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Cohomology of Graded Lie Algebras of Cartan Type
of Characteristic p

By CHiu Sen and SHEN Guangyu

Abstract
Let F be an algebraically closed field of characteristic p > 3. We study the cohomo-

logy of graded Lie algebras of Cartan type over F.Let L = @ L;bea graded Lie
iz-1

algebra of Cartan type. For every irreducible Ljo,-module V;, a graded L-module 7,

is constructed from which all irreducible graded L-modules are derived [9, 10, 11].

We determine the structures of H! (L, ), where L = W(2,m), W(3,m) or H (2, m)

and the structures of HL (L, V), where L = W(2,(1,1)), W(3,(1,1,1)) or H(2,(L1))

and Vis an irreducible restricted L-module.

§ 0. Introduction

In {3], DZHUMADIL'DAEV gave the structure of the cohomology groups
H'(W(1,n), U,) of the Zassenhaus algebra W(1,n). In [9], [10] and [11], SHEN
GUANGYU constructed the graded modules ¥, of graded Lie algebras of Cartan type
and determined the structure of the irreducible graded modules.

In this paper we study the cohomology of graded Lie algebras of Cartan type. In
particular, we determine the structure of the first cohomology of the graded Lie
algebra L= @ Ly (= W(2,m)), W(3,m)) or H(2,m)) of Cartan type with coeffi-

iz—1
cients in ¥, where V, is an irreducible Lio-module. If moreover L is restricted, that
15, L = W(2,(1,1)), W(3,(1,1,1)) or H(2,(1,1)), then we determine the structure of the
cohomology groups H! (L,V), where Vis an irreducible L-module, and the restric-
ted cohomology groups H (L, V), where Vis an irreducible restricted L-module.

In § 1, we shall review the notions and the results of SHEN GUANGYU [9, 10, 11]
and give a general discussion of the cohomology of graded Lie algebras of Cartan
type. In § 2, we discuss some cohomology properties of W(n, m). In § 3, we reduce the
computation of H'(W(n,m), ¥;) to the computation of H'(sl(n), V,). Thus we
determine the structures of H'(W(n,m),¥,) for n = 2,3 (see Theorem 3.1) and
HL(W(n,(1,1..,1)), V) for n =23 (see Theorem 3.2). In § 4, we determine the
structures of H' (H (2, m), ¥,) (see Theorem 4.1)and HL (H (2,(1,1), V) (see Theo-
rem 4.2).
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§ 1. The Graded Modules ¥,

Let F be an algebraically closed field, char F = p > 0. All Lie algebras and
modules treated in the present article are assumed to be finite-dimensional.
The following is a direct implication of DZHUMADIL'DAEV [3 Theorem 1].

Proposition 1.1. Let L be a Lie algebra over F and g an irreducible representation of L
k

in the module M. If there exists a p-polynomial z() = . ¢ t* and an element xe L
i=0

such that z(ad x) = 0 and z(¢(x)) & O, then H* (L, M) = 0.

A Lie algebra Lisa graded Lie algebraif L = @ L; where the L; are subspaces
ieZ
of Land [ Ly, L] C L+ 5. An L-module V is graded if V=@ V,and L V, C V4

i0

(We assume V, + 0 if V+ 0 and Vj is called the base space of V).

Proposition 1.2 [10] Let L = @ Ly, be a graded Lie algebra.
7 4
(1) An irreducible L-module V is isomorphic to a graded module if and only if the

elements of L* : =@ Ly and L: = @ Ly act nilpotently on V.

i>0 i<0
(2) If Vis an irreducible graded module then ViV, is, up to isomorphism, a bijective
map of the class of irreducible graded L-modules onto the class of irreducible Ly -

modules.

(3) If L is centerless and restricted, then every irreducible restricted L-module V is
graded and ViV, is, up to isomorphism, a bijective map of the class of irreducible
restricted L-modules onto the class of irreducible restricted Lo -modules.

!

Theorem 1.1. Let L = @ L, be a graded Lie algebra over F, L % Lo}, and ¢ an
i=—k

irreducible representation of L in the module V. If V is not isomorphic to a graded

module, then H*(L,V) = 0.

Proof. By Proposition 1.2, thereis xe L™ U L such that ¢ (x) is not nilpotent. Choose
a positive integer i such that pf > k + I + i. Then (adx)” = 0 and the conclusion
follows from Proposition 1.1.

We now give a brief description of Lie algebras of Cartan type W(n, m), S (n, m)
and H(n,m). Let A(n) be the set of n-tuples of non-negative integers. For «
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=(0ty, ... %,)EA(D), let jaf = Y a. Set & =(8y;,...0,)€A(n). Let U(n) be the
i=1
divided power algebra with basis {x®|ae 4 (n)} and multiplication
x@ xB) = ng‘ﬁx(ﬁﬂ), a,ﬂeA(n),

where
n

Cs=1 C;ii foro = (ty,...4,),8=0B,-.,B.)EAM)
i=1
and ay!
Chp =————
L Bl — B!
If m = (m,,...,m,)is an n-tuple of positive integers and A4 (n,m) = {o€ A (n)|o;
< p™}, then U = U(n,m) = (x¥|ac A(n,m)) is a subalgebra of U(n). Write =
= (™ —1,...,p™ — 1)e A (n,m). Define derivations D,,i = 1,...,n, of U(n,m) by

D.x® = xle—e)
i

(We set x® =0 if a¢ A(n)). Then W= W(n,m): ={ X a;D;|a;eU(n,m)} is a
i=1
derivation algebra of U (n,m). The bracket operation of W(n, m). is

i
Set Uy = <x®||ja] =i) and W= {(x®D;|x?eW;.,,j=1,...,n). Then W
= @ W, is a graded Lie algebra of depth 1.

iz—-1
The subspace S (n,m) spanned by
Di,j(f): = Dj(‘f)Di—'Di(f)Djafeu(n’m)’i’j = 11 NP (N

is a Lie subalgebra of W(n,m)(see [7]). If n = 2r, let

The subspace H (n,m) spanned by
2(x®):=Ze()D:(xD)D, 0 A(n,m),a * 7,
is a Lie subalgebra of S(n, m) (see [7]).
If L is any one of W(n,m), S (n,m) and H(n,m),then L = @ Lg;isa graded Lie

iz-1
algebra of depth 1 and under the linear map x D;— E;;, Ly, is isomorphic to gl (n),
sl(n) and sp(n) respectively, where E;; is the matrix whose (k,]) — component is
We proceed to construct a class of graded modules of L = W(n,m), S(n,m) or
H (n,m). Let g, be a representation of Ly, in the module V; and V,=UQ®V,IfD
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=ZXa;DieL,thenD: = ZD,(a) ® E;e U ® Ly (see [9]). Let D = 2 g, ® I, where
g€ U, ;e Ly, Define a linear transformation 3, (D) of ¥, by

00D)f®v)=D(f)®v+ Zgf®ao(l)v.feU,vel,.
We have (cf. [9], [10], [11])

Proposition 1.3.

(1) @, is a representation of L in V.

(2) V, =@ Visagraded L-module where V; = {x® ® V,||a| = i). The base space

i»0

of Vyis 1@V, = V,.

(3) V, is transitive (i. e, Ann L_431=10V)

(4) IfVyisanirreducible Lio;-module, then the irreducible graded L-module with base
space V, is isomorphic to the (unique) minimum submodule (Vy)nin of Vo.

(5) If Vy is Lygyirreducible, then V, is L-irreducible unless V,, is trivial or a highest
weight module with a fundamental weight as its highest weight.

6 Ifm=(, 1) i.e., L is restricted, and V, is an irreducible restricted Loy
module, then (V )min iS the unique irreducible restricted L-module whose base space
is isomorphic to V,,.

Note 1.1. All irreducible graded modules of L are determined in [11]. (1) If
L= W(nm), let = (E,,,...E,,> be the standard Cartan subalgebra of gl (n),

A;,i=1,...,n,belinear functions on $ such that 4,(E;j) = 6,;,4, = 0and 4; =

Ani=1,...,n (the fundamental weights of gl(n)). If e $H*, denote by V,(4) the
irreducible module of g/(n) with highest weight A. If V, = V, (), ¥, (n,m) and
7 (n, m) ;, will be denoted by ¥, (4;,n,m) and M (4;, n, m) respectively. By [11], we
have the following facts. The W(n,m)-module ¥, (A;n,m) is isomorphic to the
module of differential i-forms with coefficients in U(n,m). Let d;: ¥, (4, n, m)
— ¥, (Ai+ 1,n,m) be the exterior differential operator which is a W(n, m)-module
homomorphism. We have M (4, n,m) = d;_, V,(4;n,m) and ker d;| M (4, n,m)

~ FC) (cf. [11, Proposition 2.1 and Lemma 2.1]). Hence we have an exact sequence

0 kerd;, —» Vy(Jyn,m) > M (4;, ,n,m) -0 (1.2)
which induces the exact sequences

{0 - M (Ag,n,m)(= F) > ¥ (Ag,n,m) » M(4,,n,m) > 0
0 F€ Vo (A n,m)/ M (A, n,m) > M (4, ,n,m) - 0 (1.3)

where M (,; 4 ,n,m) =0

(2 If L = H(2,m), let Z, and N, be the one-dimensional trivial module and the
natural module of Hy,, = sI(2), respectively, then ¥,, whose base space is Hior
irreducible, is reducible if and only if ¥V = Z, or No. We have Zy = U, (Z o)y, = F
and (Ng)pin = W/F -1, where W': = @ (x@.

min =
aFm



Cohomology of graded Lie algebras 143

Lemma 1.1. If i & j, then ady (x*) D)) is nilpotent.

Proof. From (1.1) we have ad (x* D)) x® D, = x® x*~#% D, — x® x@&) D, The
assertion follows from an induction on a;.

Corollary 1.1. If X is a root vector of Lo (with respect to the standard Cartan
subalgebra consisting of diagonal matrices), then ad; X is nilpotent.

Proof. It is obvious for Ljo; = gl(n) or sl(n). For L = sp(n), a glance at the expres-
sions of the root vectors (cf. [12, chap. 1, § 3]) shows the result.

Theorem 1.2. Let L = W(n,m), S (n,m) or H (n,m), and V;, an irreducible Ly -module.
If V, is not a highest weight module, then H* (L, V) = 0.

Proof. It is shown in [11, Lemma 1.1] that there exists a root vector X of L;o; such
that gy (X)? = a. 1 * 0. Our conclusion follows directly from Proposition 1.1 and
Corollary 1.1.

Let Lyo; = gl(n), sl(n) or sp(n). An Lo;-module ¥, with highest weight 4 is called
integral if 1(h)€{0,1,...,p—1} C F, for all h;, where {h;} is the standard Chevalley
basis of the standard Cartan subalgebra of L.

Proposition 1.4. Let V; be an irreducible highest weight module of Lo which is not
integral, then

H*(L,V,) =0, L = W(n,m), S(n,m) or H(n,m).

Proof. If L = W(n,m), we have ad x® D;(x® D;) = x®xe=# D, — 5, x® D, = (x,
—8;)x® D;. Hence (ad x* D,)P — ad x* D; = 0. On the other hand, suppose A(E;)
=a¢{0,1,...p—1}anduv,isa highest weight vector. We have g, (x* D,) (x® ® v,)
= (¢;+a) x ® v,. Hence g, (x®? D,)F — 3, (x® D;) # 0, and our conclusion follows
from Proposition 1.1 (7}, is irreducible by Proposition 1.3 (5)). For L = S(n,m) or
H (n,m) the argument is similar.

§ 2. The properties of cohomology of W(n,m)

In section 2 we give some general discussion of the cohomology of W(r, m) with

coefficients in ¥,. For convenience, let W= W(n, m), 2 = U (n,m) and W,=® W,
N jzi

By Proposition 1.3 (2), we identify ¥;, with the subspace 1 ® V, of V5. Suppose that

W, acts trivially on the W-module V;, then we may regard ¥, as a W,-module. Now

we generalize Lemma 3 in [3] and obtain

Lemma 2.1. The relative cohomology H* (W, W_,,, V,) is a direct summand of
H*(W. V) and H*(W, W-1p Vo) = H* (W, Vy).

Proof. We denote the projection from ¥, onto ¥V, by Pry,. Let o :C*(W, %)
— C* (W, ;) be a linear map such that &/ § = Pry, (%) for 5e C°(W, V,) = ¥, and
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Ayply,...h)= PrVO(IP(ln coa b))

forl,, ..., L€ Wy, where k > 0 and y e C*(W, V). We shall show that the following
diagram is commutative.

CH(W, Vo) s C+ 1 (W, Vi)
o | s k>0
Ck(Wyy Vo) s CH+ 1 (Wy V)

Itis clear that Pry (@) = Pry Pr,,o (), for le Wy, eV, and I{L v (... . 1,.. )
=d (Ip(...,[..)), for ye C*(W,7,) and le W,. Thus we have
dsofy = o dy.

We now prove that of[cx 5, w A is injective. By the definition of relative
cohomology and Proposition 1.3 (3), we have C*(W,W,_,, Vo) = V," "1 = ¥,
Thus o#(c° w, W -1y P 1S the identity map. For k > 0, let pe C* W, , and

o p =0. Assume Pry, (p(...) # 0, where j, is the smallest positive integer such
that the inequality is valid. Since ye C*(W, W_, ¥,), we have

~1pYe

k
DJ(QJ(II, ER] lk)) = Z (— 1)‘W([Dp li], lla e e Ti; s lk))
i=1
forl,,.. e Woandj = 1,2,... n. Applying PrV o the both sides of the equality,
the right side becomes zero, but the left side doesnt and we get a contradiction.
Thus p = 0.
Next we define a linear map &’ : C* (W, V) — C* (W, ;). Thus, we set

(A @) (xw) 1y« -es x4 00) Dy)

= Z DB (xea)) . PP (x06)) @ ¢ (P D g, .., xP D)

Byt gl k=r

for k > 0 and @ e C*(W,, Vo), where o, By€ A(n,m),Dy€{Dy, ..., D,}, and let B
= (Bi1s - - » Pin)s then DFw = Dfit . DFinand

A'v =, for ve CO(W,, Vo) = V.

1t is clear that & C* (W, V) € C*(W, W _,, ¥,). We need only to show that o/
A C*(Wy, Vo) » C*(W,,V,) is the identity map. Then C*(W, W, %)
= C*(W,, V) and the lemma is proved.

For le Wy, if le W, we write |l = i. For r 2 0 and k > 0, Jet CK{(W,, V)
={QeC¥(Wo, Vo)l if |1 + ... +1hl # 1, then @(I,,.. ., 1)) = 0}. Then C*(W,, V,)

= @ C*(Wy,V,). If g€ C* (W, V,), then

r>0

(' @) (x'x»? Dy, - x(u("’)D(k))
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— Z DB (x("(l))) ... DPuw (x(a(k))) ® e (x(ﬂ(x)) D(l)’ e xBoo) D(k) ).
Byl * - -+ lBgl~k=r

Itis obvious that & @(l;,.. ., L) =0,if |||+ ... +|lld <r L L @ (,,.. . L) =0,if
L+ ...+l >rnand L L o, ... L)=0,... L) if ]|+ ...+l =r
We now wish to compute the cohomology H* (W, V,) in special cases.
Let T= (x*)D,,..,x* D> V, a Wy-module and V] = {ve Vy| T-v = 0}.
Then we have
Lemma 2.2. If VI =0, then
HY (Wo, Vo) = H (Wo, T, Vy)
Proof. Let
0 1
C:0- CO(W,, Vo) b CH(W,, Vo) C2(W,,Vy)> ... 2.1)
be the standard cohomology complex. Let us abbreviate C/ (W, V,) as C’. Let
FC=0,ift2Lt>), F,C={peCly(,...l[)=0,
if j—t + 1 of variables ,e T}, ifj=2t =1
F,.C=Clift<0.
Then we obtain a filtration of the complex C (2.1)
...CF,,,CCF,CCF,_,CcC....

Asin [8, Corollary 11. 12], it determines a spectral sequence {E,|r=1,2, ...}, where
E = H*I(F,C/F,,,C), for i,je Z. By [4, § 2, Corollary to Theorem 2]. We have

EY = H/(T,C'(Wy/T, V).

Since the filtration {F, C} is bounded, the spectral sequence {E,} converges to H* (C)
with the obvious filtration

v, H"(C) = im(H"(F, C) - H*(C)),
where the map is induced by the inclusion F,C — C, we have
Ef =y, H(Q)/y;  HY(C).
In particular, we have E%'x~ H' (C)/ELsince y, H'(C) = 0. Hence
E%'~ HY(W,, V) /EL® 22

By [4, p. 594], we have
E% = HY(TV,),

El,Zog H1 (W/(b 7; VO)‘
Since Tis a commutative Lie algebra and ¥, = 0, we have
H! (TVy) =0.

Thus we have EL°= 0. Hence H! (W, V,) = EL% is a subquotient module of
E}®~ HY(W,, T, V,). It forces H' (W,, V) = H' (W, T, V,).
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§ 3. The computation of H* (W, V,)

Let W be W(n,m) over an algebraically closed field F, char F=p > 2. In
particular, ifm = (1,1, .. ., 1), then W(n,(1,1 ..., 1))is a restricted Lie algebra. In this
section we shall reduce the computation of the cohomology groups H* (W(n, m), ¥;)
to the computation of H'(sl(n), V,). Hence we can determine the structure of
H'(W(n,m), ¥,) for n = 2,3. Thanks to Theorem 1.1 and 1.2, we need to consider
only the cases where ¥, is an irreducible highest weight module of W,;. We shall also
determine the structure of H! (W(n,m), M (4,n,m)) for i = 0,1,. . ., n. In particular,
we shall determine the structure of the cohomology group H' (W(n, m) V), where Vis
an irreducible W(n,m)-module, and the restricted cohomology group
H i (W(n,(1,1,...,1)),V), where V is an irreducible restricted W(n,(1,1,...,1))-
module for n = 2 and 3. We divide the computation into several steps.

Step 1: In this step we shall prove:

a) If ¥, =F with trivial action (i.e. ¥, = U) then there is an exact sequence
0~ H* (W, Wiy, 1) » H* (W1) > B (W_ 1, 1) > 0;
b) If V, + F, then H (W, W_,,, ) > H' (W, V).

In case a), we need to show only that the restriction map H'(W,)
— H' (W_,;, W) is surjective. Indeed, any 1-cocycle y e Z' (W_;, ) can be exten-
ded to a 1-cocycle on Wvia p (x® D;) = x@ 1 (D,). This yields the surjectivity of the
restriction map. It implies that natural action of Wy, = gl(n) on H' (W_,, ), is
trivial.

In case b), if ¥, # F, then the restriction map H' (W, ¥,) > H! (W,_,, ¥, takes
values in

H (W— 1, Vo™ = (H' W, W @ Vo' ™ = H! (W, W ® (V™) = 0.
Hence the restriction map is 0. It implies that
H' (W, W1y, Vo) > H (W, Vo).
Using the cohomology five-term sequence, we have.
0— H'({Dyy, W) » H (W,_;,U) > H* ({D,, .., D, W) P> > 0.

It is obvious that H!({D >, W)= C1 (D>, N)/d°(U) = {[B,]1), where B,(D,)
= x®"~1:0,0... .0 and [B,] is the cohomology class of 8. On the other hand, let
U, = (' "M e Uiy = i), then we have

-1

Hl (<D27 .. -9Dn>7u)<D1> = e? Hl (<D27 . -,Dn>’ui)<Dl>
= H'({D,,...D,>Uy).

To repeat this procedure, we obtain

n

H (W_ W= @ B,
i=1

where
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X P 0 e
ﬂi(Dj)={0 P
,if j = 1,

for i,j = 1,2,...,n. Thus we have proved

Lemma 3.1. If V, is a nontrivial irreducible gl(n)-module with a highest weight, then
H'(W, V) = H'(W, Wi-1p Vo).

If Vy = F with trivial action, then
H'(W, I70) > @ BD@H' W, WE_”,H).
i=1
Our next task is to compute H' (W, W,_}, ¥,) in Lemma 3.1.

Step 2: By Lemma 2.1, we have
H* (W, W13, Vo) = H* (Wo, Vo).
Step 3: Let I = E(; + E;; + ... + E,,egl(n) = W,,;. We shall prove

Lemma 3.2. If I does not act trivially on V,, then
H*(gl(n), Vo) =0
and
H' (Wo, Vo) & HY (W, V) ™.

Proof. The first claim is a special case of Proposition 1.1 (Take z (¢) = t, x = I). Using
the cohomology five-term sequence, we have

0— H' (gl(n), Vo™") » H' (Wo, Vo) - H' (W, Vo) # @
- H?(gl(n), Vo) = H* (Wo, Vo), (3.1)

since Wy/W; = Wio; = gl(n). Using (3.1) the second claim follows from the first one.
Step 4. In this step we shall compute H! (W;, V)%™ for any V.
As W, acts trivially on ¥, this is equal to

Homy, o (W /[W;, W], Vo) = @ Homy (Y, Vo), (3.2)

i1

where Y, is the contribution to W, /[ W,, W;] coming from W;. By (1.1) and Lucas
Theorem, that is,
t
[
v=0

Zbu p*

u20
t
v
{ av p =0

v=0

b,
a

o O
® 0w
N—

il

) (mod p),

v
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t

where Y b, p* and Y. a, p’ are the p-adic expressions, we can verify directly
vz20 n=0

Lemma 3.3. [W,, W;] = (x® D, e Wi|la| > 2,k = 1,2,.. ,n,(2) % (p*1,0...,0),
(07 puz’ 0’ 3 90)7 . -’(09 vy 05 Pu")
JorO<p, <mui=12,..,n.
By Lemma 3.3, we have
Wy [IW, W] = (W, x @ Dyl = (0, . . ., 0,p*,0,. . .,0, for 0 < u; < m; and
i=12,..,m, (3.3)

where the congruent classes modulo [ W}, W, ] are denoted by the bars. Then Y, = 0
foralli > 1,i + p*—1forally > Oand Y,x_, (4 > 0)isisomorphic to a direct sum of
# {jlm; > p}-copies of (F")* regarded as gl (n)-modules, where (F")* = W_,,is the
dual of the natural module of gl(n) (see [9, Lemma 2.2]). Then there are
# {jlm; > p}-isomorphisms, denoted by y* for j = 1,2,...,n and m; > p, which
form a basis of Homy (, (Y, _;,(F"*). Hence
O e Y A T
m;>u>0
@ Hom gl(n)(Y;9 VO) = { ’

i»2

34
0, otherwise. 34)

To compute (3.2), we need to obtain only Homy, (,,(Y;, ;). We can verify easily that
the linear map x®D; » x® ® D, is a gl(n)}-module isomorphism of W, onto
U,y ® Wi_ g As sl(n)-modules we have U,; = V(24,) and W_,; = V(4,_ ), where
At .- A, are the fundamental dominant weights and WJ) is the irreducible s!(n)-
module with the highest weight 1. In characteristic 0, we have Wj;; = U,; ® W_;
~ V(24; + 4,—1) @ V(4,), where the action of I on V(24, + A,_,) and V(4,) is the
scalar multiplication by 1 (by [6, Ex. 24.12]). In prime characteristic, the formula
holds if and only if the Weyl modules V(24, + 4,_,) and V(1,) are simple. If p
= 24y + A,y + 6,08) = n + 2, where 6 =half the sum of positive roots and «,
=0y + a, + ...+ a,_, is the highest root, then V(24 + 4,_,)and V(4,) are simple
and the formula holds. Thus

F,if Vo = V24, + A,_,) or V(4,),

3.5
0, otherwise, (3.3)

Homy, (, (Y1, Vp) = {
where the action of I on Vj is the scalar multiplication by 1.
By (3.2) — (3.5), we have

Proposition 3.1. Suppose char F = p = n + 2. Let V,, be any irreducible gl (n)-module
with a highest weight. Then we have

j=12,..,n_ . .
) ,if V, = V(A,-,) and the action
{y; Imj>,u>0>lf0 (An-1) a
of I on V,, is the scalar multiplication by p — 1,
1 1 (n) 0
H (W, Vo' " = S F, if Vo = V24, + Ay—y) or V(2,) and the action
0
of I on Vy is the scalar multiplication by 1,
0, otherwise.
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Step 5: If I acts trivially on V,, then by Proposition 3.1 we have
HY(W,, V)¢ ™ =0. (3.6)
Using the cohomology five-term sequence, we have
0— H' (gl(n), Vo™ ") = H* (Wy, Vo) » H' (Wy, Vo) — H* (gl (n), V" )
— H2(Wp, V). (3.7)
Since Wy/W; = Wjo; = gl(n). By (3.6) and (3.7), we have
HY(W,, V) = H' (gl (n), Vy). (3.8)
So we have a reduction from Wto gl(n) or even to sl(n) as for V, + F
H*(gl(n), Vo) = H (sl (n), V)" / st
If p ¥ n, then we have
H! (gl(n), Vo) = H* (sl(n), Vp), (39

where V, + F. Let * and Whbe the set of the positive roots and the Weyl group of
sl(n), respectively. If V(1) is the irreducible s/ (n)-module with the highest weight 4
and A¢ W-0 = {w(d) — d|we W}, then by [6, Ex. 23.4 and 3, Theorem 3], we have

H*(sl(n), V(1)) = 0, for /¢ WO. (3.10)

Now we shall discuss H* (sl (n), V(4)) for Ae W.0. Let G be the algebraic group
SL (n) over the field F and G, the first Frobenius kernel of G. Fix a Borel subgroup B
in G and a maximal torus Tin B. Let U be the unipotent radical of B. Let 4
= {a,,...,a,} be the set of simple roots, X (T) the lattice of all weights of T, X (T)*
the set of dominant weights in X (T), and X, = {1e X (T)*|0 £{4,a) < p, for all
a€ A}. More precisely we ought to replace X, by X (T)/p X (T). Then X, is the set of
all weights for sl(n). Suppose p > h (the Coxeter number), i.e., p > n. If we W has
length [(w) and A = X (T)* with w-0 + pie X (T)*, then by [1, Corollary 5.5] we
have

HO(SE=H0072 (%) @ 2) W, if I(w) = 1mod 2;

0, otherwise; (3.11)

HY (G, H°(w-0+ pld) ’;{

where S (u*) is the symmetriec algebra on u* = (Lie U)*.
Since V(4) is restricted and irreducible, by [5, p. 575], we have
H(sl(n), V(4)) = H* (sl (n), V(4)), for e X,,A % 0. (3.12)

Since H' (G, V) = H*' (sl (n), V) for any restricted s (n)-module, by (3.11) and (3.12),
we can compute H* (sl(n), V(A)) at least for n = 3.
For n =2, by (3.8) — (3.12), we have

F@®F,ifA=p-2,
HY (W, V(4) = 0D if 4 =0, (3.13)

0,ifA+0,p—2,
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where I acts trivially on V(4) and {x""9D,> = W /[W,, W,].

For n = 3, the fundamental weights of s/(3) are 4, and A, (cf. Note 1.1 (1)). Then
X, ={a;4 +a,4,€X(D 0< ay,a, <p}.

LetX, = {a, Ay + ay A)la; + a, > p—2and0 < ay,a, <p—1}and X, = {a, 4,
+ ayA,la; + a; <p—2and 0 < ay,a, < p—1}. Recall that if 1e X, then H°(J)
= V(4) and if 1 = a; 4; + a, 4, € X, then we have a short exact sequence.

0- V() - H®(A) - V(i) -0, (3.14)
where X' = (p—2—a,)4, + (p—2—a,) 1, € X,. By (3.8) — (3.12) and (3.14), we have

F, ifl=(p-—-2)(1;+4,),
HOQ)Y, ifA=(p—2) A +4,
H (W, Vi) =< H°(A)WN, ifA=1,+(p—=2)4,,
(D> ifA=0,
0, otherwise. (3.15)
where I acts trivially on V().
By Lemma 3.1, Lemma 2.1, Lemma 3.2, Proposition 3.1, (3.13) and (3.15), we have

Theorem 3.1 Suppose char F = p 2 n + 2 for n = 2,3. Let V, be an irreducible gl(n)-
module with a highest weight.
(1) When the action of I is trivial,

BDD... LB ®LDD,if V, = F,
FO®F, ifn=2and Vy=V(p-2),
F,ifn=3and Vo = V((p—-2)(4; +4,)),
HOG)V ifn=3and Vo= V((p—2)A; + 4,)
HO()W ifn=3and Vo = V(A, + (p—2) A,),
0, otherwise,

H'(W(n,m), V,) =

where F is the trivial gl(n)-module, V(2) is the irreducible sl(n)-module with highest
weight A which is regarded as a gl(n)-module such that I acts trivially on it.
(2) When the action of 1 is nontrivial,

o) ji=12..,n,

m;>u>0
action of I on V, is the scalar multiplication by p—1.
H Wnm), V)~ < F, ifV,x V(24,+4,_,) or V(4,) and the action of I on V,,

is the scalar multiplication by 1,
0, otherwise.
Step 6: In this step we shall compute H (W(n,m), M (A, n,m)) fori=1,...,n.

For convenience, denote ¥, (4;,n,m)) and M (1,n,m) by V. and M, respectively.
Since I operates nontrivially on V(4,) for i > 0 and p > n, we have

> if Vo = V(A,_,) and the

H!' (W, V) = H' (W, W_,,, V) (by Lemma 3.1)
=~ HY (W, V(A)) (by Lemma 2.1)
>~ HY (W, V(2™ (by Lemma 3.2)

= Hom,yy (W;/IW,, W11, V(2))
{F, ifi=1,
0,ifi > 1.

~

(by (3.4) and (3.5))
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By the proof of Theorem 3.1 (i), we can obtain
dimH' (W) =n+ 1.

By (1.3), we have the long exact sequence

H° (W, V)— H° (W, V/M)) > H (W, M) > H* (W, V).
Since HO (W, 7) = 0 and HO (W, /M) = F) (by (1.3)), we have
H'W,M)~F€  foriz2
and
dimH'(W,M,)<n + 1.
On the other hand, 0 > F > U - M| — 0 yields
HY(W,F)—» H' (W) - H* (W, M,).

Since H'(W,F) = 0 and H* (W, W) = F**1, it implies that dim H (W,M,) > n + 1,
so H'(W,M,) =~ F**1. Now we have obtained H!'(W,M)for i =1,2,...n By
Proposition 1.3(5), if Vis gl (n)-irreducible, then ¥, is reducible if and only if ¥,
= %(ll,n, m) for i =0,1,...,n Then by Theorem 3.1 we have

Corollary 3.1. Suppose char F =p>n+ 2 for n=23. Let V be an irreducible
W (n, m)-module. Then

F'*lif V= M(4,,nm),

FED if V> M(J,nm) fori>2,

F,if V= V(24,+4,_,) and the action of I on
V(24,4 4,-,) is the scalar multiplication by 1,

F®F,ifn=2and V= V(p—2) and the action of I is
trivial.

H'(W(n,m),) = F,ifn=3and V= V((p—2) (A, + A,)), and the action of
I is trivial,

H°(A)N, ifn=3 and V= V((p—2)4, + A,) and the
action of I is trivial,

H°(A)™M, ifn=3and V= V(A, + (p—2) 4,) and the
action of I is trivial,

0, otherwise.

Finally, we review some results of G. HocHSCHILD [5].

Lemma 3.4. ([5, Theorem 2.1]) Let L be a restricted Lie algebra and Vbe a restricted
L-module. Then the canonical homomorphism of HL (L, V) into H' (L, V) maps
H (L, V) isomorphically onto a subspace of H* (L, V).
Lemma 3.5. ([S, p. 575]) Let L and V be as in Lemma 3.4. If VX = 0, then
HL(L, V)= H'(L,V).

From Corollary 3.1, Lemma 3.4 and Lemma 3.5, we obtain
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Theorem 3.2. Let char F =p = n + 2 for n =23 and V an irreducible restricted
Wn,(1,1,...,1))-module. Then

F*Uif Ve M(A,n,(1,1,...,1)),

FCO if V= M(A,nm) for i =2,

F, if V= V(24,4 A,_,) and the action of I on
V(24, + A, 1) is the scalar multiplication by 1,

F@F,ifn=2and V= V(p—2) and the action of I
is trivial,

HL(W(n,m), V) = F,ifn ='3 arfd'V; P((p—2) (A, + 1,)) and the action of
I is trivial,

HOO)WY, ifn=23and V= V((p—2) 4, +1,) and the
action of 1 is trivial,

HG,) Y, if n=3and V= V(i +(p—2) 1,) and the
action of 1 is trivial,

0, otherwise.

§ 4. HY(H(2,m), V) and HL(H(2(1,1)),V)

Let H be H (2, m) over an algebraically closed field F, char F = p > 3. In particu-
lar, if m = (1,1), then H (2,(1,1)) is restricted. Thanks to Theorem 1.1 and Theorem
1.2, we have H! (H (2, m), V) = 0, where the H (2, m)-module V is notisomorphicto a
graded module or V= ¥, where the base space V,, is an irreducible H ror-module but
is not a highest weight module. In this section we use the same methods for W(2,m)
to determine the structure of H' (H (2, m), ¥;), where ¥, is an irreducible highest
weight module of Hyg (= sp(2) = sl(2)), the structure of the cohomology groups
HY(H(2,(1,1)). V) where Vis an irreducible H (2,(1,1))-module and the structure of
the restricted cohomology groups HL (2,(1,1)) V), where Vis an irreducible restric-
ted H(2(1,1))-module.

Let char F=p>3, H=H(2,m), Hy;=Hn W2,m),, and H;= ®H. We

=t
have 2 (x®) = —D,(x*)D, + D, (x*) D, for a€ A(2,m),a *+ n. If we modify the
proof of Lemma 2.1, then it is not difficult to prove

Lemma 4.1. The relative cohomology H*(H,H|_, V) is a direct summand of
H*(H,V,) and H*(H,H [—1p V,) = H*(H,, V,), where the H ror-module Vy, is the base
space of V, and Hy(i > 0) acts trivially on V.

Let V(m) denote the m + 1 dimensional irreducible restricted s!(2)-module. In the
case of H(2,m), we have the following lemma which is similar to Lemma 3.1.

Lemma 4.2. (i) If Vis a nontrivial irreducible sl(2)-module with a highest weight, then
Hl (H’ ‘70) X Hl (H’H[—l]’ I‘70)'
(i) If V, = F, then



Cohomology of graded Lie algebras 153
H (HW) = <[$,1> ©<[B,]) ® H' (H,H;_ 1, W),
where U = V(0), and B, and B, can be defined similary as in § 3, Step 1.

Let ¥, be an irreducible si(2)-module with a highest weight.
Now we shall compute H! (H, H,_ y}, V). If V, = V(0) = F, then

H'(H,Hy- 13, Vo) = H' (Ho, Vo) = Ho/ [Ho, Ho)- (4.1)
By direct computation, we have
O<py, <m
Ho/[Ho, Ho] (2 (x7*0), @ (x©-P*2) P 42
oflHo Hol = (0", @ (0| =00 2 @2)

Using the cohomology five-term sequence, we have
0 H' (s1(2), Vo™) > H' (Ho, Vo) » H' (Hy, Vo) @
— H?(s1(2), Vo) = H? (Ho, Vy). (4.3)
Now we shall compute H* (H,, V) ® for V, + F. This is equal to
Hom g 5)(H,/[Hy, H,1,Vo) = @ Homyg 5, (Y, Vo), 44

iz1

where Y; is the contribution to H, /[H,H,] coming from Hy. H = H(2,m) is
spanned by Z(f): = —D,(f)D, + D(f)D,,fe . We have

[2().2@)]=2(D,()D,(g) — D,(f) D, (g)). (4.5)
By (4.5) and direct computation, we have
[Hy, H] =<2 (x“)eH,|i+]>3,0j) * (¢p*,0),
©,p"), (P + 1,0),(0,p** + 1),(p*, 1)
or (1,p"*)for 0 < p; <m;,0 < pu, < my). 4.6)
By (4.4) and (4.6), we can show easily that
Fritm=2 if Vi, = W(1),

HY(H,,Vy)*"® >~ { F, if ¥, = V(3),
0, if ¥y * F, V(1) or V(3). 4.7
If Vo & F or V(p—2), then by (4.3), we have
H'(H,, V) = H' (H,, Vp)™2, 4.8)
If V, @ V(p—2) and p > 5, then by (4.3) and (4.7), we have
HY'(Ho, Vo) = H' (sI(2), Vo)) = F®F. 49

If V, = V(p—2) and p = 5, then by (4.3) and (4.7), we have
2=dimH(sl(2),V,) <dimH'(H,,V,) < 3.

Since Hyy; = (2 (x*9), 2 (x?1), 2 (x 42, P (x*3y ~ V(3), regarded as si(2)-
module, let
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0, ifleHyfori>1,
po={> 1t
1, ifleHy,,

then the cohomology class of v is in H*(H,, V(3))™?®, by (4.4) and (4.7). Since
(PIH[I]EHomsz(z) (H{1p, V13)), we have

Lbw(y) = (o)) for loe Hypyand [ € H.

ypeZ'(H,, ¥(3)) can be extended to an 1-cocycle on Hy, via y (ly) = 0 for Iy Hyg,.
We denote its cohomology class by []. It implies that

H'(Ho, Vo) = F® F & <[y]) (4.10)

Now we have proved

Theorem 4.1. Suppose char F = p > 3. Let V,, be an irreducible sl (2)-module with a
highest weight. Then

D @ Ap:D & @) 2 (0r0) =
r if Vo F
Frtm= 20 if V= V(1)
o F, ifVo=V(3)andp +5,
HHCm),T) > | F®F,  ifV,=V(p—-2andp>5,
FOF®LwD,ifVo=V(p—2) and p=>5,
0, otherwise.

If V is an irreducible H(2,(1,1))-module, then we can also see that
HY(H(@2,(1,1)),V) =0, unless V= ¥(3), V(p—2) or (No)minr We need to compute
only the case of V= (Ng)u» From Note 1.1 (2), we have (No), = W/F-1
= (X0 € iy, iy £ p—1, (i, 15) + (0,0) or (p—1,p—1)), where x5 = x(n 12
+ F-1. Now we compute H* (H,W'/F - 1).

It is similar to § 3, Step 1 that there is an exact sequence

0— H'(H,H,_,},W/F 1) - H' (H,W/F - 1) - H' (H_ ;, //F - 1) > 0 (4.11)

and
H' (Hp- 13, W/F - 1) = <[B,1) @ <[B.D, (4.12)
where
0, = 1, 0, ifj=1,
Bl(Dj)={0’ 1f]=2, and BZ(Dj)={x_(O,p—1), 1f]=2

Our next task is to compute H* (H,H_, W/F - 1). Let ye Z' (H,H_;, W/F - 1).
Then we have

D;-y(l) = p([D;1]), for leH and i = 1,2. (4.13)
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If le H,, then by (4.13), we have D; w(l),i = 1,2. It implies that v (l)e ("9,
x%V for le Hyy,. Since y is 1-cocycle, we can verify easily that

PV D, —xOVD,) = €, X1 — C, 7O,
»(x19D,) = C, x9,
p(xTOD )y =C, %OV, 4.14)

for some C,,C, e F. Using (4.13), induction on i shows that

(@ (x(u lz))) ( xlini2= I)D + x(u 1, lz)D )
- —C x(“ i2— 1)+ C x(u 1;2)

fOI' g(x (il‘iZ))eH[i], i e., il + iz = l—‘2. Let
w(.@(x(i"iZ))) — i(il.iz—l)’
{w (9 (x(ix, iz))) = j(il—l,iz)’

for (iy,i)e A(2,m), (i, i) + 7.
It is easy to check that y,,yp,e Z' (H, H_,), W/F - 1). Thus we have

HY(H,H_ , W/F 1) = [, 1> ® [w,]).
Hence by (4.11) and (4.12) we have
HY(H,W/F-1) = [B.] ®<[F.D @ [y, D @ Lw. 1> (4.16)

4.15)

Therefore

Corollary 4.1. Let char F = p > 3 and V an irreducible H (2,(1,1))-module. Then

F, ifV=VB)andp <5,

F@F, if Ve V(p—2) and p > 5,
H'HQQL)), V=L FOFOyD, if V=Vp—2) and p=>5,

<[Z?1]> @ <[> @ [w: D> ® [w 1, f V= (Ng) pims

0, otherwise

By Lemma 3.4 and 3.5, we have

Theorem 4.2. Let char F = p > 3 and V an irreducible restricted H (2(1,1)}-module.
Then

F, fV=V3)andp +5,
FO@F, ifV=V(p—2)and p > 5,

H(HQADVW= L FOFOYD, if V= V(p-2 andp =5,
<[31]> ® <[B.1> @ <[w1 1> @ [wal)s i V= (o) in

0, otherwise

Note. W(2,m) and H (2, m) are the only rank two graded Lie algebras of depth 1 of
Cartan type. W(3,m) and S(3,m) are the only rank three graded Lie algebras of
depth 1 of Cartan type. We can also use the above methods to determine the first
cohomology for S(3, m).
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