) When the action of I is trivial, 

( < [ i l l ] >  G . . .  G <[ft,]> G <x ~') D,>, / f  V o ~ F, 
| F G F, if n = 2 and Vo ~- V(p-2) ,  

. e l F ,  if n = 3 and Vo = V( (p -2) (2 t  +22)), 
Hl (W(n,m), 

~ "~ H ~  " ) , - / f n  = 3 and V o = V((p-2)21  + 22) 
/ H ~  " ) , / f n  = 3 and Vo = V(2t + (p-2)22) ,  

~ 0, otherwise, 

where F is the trivial gl (n)-module, V(2) is the irreducible sl(n)-module with highest 
weight 2 which is regarded as a gl (n)-module such that I acts trivially on it. 
(2) When the action of I is nontrivial, 

. .  j = l , 2  . . . .  n, . ~ 
/ ~ <~~ [ mj > # > 0 > ' / f  V~ = V(2,_ 1) and the 

] action of I on Vo is the scalar multiplication by p -  1. 
nt(W(n,m),~'o)_~ .~ F, ifVo~- V(221+2,_OorV(2x)andtheactionoflonVo 

is the scalar multiplication by 1, 
L O, otherwise. 

Step 6: In  this step we shall compute H t (W(n, m), M (2i, n, m)) for i = 1 . . . . .  n. 
For  convenience, denote ~'o (2i, n, m)) and M (2 i, n, m) by V/and M i, respectively. 
Since I operates nontrivially on V(2i) for i > 0 and p > n, we have 

H t (W, ~) -~ H t (W,, W t_ tl, ~) (by Lemma 3.1) 
H 1 (W o, V(2i)) (by Lemma 2.1) 
H 1 (W t, V(2i)) gl t") (by Lemma 3.2) 

~- Homo,.)(Wt/[W t, Wt], V(21)) 

F, if i = 1, 
0, if i > 1. (by (3.4) and (3.5)) 
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By the proof  of Theorem 3.1 (i), we can obtain 

dimHl(W,1I)  = n + 1. 

By (1.3), we have the long exact sequence 

H~ ~)----~ H~ U/M,) ~ H i (W,M,) ~ H ~ (W, ~). 

Since H~ ~) = 0 and H~ ~/Mi)  ~- F ~c7~ (by (1.3)), we have 

H i (W, Mi) ~ F (c7) for i/> 2 

and 

d imHl (W,  M1) <~ n + 1. 

On the other hand, 0 ~ F ~ II ~ M i ~ 0 yields 

H ~ (W,F) ---, H i (W, lI) -* H i (W, M1). 

Since HI(W,F) -- 0 and H i (W, 1I) ~ F ~+ 1, it implies that dim H '  (W, M1) >. n + 1, 
so HI(W, M 1 ) ~ F  ~+l. Now we have obtained Hl(W, Mi)for i - - 1 , 2  . . . . .  n. By 
Proposit ion 1.3 (5), if Vo~is g/(n)-irreducible, then ~'o is reducible if and only if ~'o 
= ~'o (2, ,n,m) for i -- 0, 1 . . . . .  n. Then by Theorem 3.1 we have 

Corollary 3.1. Suppose char F = p >1 n + 2 for n = 2,3. Let  V be an irreducible 
W(n, m)-module. Then 

H l (W(n, m), 1/) 

F n + i , / f V ~  M(2i ,  nm), 
F ~c7),/f ~ '~ M (2i, n, m) for  i >>, 2, 
F , / f V ~  V(22i +2n_i)  and the action of  I on 

V(221 + 2~_ l) is the scalar multiplication by 1, 
F • F, i fn  = 2 and V ~ - ~'(p-2)  and the action of  I is 

trivial. 
F, ifn = 3 and V ~- ~Z((p _ 2) (2 i + •2)), and the action of  

I is trivial, 
H~ (1),/fn = 3 and V~- ~'((p-2)21 + 22) and the 

action of  I is trivial, 
H~ m , / f n  = 3 and V_~ ~'(21 + (p -2)22)  and the 

action of  I is trivial, 
O, otherwise. 

Finally, we review some results of G. HOCHSCHILD [5]. 

Lemma 3.4. ([5, Theorem 2.1]) Let L be a restricted Lie algebra and Vbe a restricted 
L-module. ?'hen the canonical homomorphism of  HI. (L, V) into H i (L, V) maps 
H~ (L, V) isomorphically onto a subspace of  H 1 (L, V). 

Lemma 3.5. ([5, p. 575]) Let  L and Vbe as in Lemma 3.4. I f  V L = O, then 

H~ (L, V) ~- H i (L, V). 

From Corollary 3.1, Lemma 3.4 and Lemma 3.5, we obtain 
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Theorem 3.2. Let char F = p >~ n + 2 for n = 2,3 and V an irreducible restricted 
W(n, (1,1 . . . . .  1))-module. 7hen 

F "+1 , / fV~ M(21,n,(1,1,..., 1)), 
F ~c~1, i f V  ~- M(2i, n ,m) for  i >1 2, 
F, / f V ~  ~'(221 +2._ 1) and the action of  I on 

V(221 + 2,_ 1) is the scalar multiplication by 1, 
F @ F, if n = 2 and V ~ - ~'(p-2) and the action of  I 

is trivial, 

n l ,  (W(n,m), 111 -~ F, if n = 3 and V ~- F'((p- 2) (21 +22)) and the action of  
I is trivial, 

n~ (11, /fn = 3 and V ~- ~'((p-2)2i+22) and the 
action of  I is trivial, 

H~ m, if n = 3 and V ~- ~'(21 + (p-2)22) and the 
action of  I is trivial, 

O, otherwise. 

w 4. Hx (H(2,m), ~'o) and H~. (H (2 (1,1)), V) 

Let H be H (2, m) over an algebraically closed field F, char F = p > 3. In particu- 
lar, i fm = (1,11, then H(2,(1,1)) is restricted. Thanks to Theorem 1.1 and Theorem 
1.2, we have H 1 (H (2, m), V) = 0, where the H (2, m)-module V is not isomorphic to a 
graded module or V~ ~'o, where the base space Vo is an irreducible HEm-module but 
is not a highest weight module. In this section we use the same methods for W(2,m) 
to determine the structure of H 1 (H(2, m), Vo), where V o is an irreducible highest 
weight module of Hto I (~- sp (2) = sl (2)), the structure of the cohomology groups 
H 1 (H (2, (1,111. 10 where Vis an irreducible H (2, (1,1))-module and the structure of 
the restricted cohomology groups H~. (2, (1,1)) V), where Vis an irreducible restric- 
ted H (2 (1,1))-module. 

Let char F = p > 3 ,  H = H ( 2 , m ) , H  m = H n W ( 2 , m ) m , a n d  H i =  @H m. We 
j>~i 

have ~(x  t~) = -D2(x t ' ) )D1 + D 1 (xt'))D2 for ct~A(2,m),a 4= ~. If we modify the 
proof of Lemma 2.1, then it is not difficult to prove 

Lemma 4.1. 7he relative cohomology H*(H,  Ht_11, ~'o) is a direct summand of  
H* (H, ~'o) and H* (H, H E_ 11, Vo) ~- H* (Ho, Vo), where the Hto]-module V o is the base 
space of  ~'o and H[q (i > O) acts trivially on V o 

Let V(m) denote the m + 1 dimensional irreducible restricted sl (2)-module. In the 
case of H (2, m), we have the following lemma which is similar to Lemma 3.1. 

Lemma 4.2. (i) I f  V i sa  nontrivial irreducible sl (2)-module with a highest weight, then 

H 1 (H, r o) H 1 (H, H t_ 11, r o). 

(ii) I f  V o = F, then 
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n 1 (n,lI) ~ <[ill ] )  G <[f12]) G H 1 (n,  H t_ 11,11), 

where 1I = V(O), and fli and f12 can be defined similary as in w 3, Step 1. 

Let Vo be an irreducible sl (2)-module with a highest weight. 
Now we shall compute H i (H, H t_ 11, ~'o). If  Vo = V(0) = F, then 

H i (H, HE_ 11, ~Zo) ~- H 1 (U o, Vo) ~ Ho/[Ho, Ho]. (4.1) 

By direct computation, we have 

0 #1 < rnl no/[Ho ' n o  ] ~ <@ (xtV, ,,,o)), ~ (x(O.v,2)) i < #2 < m2 ). (4.2) 

Using the cohomology five-term sequence, we have 

0 ~ H i (s/(2), Vo n') ~ H i (Ho, Vo) ~ H i (Hi, Vo) sl ~2) 

H 2 (sl (2), Vo n') ~ H 2 (Ho, Vo). (4.3) 

Now we shall compute H i (H l, Vo) st ~2) for Vo ~: F. This is equal to 

Horn sl ~2)(Hi/[Hi, nl],Vo) = G Homer (2)(Y/, Vo), (4.4) 
i>~l 

where Y~ is the contribution to H1/[H1,H1] coming from Htq. H = H(2,m) is 
spanned by @(f): = - D 2 ( f ) D  1 + D(f)D2,fe~I.  We have 

[ ~  (f), @ (g)] -- ~ (O, (f) D2 (g) - D2 if) D1 (g)). (4.5) 

By (4.5) and direct computation, we have 

[Hi ,  H i ]  = ( ~ ( x t i ' J ) ) 6 H l l i + j  > 3,(i,j) @ (pUl,0), 

(O, pU2),(p ~ + 1,0),(0,p u2 + 1),(p u', 1) 

or (1,pU:),for 0 < #1 < m l , 0  < #2 < m2). (4.6) 

By (4.4) and (4.6), we can show easily that 

I F m'+'~-2, ifVo = V(1), 
H i (Hi, Vo)~,2) ~ F, if Vo = V(3), 

0, if V o 4: F, V(1) or V(3). (4.7) 

If Vo ~ F or V(p-2) ,  then by (4.3), we have 

H i (Ho, Vo) ~ H i (Hi, Vo) ~"z). (4.8) 

If Vo ~ V(p-2)  and p > 5, then by (4.3) and (4.7), we have 

H i (H o, Vo) --- H i (s/(2), Vo) ~ F G F. (4.9) 

If Vo - V(p-2)  and p = 5, then by (4.3) and (4.7), we have 

2 = dirnH 1 (s/(2), Vo) ~< dirnH 1 (Ho, Vo) <. 3. 

Since Hti I = ( ~  (X(3'0)), ~ (X (2' 1)), ~ (X (1,2)), ~ (X(0,3)) ~--- V(3), regarded as sl(2)- 
module, let 
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0, if l~ Ht~ J for i > 1, 

~p(l) = 1, i f l e H t l  J, 

then the cohomology class of ~p is in H i (H 1, V(3)) st(2), by (4.4) and (4.7). Since 
Iplutll E Homsz(2 ) (Hti 1, V(3)), we have 

looP(/1) = tp([lo,/1]), for loeHto I and I i e l l .  

ode Z 1 (Hi, V(3)) can be extended to an 1-cocycle on Ho via vd (lo) --- 0 for lo e Hto r 
We denote its cohomology class by [~p]. It  implies that 

H 1 (Ho, Vo) - F (~ F | <[~v]>. 

Now we have proved 

(4.10) 

Theorem 4.1. Suppose char F = p > 3. Let V o be an irreducible sl (2)-module with a 
highest weight. Then 

0<#1  <ml  ), 
<['fill> (~ <['f12"]> (~ <~ (x(PUI"O)), ~ (X(0'p"2'0)) 0 <]'/2 < m2 

i f  Vo ~- F 
F r o + . -  2, /fVo = V(1), 
F, if V o = V(3) and p =k 5, 

Hx (H (2, m), Vo) 
F @ F, if  Vo = V ( p - 2 )  and p > 5, 
F @ F �9 <[~P]>,/f Vo = V(p-2)  and p = 5, 
O, otherwise. 

If V is an irreducible H (2, (1,1) )-module, then we can also see that 
Hi(H(2, (1 ,1) ) ,V)  = 0, unless ~ '~ ~'(3), V(p-2)  or (~o),i.. We need to compute 
only the case of V = (No),,~.. From Note 1.1 (2), we have (~o)m~. ~ II ' /F.  1 
= <2(11'i2)[0 ~ ii, i2 <= p- - l , ( i i ,  i2) 4: (0,0) or (p-- 1,p-- 1)>, where #(i,.i2) = x(q,i:) 
+ F .  1. Now we compute H 1 (H, II ' /F. 1). 

It  is similar to w 3, Step 1 that there is an exact sequence 

0 -o H 1 (H, H t_ il, II ' /F.  1) --, I t  1 (H, LI'/F. 1) ~ H 1 (H E_ ~j, U'/F.  1) -~ 0 (4.11) 

and 

where 

H' (H[_II, U'/F" I) ~ <[]~l]> �9 <[fl21>, (4.12) 

~(p-1,o), i f j  = 1, and ~2 (Di) = ~0, i f j  = 1, 
]~t (Di) = (0, i f j  = 2, (2(o,p-t) ,  i f j  = 2. 

Our next task is to compute H i (H, H t_ i], l I ' /F.  1). Let tp e Z i (H, H E_ il, II ' /F.  1). 
Then we have 

Di'~p(l) = ~p([Di,/]), for l e H  and i = 1,2. (4.13) 
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If l e H t o  j, then by (4.13), we have Di ~p(l),i = 1,2. It implies that ~p(l)e<~ tL~ 
~o,l)> for l e H t o  r Since ~p is 1-cocycle, we can verify easily that 

v 2 (x (1,o) DI - x (~ D2) = C1 ~O,o) _ C2 ..~(o,I), 

Ip (x (1'~ D2 ) = C2 9~(I,0), 
~P(x(l'~ = C1 ~(o,1), (4.14) 

for some C1, C2 e F. Using (4.13), induction on i shows that 

~p ( 9  (x(i"i2))) = ~o ( - x (h'i2- x) D1 + x ti~ - 1,~2)D2 ) 
= -- C1 ~(il,i2-1) .~_ C2 ~(il- 1,12) 

for ~(x t i " i2 ) )eHt i l ,  i.e., i 1 + i2 = i - 2 .  Let 

J ( 9  (x""~))) = ~ " " ~ -  1), 
(4.15) 

for (il, i2) e A (2, m), (ib i2) oe re. 
It is easy to check that ~Pl, ~/)2 E 21 (H, H[_ 1], ~[t/F" 1). Thus we have 

H 1 (H, H t_ ~1, l l ' / F .  1) = <[v;x]> @ <[~P2]>. 

Hence by (4.11) and (4.12) we have 

H 1 (H, I I ' /F .  1) ~ <[ill]> �9 <['#21> ~) <[-lPl']> 0~) <[Ip2]>. (4.16) 

Therefore 

Corollary 4.1. Let  char F = p > 3 and V a n  irreducible H(2, (1,1))-module. Then 

[r F, /f V~ ~'(3) and p ~= 5, 
| F @ F, /f V -  ~'(p - 2) and p > 5, 

H 1 (H (2, (1,1)), l0 ~ , ~  F ~) F �9 <lip]>,/f V~ P'(p-2) and p = 5, ~ 

<E~,]> r <[~d> r <[,p,]> r <E,p~]>, r v= (~To)m,., 
~. O, otherwise 

By Lemma 3.4 and 3.5, we have 

Theorem 4.2. Let  char F = p > 3 and Van  irreducible restricted H (2 (1,1))-module. 
Then 

( 'F,  /f V~ ~'(3) and p + 5, 
| F O F, i f  V ~ ~ ' ( p -  2) and p > 5, 

H~ (H (2, (1,1)), l0 ~ .~V 0) F @ <[~p]>,/f V -  ~ ~'(p-2) and p = 5, .,~ 

I<[P,]> | <[~]> r <E~,]> r <[~d>, i f  v=  (~o).,., 
~ 0, otherwise 

Note.  W(2, m) and H (2, m) are the only rank two graded Lie algebras of depth 1 of 
Cartan type. W(3,m) and S (3, m) are the only rank three graded Lie algebras of 
depth 1 of Cartan type. We can also use the above methods to determine the first 
cohomology for S (3, m). 
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