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On the Greatest Common Divisor of Two Cullen Numbers

By F. Luca

Introduction

Recently, BUGEAUD, CORVAJA, and ZANNIER (see [2]) showed that if ¢ and b
are two multiplicatively independent positive integers, then for every ¢ > 0 there
exists a positive integer n, so that gcd(a” — 1,b5" — 1) « exp(en) holds for all
n > ng. The restriction that ¢ and b be multiplicatively independent integers is, of
course, needed for such a result to hold, for if otherwise, then it is easy to see that
there exists a computable constant ¢ depending only on a and b such that gcd(a” —
1, 5" — 1) > exp(c1n) holds for infinitely many positive integers n. The result from
[2] was recently generalized in [S], and such a generalization was efficiently used
to give an affirmative answer to a question concerning the largest prime divisor of
an expression of the form (ab + 1)(ac + 1)(bc + 1) with positive integers a, b, and
¢ due to GYORY, SARKOZY and STEWART which was stated in [4]. This question
was also settled independently by P. CORVAJA and U. ZANNIER (see [3]).

Also recently, a different kind of problem which in a sense is related to the above
result from [2] was investigated by us in {7], and slightly extended to more general
situations in [6]. Namely, in {7], we investigated the following problem:

Let r and s be non-zero integers with 2 + 4s # 0 and let (u,)n>0 be a non-
degenerate binary recurrent sequence of integers of characteristic equation

xI—rx—s5=0. )
That is, ug, u1 € Z and the recurrence
Up+2 = TUpt] + SUp

holds for all non-negative integers n. It is then well-known that there exist two
constants ¢, d which can be immediately computed in terms of ug, uy, r and s, so
that with & and B the two roots of the equation shown at (1), the formula

u, = ca’ +dp" (2)

holds for all n > 0. By non-degenerate above we mean that /8 is not a root of 1
and that cd # 0. Then, in [7], it is shown that if r and s are coprime and ¢/d and
o/ are multiplicatively independent, then there exists an effectively computable
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constant ¢, so that gcd(uy, uy) < exp(ca+/m) holds for all m > n. Both con-
ditions, namely the fact that » and s are coprime and the fact that ¢/d and a/8
are multiplicatively independent are necessary for such a result to hold, for if not
then there exists an effectively computable constant ¢3 depending on ug, u1, r and
s so that the inequality gcd(u,,, um) > exp(c3m) holds for infinitely many pairs of
positive integers m > n.

An interesting application of the main argument in [7] to the characterization of
pairs of integers (a, b) in terms of the occasional “largeness” of gcd(F,,, +a, F, +b)
as a function of max(m, n), where F, is the nth Fibonacci number, is given in [6].

In this paper, we extend the main result from [7] in the following sense.

Let a and b be two non-zero coprime integers with a/b # =+1 and let f and
g be non-zero polynomials with integer coefficients such that the rational function
h = f/g is non-constant. For any positive integer n set

up = f(n)a" + g(n)b". 3)
Our main result is the following:

Theorem. Suppose that (u,)n>0 is a sequence of integers whose general term is
given by formula (3), where a # =£b are coprime non-zero integers and f and g
are non-zero polynomials with integer coefficients such that the rational function
h := f/g is non-constant. Then there exist two computable constants c1 and c3
such that the inequality

g0d(itn, ttm) < exp(ca(mlogm)?) )
holds for all but finitely many pairs of positive integersm > n > ci.

The constant ¢; above can be chosen to be any constant larger than both the
maximum absolute value of the roots z of the polynomial equation f(z) - g(z) =0,
and the largest n for which u, = 0, while the constant ¢, above can be chosen to be
any constant larger than 2 - max(rodeg(fg). loglal, log|b|), where rp is the leading
coefficient of the non-constant polynomial f - g and deg(fg) is its degree. While
the above Theorem provides a very specific (and rather “small”) upper bound for
ged(uy, uy,), we do not have a way of computing all the (finitely many) pairs of
positive integers m > n > c] for which inequality (4) might fail. The reason is
due to the nature of the auxiliary results from Diophantine Equations which we will
use during the proof of the above Theorem. That is, we show that unless the pair of
integers m > n > c) satisfies a certain exponential-polynomial type of diophantine
equation, then inequality (4) must hold. Thus, the problem reduces to deciding
whether or not the exponential-polynomial diophantine equation that we encounter
does indeed have only finitely many solutions. In some cases (for example, when the
polynomial f-g is a power of a linear polynomial), we can employ effective methods
to conclude that inequality (4) holds for all pairs of integers m > n > ci, except
for, eventually, finitely many effectively computable such pairs, but for the general
case we employ a result of W. SCHMIDT concerning the finitenes of the number of
integer solutions (x, y) of a diophantine equation of the type o* = R(x, y), where
« is a non-zero complex number which is not a root of unity and R € C(X, Y) isa
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rational function which is not of a certain form, but this result is ineffective in the
sense that its method of proof does not allow one to compute an upper bound for the
largest possible integer solution (x, y) of the above diophantine equation.

Recall that for a fixed non-negative integer n > 0 the nth Cullen number is given
by the formula C,, := n2" 4+ 1. Notice that the general formula of the nth Cullen
number is precisely formula (3) witha = 2,b = 1, f(X) = X and g(X) = 1,
and from what we have said before, gcd(C,, Cy;) can be bounded from above as
shown in formula (4) for all pairs of positive integers m > n, except for finitely
many effectively computable such pairs.

The method of proof of the above Theorem can be used to derive even more
general results. For example, it follows from our method of proof, that if

u, = f(n)a" + g(n)b" )

and

vn = film)a" + g1(m)b" (6)

hold for all non-negative integers n with f, f1, g and g; non-zero polynomials with
integer coefficients such that at least one of the two rational functions 2 := f/g and
h1 := fi/g: is non-constant, then there exist two computable constants c¢3 and ¢4
depending only on a, b, f, g, f1 and g1 so that the inequality

ged(uy, vm) < exp(ez(mlog m)%) )

holds for all but finitely many pairs of positive integers m > n > c¢; provided
that both rational functions h and h; satisfy some mild technical assumptions (for
example, when all four polynomials f, g, fi and g are monic and both rational
functions & and A1 have at least three simple singular points (i.e., zeros and poles)).
Of course, “bad examples” of pairs of numbers (u,, vy,) of the form shown at (5)
and (6) and for which gcd(uy,, vy, ) is large infinitely often do exist, such as

up = 2" — 9n®
and
vy = 2" + 8n°
for which 2" + 6n divides ged(uzy, v3,) foralln > 0.

The Proof of the Theorem

Throughout this proof, we use cy, ¢z, . . . to denote constants (which are computable
or not) depending on our initial data a, b, f and g, and we use the Landau symbols
0, o and the Vinogradov symbols < and 3>, with the meaning that they too depend
on our initial data.

We also assume that |a| > |b|. It is clear that a constant ¢; exists so that u,, # 0
when n > ¢1. We shall also assume that ¢, is larger than anyone of the roots of
the polynomial equation f(z) - g(z) = 0 and from now on we shall work under the
assumption that m > n > ¢y.
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We also notice that we may assume that f and g are coprime in Q[X]. Indeed,
for if not, then with d := ged(f, g), f = df1, and g = dgi1, we have that all three
polynomials f1, g1, d are with integer coefficients and so setting

uy = fi(ma" + g1(m)b"
for all n > 0, we obviously get that
ged(un, um) < ged(uy, uy,) - d(n)d(m) < ged(uy,, uy,) - exp(czlogm),  (8)

holds with any constant ¢ strictly larger than 2deg(d) and for large enough values
of m. By comparing (8) with (4) and using the fact that logm = o((m log m)%), it
follows that it suffices to prove that (4) holds for the sequence (u5)»>0 replaced by
(u),)n>0; i.€., we may assume that f and g are coprime.

For two positive integers m > n > c¢1 set D(m, n) to be the largest common
divisor of u,, and u, which is free of prime factors dividing f(m)g(m) f (n)g(n)ab.
And we claim that it suffices to show that

D(m, n) < exp(c3(m log m)%) 9)

holds for m > n > ¢;. Indeed, write gcd(up,, u,) = D(m,n)D’, where D' is the
largest divisor of gcd(uy,, u,) composed of primes dividing f(m)g(m) f(n)g(n)ab
and let p be a prime divisor of D’. Assume, for example, that p | f(m). Since
p | um, we get that p | bg(m). Then either p | b or p | g(m). Assume that
p | g(m). Since f and g are coprime in Q[X], a positive integer E exists so that
ged(f (m), g{m)) | E holds for all integers m (here, one may take E := Res(f, g)
to be the resultant of the two polynomials f and g). The above argument shows that
all prime divisors of D’ are also prime divisors of abE. Let p be any fixed prime
divisor of D’. Clearly, p | un, and p cannot divide both @ and b because a and b are
coprime. Assume again that p | f(m). Then either p | b or p | g(m). Assume, for
example, that p does not divide g(m). Then p | b and obviously

ord,(f(m)) < logm
because f(m) # 0, and since ord,(b™) > m, we get that
ord,(uy) K logm. (10)

Here, and throughout the paper, for a non-zero rational number r and a fixed prime
number p we use ord, (r) for the exact order at which p appears in the prime factor
factorization of r.

Assume now that p | g(m). If p | b, we get again inequality (10). If p does not
divide b, set um = min(ord, (f (m)), ord,(g(m))) and notice that

Um = p*(fi(m)a™ + g1(m)b™), (1n
S (m) g(m)

o and g{(m) := -

one can take c4 to be the maximal exponent at which some prime number appears
in the prime factor factorization of E, and it remains to bound the order at which

where fi(m) := are integers. Clearly, u,, < c4, where
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p can divide fi(m)a™ + g1(m)b™. Since this last expression is not zero (because
um # 0), one may use a p-adic linear form in logarithms (see [10]), to infer that
ord, (fi(m)a™ + g1(m)b™) < log>m (12)
holds, where the implied constant in < above depends on p, but p is a prime divisor
of the fixed number E. From (10) and (12) above, we get that
ord, () K logzm
holds for all m > ¢y, so that

D’ < exp(cs log? m). (13)

By comparing (13) with (4), and using the fact that log? m = o((m log m)%), we get
that in order to prove the Theorem it suffices to show that inequality (9) holds.
Let us now notice that
exp(cen) < |un| < exp(cin), (14)
holds for all sufficiently large positive integers n, where one can take c¢ and ¢7 to
be two positive constants with cg slightly smaller than log|a| and c7 slightly larger
than log|a| (this is because |a| > |b] > 1). In particular, if n < (mlog m)%, then

ged(itn, um) < |un| < exp(crn) < exp(cr(mlogm)?) (15)

and therefore inequality (4) is satisfied in this case. From now on, we shall assume
thatn > (m logm)%.
We now use the method explained in [7]. We write mg := m, m1 := n, and the
Euclidian algorithm
mg = qomy + ma,
my = qimy +m3,

mji=qjmji1+mjia,

where we assume that j > 0 is the smallest index for which m ;> < (mlog m)%.
Here, m; > m;;y holds foralli = 0,1,...,j+ 1,and g; := Li‘l is always
a positive integer. The existence of the index j follows from the”%;Ztl that we are
assuming that m; = n > (mlog m)%. Notice that m j 42 might be equal to zero, but

. . L. .
this happens precisely when m 1 > (mlogm)?2 is the greatest common divisor of
mg and m .

Wenow fixi € {0, 1, ..., j+2}. From the Euclidian algorithm above, we deduce
the existence of two integers A; and B; so that
m; = A,'m() — B,-ml. (16)

It is easy to see that Ag = 1, By = 0, A = 0, By = —1 and thatif i > 2 but
I <j+2,then
Aj=Ai2—qi-14i an



258 F. Luca

and
Bi:=Bi2—qi1B;; (18)
hold. Indeed, (17) and (18) follow immediately from the relation
Ajmo — Bimy =m; =mi— — qi—1mi—1
= (Aj—amo — Bi—pm1) — gi—1(Ai—1mo — Bi—1my)
= (Ai—2 — gi-14i-1)mo — (Bi—2 — qi—1Bi—1)m

by identifying the coefficients of mg and m;. It is clear that A; and B; are coprime
foralli € {0, 1,..., j +2}. Indeed, this is clear fori = 0andi = 1, and fori > 2,
by multiplying, say (17) by B;_; and (18) by A;_1, respectively, and subtracting the
two resulting equations we get

AiBi—y ~ Ai—1Bi = —(A;—1B;_2 — A;_2B;_y). (19)
But repeated applications of (19) show that
AiBiy — Ai—1B; = (1) (A1Bo — AoB1) = (- 1), (20)

which, in particular, implies that A; and B; are coprime.
We shall make use of the properties of the numbers A; and B; as follows. Write
D := D(m, n) and rewrite the relations D | u,, and D | u, as

fmg)a™ + g(me)d™ =0 (mod D) 2n
and

f(mp)a™ +gm)b™ =0 (mod D). (22)

Since D is free of primes dividing f(m)g(m) f(n)g(n)ab, it follows that we may
invert some elements moduio D in the relations (21) and (22), and rewrite them as

a™ + h(mg) =0 (mod D), (23)

and
a™ +h(m) =0 (mod D), 24)
withe := b/aand h := f/g. We claim that (23) and (24) are particular instances of
a more general congruence, namely that forall i € {0, 1, ..., j + 2} the congruence
™ £ h(mo)* - h(m)"® =0 (mod D) (25)

holds, where A; and B; are the numbers defined previously. In (25) above, we mean
that there exists a choice of the sign & so that (25) holds with this choice of sign.
Notice that (23) and (24) prove (25) at i = 0 and i = 1. Assume, by induction, that
i > 2 and that (25) holds at i — 1 and i — 2. Hence, both

a™-2 = Fh(me) 2h(m1) %2  (mod D) (26)
and

a™i-t = Fh(mo)~1h(m)~B-1  (mod D) @n
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hold. We raise congruence (27) to the power ¢;—1 and use the fact that m;_, =
gi-1m;—1 + m; to rewrite the system of congruences (26) and (27) as

(@™=1971) - o™ & h(mo)Ai-2h(my) B2 =0 (mod D) (28)
and
(@™i=19i-1) £ h(mo) =191 h(m1) " 8i-19-1 =0 (mod D). (29)
Equations (28) and (29) tell us that the pair (X, Y) := (@™-19~1, 1) is a non-zero
solution (modulo D) of the modular homogeneous linear system
o™ X & h(mg)4i~2h(m,)~Bi-2y =0 (mod D), 30)
X £ h(mg)Ai-19-1h(m1)~Bi-19-1Y =0 (mod D).

In particular, the modular homogeneous system shown at (30) is degenerate, and
therefore its determinant which is

o™ +h(mo)*i-2h(m;)~ 52
1 +h(mo)h-19%-1h(m )" Bi-19i-1{°
is zero modulo D. Imposing the condition that the determinant shown at (31) is zero
modulo D and inverting some elements, we get
a™ + h(mO)Ai—Z_qi—lAi—lh(ml)—Bi—2+qi—lBi—1 =0 (mod D), (32)

and, in light of the recurrence formulae (17) and (18), we recognize that congruence
(32) is precisely congruence (25) at i.
We now evaluate (25) at i := j + 2 and read that

o4 & h(mo)+2h(m1) ™2 =0 (mod D).

@31

Set
Aji2 1= @i & h(mo) 42 - h(my) B, (33)
In what follows, we will make the following Hypothesis

Assuming that (H) holds, it then follows that D must divide the numerator of the
non-zero rational number 1,2, and an immediate calculation then shows that this
numerator is not larger than

exp(csmax(m;i2, |Ajy2|logm, |Bj 12| logm)), (34)

where the constant cg can be chosen to be any constant larger than max(logla|,
2deg(fg)). Clearly, mjyy < (mlog m)1/2, and so the inequality (9) will follow
from (34) (under hypothesis (H)), where the constant c3 shown at (9) can be taken
to be equal to our present cg, provided that we can show that

1

mo L

max(14,42l. 1Bjal) = (). (35)
ogm

Let us make the following observations:

1. (=1)'A; = Oforalli > 0and A; # 0 fori > 2.
2. (—=1)'B; = Oforalli > Oand B; # Ofori > 1.
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3. |Bi| = |A;| foralli > 1.
4. The formula
mo = |Bit1lm; + |Bilmit (36)
holds foralli € {0, 1,..., j + 1}.
To justify 1, notice that it is true at { = 0 and at { = 1, and now the recurrence
formula (17) tells us that

(DA =qic1 - (DT A + (DA 37
holds for i € {2,..., j + 2}, therefore, by induction, (—1)'A; > 0. In particular,
(—1)'A; = |A;| holds forall i € {0,1,..., j + 2} and the above recurrence (37)

also implies that A; # 0 fori > 2. The same argument proves 2 above and the fact
that

(=1)'B; = (=1)"'g;_1Bi_i + (—1)'"?B;_,  holdsfori €{2,...,j+2}.
(38)
The facts 1 and 2 above together with formulae (37) and (38) show that both rela-
tions

|Ail = gi—11Ai—1] +14Ai-2] (39
and

|Bi| = gi—1|Bi-1| + |Bi—2| (40)

hold foralli € {2,...,j +2}. Since |[Bj| =1> 0= |Aj|and |B3] =q1 > 1 =
|Az|, it follows, by induction on i using recurrences (39) and (40), that 3 holds as
well. Finally, tosee 4, leti € {0, 1, ..., j + 1}, write

{AimO—Biml =m;, @n

Aizimo — Bigimp =m;qq,

and treat the system (41) as a system of two linear equations in the unknowns mg and
m1. Solving the above system with Kramer’s rule and using (20), we get precisely
formula (36).

It is now easy to see that the combination of 1-4 above prove (35). Indeed, since
mjy1 > (mlog m)1/2, we get, by (36), that

1
m=mo = |Bjialmjt1 +|Bjr1lmjs2 > |Bjy2lmji1 > |Bjia| - (mlogm)Z,

therefore |
1Byl < (o). 42)
ogm

Inequality (42) together with the fact that {B; 43| > |A j42| proves (35).

In order to complete the proof of the Theorem, it suffices to show that hypothe-
sis (H) holds for all but finitely many pairs of positive integers m > n > ci.

So, we shall suppose that A; > = 0 and write A := |Aj42] and B := |B; 2|
Since at any rate A 12 and B have the same signs and are coprime, we get, from
(33), that

h(mo)?® = £y™i+2h(my)®, (43)



On the Greatest Common Divisor of Two Cullen Numbers 261
where y = a ora~!, according to whether Ajrp>00rAjn <0,

Let S(h) be the set of all singular points of & (i.e., zeros and poles), counted
without multiplicities; that is, S(h) is the set of complex roots z of the polynomial
equation f(z) - g(z) = 0. We distinguish the following two cases:

Case 1. |S(h)| = 2.

In this case, we first show that both A and B are bounded. Indeed, relation (43)
together with the fact that A and B are coprime implies, in particular, that there exist
two rational numbers r and s such that both their numerators and denominators are
divisible only with primes p dividing ab, and some other rational number p, so that

h(mo) =rp®  and  h(my) = sp. (44)

Writing A(mo) = f(mg)/g(mo) and using the fact that gcd( f (mo), g(mo)) | E, we
get that there exist two integers r; and r, composed only of primes dividing abE,
and two other integers v and v so that both relations

fmo)=rivf  and  g(mo) = r2vf @5)
hold, and multiplying now relations (45) we get that relation

f(mo) - g(mo) = r3v8 (46)

holds with r3 = r1r2 and vz = v1v;. Set u to be the radical of f - g (i.e., the product
of all the irreducible factors of f - g) and set A := disc(u) to be the discriminant of
u. Notice that deg(u) > 2. Pick kj to be any irreducible factor of f - g and assume
that kf Y|l f - g; that s, that the power at which k; appears in the factorization of
f - gin Q[X]is precisely p1. Equation (46) implies that

ki (mo) = ravy, @7
where r4 is an integer composed only of primes dividing abE A, and therefore that
ki(mo) = rsvf’ (48)

holds with some s composed only of primes dividing abE A and some integer vs,
where B’ = B/gcd(B, ). If deg(k1) > 2, then it is known (see [9]) that an
equation like (48) has a totality of finitely many effectively computable solutions
(mo, r5, v5, B) for which B’ > 3. So, except for these finitely many effectively
computable values of mg, we should have B’ < 2, which shows that B is bounded.
If we now assume that deg(k1) = 1, then from the fact that deg(u) > 2, it follows
that there exists another irreducible factor k; (which is also linear) of u, so that with
2 being the order at which k; appears in the factorization of f - g in Q[X], we have
that

ka(mo) = revs” (49)

holds with some integer ¢ which is divisible only by primes dividing abE A, and
with B” = B/gcd(B, 112). Let

B
[ .= .
lem(ged(B, 1), ged(B, w2))

(50)
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If I > 3, then equations (48) and (49) show that
k1 (mo)ka(mo) = ryvl (1)

holds with r7 = rs - r¢ and some integer v7, and since the polynomial k; - k2 has only
two simple roots, it follows by the same argument as above that an equation like
(51) can have only finitely many effectively computable solutions (mqo, 7, v7, )
with [ > 3. In particular, except for these finitely many effectively computable
solutions mg, we should have / < 3, which puts again a bound on B. Since B > A,
we get that both A and B are bounded.

The above argument shows that we may assume that A := A2 and B := Bj;»
are fixed, and now since +m;y» = Amg — Bm, it follows that we may write
mg = ciom1 + ciimjy2, where ¢19 := B/A > 1 and ¢11 := %1/A # 0 are fixed
rational numbers. Set x := m i, and y := m;, therefore mg = cipy + c11x. We
return to equation (43) and write it as

h(cioy + cix)?
T TINE) 4 x (52)
r(y)® Y

And we want to show that equation (52) has only finitely many integer solutions
(x, y). Assuming that this were not so, we would distinguish two instances:

Subcase 1. There exists a constant K such that all integer solutions (x, y) of equa-
tion (52) have |x| < K.

In this case, there exists an integer value xo, such that equation (52) has infinitely
many integer solutions (x, y) with x := xp. And so, with fixed y (equal to either o
ora™), c12 :=ci1x0 and ¢13 == p*0 or —y*0, the equation

h(cioy + c12)*

(53)
h(y)®
has infinitely many solutions y. In particular, the rational function
h(ci0X + c12)?
hXx) = —— 54
1(X) ()P (54)

is constant, therefore S(h{) = @. This tells us that every singularity of #(X) is also
a singularity of h(c10X + c12) and viceversa, and therefore with the linear function
L(X) = 19X + c12 we get that S(h) is invariant under L. But S(k) is finite, and
the only instance in which the linear function L with ¢1¢ and ¢;; rational numbers
and cjo > 1 can have finite orbits; i.e., finite subsets of the form {L"(Xo) | n > 0},
where we use L" for the nth fold composition of L with itself, is when ¢12 = 0 and
cio = 1. But in this case we have mg = my, or m = n, which is not acceptable.

Subcase 2. Equation (52) has solutions with arbitrarily large values of x.

In this case, there exists a choice of sign ¢ = %1 and a choice of y (equal to
either a or @~ !) such that equation (52) has solutions with arbitrarily large positive
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values of x with this particular choice of signs ¢ and this fixed y appearing in the
right hand side of (52). In particular, with

hicioY +ennX)4

hX,Y):=¢ h(7)B

(55)

the diophantine equation
hi(x,y) =y* (56)

has solutions with arbitrarily large positive values of x. Let us now make a few
remarks about this subcase:

1. deg(f) # deg(g).
2. A +#B.

Indeed, assume, for example, that deg( f) = deg(g). In this case, for large values of
Z, h(z) tends to a fixed limit c14, where c14 is the ratio of the leading coefficient of
f to the leading coefficient of g, and rewriting now equation (43) as

h(mg)?
h(m)B

= iymﬁz

we get that for large mg and m, > (mglog mo)%, the number |y™i+2| is close to
cﬁ‘B . This shows that m ;5 is bounded, which is not the case we are discussing.
If A = B, then since A and B are coprime, it follows that A = B = 1. By
interchanging f with g, and a with b (hence, k with A=, and y with y ~!) if needed,
we may assume that deg( f) > deg(g). In particular, & has an expansion at infinity

of the type
h(X) = craX +epsX 1+ .., (57)

where c14 is again the ratio of the leading coefficient of f to the leading coefficient
of g and I = deg(f) — deg(g) > 0. But in this case, with A = B = 1, we get

1
2
) , and so

mp =my +mj2, Wheremj o < (
logmyg

Ly = h(mg)* __ hlmo)
h(m)B  h(mo +mj42)

is close to 1 for large values of m, which shows again that m ; ., is bounded, which
is not the case we are discussing.

And so, we may assume that deg(f) s deg(g) and that A < B. By interchanging
again f with g and a with b (hence, h with A=, and y with y ~!) if needed, we may
assume that deg( f) > deg(g). Set

h(Y)B
h{cioY + c11X)A

and notice that we are assuming that the equation

ha(x,y) =y (59

X, Y)=h(X, V) =¢ € Q[X, Y], (58)
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has integer solutions (x, y) with arbitrarily large values of x, where y; = y~L.
Notice also that the function 43 (X, Y) has (as a rational function of Y) an expansion
at infinity of the form

ho(X,Y) =cisY + Ri(X)Y"™ 4+ .., (60)
where t = (B — A)l = (B — A)(deg(f) — deg(g)) > 0, c15 = echy Aci), and
R1, ... arerational functions in X. We now recall the following Theorem due to W.

SCHMIDT (see [8]):

Theorem S. Suppose that R(X,Y) € C(X,Y) is a rational function which, as a
function of Y, has an expansion at infinity of the type

RX,Y)=ro¥ + Oy +..., (61)
where rg # 0 is a constant and ry, . . . are rational functions in X, and assume that
y Is a non-zero complex number which is not a root of unity. If the equation

y' = R(x,y) (62)
has integer solutions (x, y) with arbitrarily large values of |x|, then R is of the type
R(X,Y) =ro(Y —u(X)Y, (63)

wheret £ 0, u(X) € Q(X), and y* € Z for some v € Z\{0}.

And so, if equation (59) has integer solutions (x, y) with arbitrarily large positive
v(X,Y)

w(X)!

values of x we conclude, by Theorem S above, that 4> must be of the form
for some polynomials v € Q[X, Y] and w € Q[X]. But we obviously have

f)Pg(ero? +enx)?
g(N)B flcroY +cnXx)4
and the expression (64) is already in reduced form because f and g are coprime as
polynomials. In particular, g must be constant and f(c10Y +c11X) must not depend
on Y, therefore f must be constant as well, which is impossible.

The above arguments take care of Case 1, but are ineffective.

X, Y)=c¢ (64)

Case 2. |S(h)| = 1.

Our proof for this case is effective, in the sense that here we can show that an
equation like the counterpart of (H) has only finitely many effectively computable
positive integer solutions m > n > cy.

Let us notice first that since f and g are coprime, it follows that up to inter-
changing f with g, and a with b if needed, we may assume that f(X) = c/(X)*
and g(X) = d, where c, d are nonzero integers and /(X) := rX + s is a linear
polynomial with integer coefficients. Up to simultaneously changing the signs of
both f and g, we may assume that » > 0. The trick that we employ here is to notice
that we may assume that /(X) := X. Indeed to see why this is so, notice that for
every positive integer n, we have

Un |y, (65)
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holds for all positive integers n > —s/r, with
W' (n) = fitm)a™* + g1 (m)b™ ", (66)

where f1(X) .= b° f(X)" = c"b*(rX + s)* , and g1 (X) := —a’g(X)" = —a’d",
and in particular,
ged(um, un) | ged(u,,, ul,) (1)
holds for all pairs of positive integers m > n > c1. So that, provided thatm > n >
c1 (notice that ¢; is larger than the absolute value |s|/r of the unique root of f),
we may replace the pair of positive integers m > n by the pair of positive integers
m' > n', wherem’ :=rm + s and n’ := rn + s, and therefore we may assume that
[(X) = X (notice that this transformation will affect only the degree of f - g; i.e.,
will affect only the constant c2 shown in formula (4)).
And so, from now on we shall assume that f(X) = cX* and g(X) = d, where
u and ¢ are positive integers and d is a non-zero integer. In particular, A(X) =

X)) _ ¢
by =X~

We first treat the case m ;42 = 0. In this case Amy = Bm,, and since A and
B are coprime we read A = n/d and B = m/d, where d := gcd(m, n). Taking
absolute values in equation (43) and raising the resulting equation to the power d,
we read

lh(m)|" = |h(m)|™ (68)
therefore loalh loslh
oglh(m)| _ loglh(m)| )
m n
log|h
But certainly the function x — M is decreasing for large x (and tends to
X

zero when x tends to infinity), and since for us (m log m)% < n < m, we get that
equation (69) has only finitely many (obviously effectively computable) positive in-
teger solutions m, n satisfying the above inequality. From now on, we shall assume
that m ;1o # 0. We first notice that

mji2 < Blogm. (70)

Indeed, this follows immediately by taking first absolute values and then logarithms
in formula (43) and using the facts that m > n and B > A.

Since m 42 = Ajyomp — Bjiom |, we may rewrite the equation A ;42 = 0, with
A2 being given by (33), as

(G () = @)™ o

(S5 wt)' = G o)’

And so, since A and B are coprime, we conclude that a positive rational number p
exists such that both relations

a5
d |b

which implies

cl |aym
-mly = p? and l;l';' -m’f:pA (73)
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hold. We shall now use equations (73) to infer that the inequality
B K logm (74)

holds.
Let py < p2 < -+ < p; be all the prime numbers dividing cdab (notice that
t > 1 because a and b are coprime and a # +b), and write

al._ e a cl._ B B
IZI'_pll ..... p’f and E'_ pll ____ ptt
for some integers «;, B;,i = 1, ..., t. We also write
p= pi’l ..... pg" Y (75)

for some (unknown) integers y; and some (unknown) positive rational number A
having the property that when written in reduced form both its numerator and de-
nominator are coprime to pj - - -- - p;. And so, we may rewrite the system of two
equations (73) as

t t
my = AB. ]_[ pi and mi = A l_[ pi, (76)
i=1 i=l

where

woi := By —aimo— B; and Wi = Ayi—aimy— B; fori=1,...,t.
)
Since my is an integer and A is a rational number which when written in reduced
form has the property that both its numerator and denominator are coprime to p; - - -
P:, we read, from equations (76), that A > 1 is a positive integer. In particular, if A #
1, then equation (76) implies that inequality (74) holds. Moreover, in this case, it
follows that A# divides both m{, and m/’, and therefore it will divide ged(mf, mi) =
ged(mo, mp)* < mj‘ 4o (itis clear that gcd(mo, m1) divides m ;7). In particular, we
also get that
logh < logmya. (78)
When A = 1, we simply discard the factors A% and A4 appearing in the equa-
tions (76).
From the above remarks, it follows that in order to show that inequality (74)
holds, it suffices to show that it holds when A = 1. To prove this, let us go back to
formula (76) and using the fact that my is an integer, we get that

0 < poi = O(logm) holdsforalli =1,...,zt. 79)
Using (77), we read that
|By; — aimp}l = O(logm) holds foralli =1,...,1t. (80)

And so, applying (80) for two different indices i and j (assuming that we have two
different indices i and j), we get
[(viej ~ yja;) Bl = laj(yi B — ajmg) — a;(y; B — ajmyg)|

81
< loj11%:B — cymol + lelly; B — ajmo| = O(logm). V)
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So, if two indices i # j exist such that o;y; — ajy; # 0 then, from (81), we read
that

B = O(logm)
must hold, which is precisely inequality (74). So, we shall assume now that o; §; =
o B; holds for all indices i, j € {1,...,t} (this is, for example, the case in which
t = 1). It then follows that the number
nio —omo _ (82)
o

is independent of i, and further that

ViA —ajm) A Amqg — Bm

T A =y 0 T

o ¢ B + B

is independent of i as well. In particular, we get that both relations

|-t = and (83)

’d ‘b‘ ‘d‘ _’b‘

hold, where § and ¢ are some rational numbers. Assuming that |a| > |b|, we get that
both é and ¢ are positive. Moreover, if we set w > 1 to be the largest possible integer
exponent for which |a/b| = r{” has a rational solution ry, we get that |a| = a}’ and
|b] = b}’ hold with some positive integers a; and by, and now relations (83) show

that
c ap\ws c aj\w¢

gme =Gy e [gmi =) 4
It now follows that both wé and w¢ are integers. If b1 > 1, we get, from the fact
that mg is an integer, that wé is bounded from above, and therefore mg is bounded
from above as well (obviously in a computable way). Thus, we may assume that
b1 = 1, and now relations (84) together with the fact that m; < mg imply that
w¢ < wé. In particular, a;’ ¢ divides al’®, which shows that m/' | my . Hence,
m1 | my, but this shows that the Euclidian algorithm finishes at the first step; i.e.,
J =0andm; > = 0, which is a case already treated. So, this instance cannot occur
and inequality (74) holds.

The combination of (70) and (74) shows that

mjy1 < log®m (85)
holds, and now inequality (78) shows that
logh < logym, (86)

where we use log, to denote the composition of the natural logarithm function with
itself.
We now return to equations (76) and write these equations as

t
mo = A5/ H P and oy =B [1r:™, (87)
i=l i
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where
Ko = RO and wh = PU  are all non-negative integers fori = 1, ..., 1.
I n

(88)
Let us notice that since A and B are coprime, it follows, from (87), that A = A’IL for
some positive integer Aq.
We now multiply the first relation (87) with A and the second relation with B,
substract them and use the fact that +m 2 = Amo — Bm; # 0, to get

t t
mjss = ‘Axf’ [rl - At [ ol ’ £0. (89)
i=1 i=1

We are now all set to apply lower bounds for linear forms in logarithms 4 la BAKER
(see {1]) to equation (89). That is, for every index i € {1, ..., 1t} we set

X; =max(ug;, uy;), Y =min(ug, pyy),  Zii=Xi—Y,  (90)
and if A > 2 we also set
Xo:= B, Yo :=A, Zy:=B— A.

If A= =1, wesimply set Xo = Yo =1and Zg =0.
‘We notice that equation (89) can be written as

t t t
Y; Z; Zy; A4 Zj;
miy2 =] p; (A)‘lonpio _B)‘lll_[pil)’ oD
i=1 i=1 i=1

where

when A > 2, and fori > 1
Zo; = po; — Yi, Zy =1y — Vi

It is clear that both numbers Z;, and Z}; are non-negative, and one of them is always
zero. Since m 13 # 0, it follows that

Y; «logmjin KL logym (92)

holds for all i = 0,1, ...,t. To get a lower bound on the expression apearing in
parenthesis on the right hand side, we write equation (91) both as

t t , ,
mjpa = AN ] 01 - BAZAT 2 93)
i=l i=1
as well as
t t .
mjva =B ] pl |1 = aB AP T plo | (94)

i=1 i=1
Notice that ;/,61. — V“/li = 4+Z; foralli € {1,...,t} and Xg — Yo = Zp. We
now multiply the two relations (93) and (94) above and use the obvious fact that



On the Greatest Common Divisor of Two Cullen Numbers 269

my +uy; = Ziforalli = 1,...,¢tand B+ A = Xo+ Yo > Zo holds when A > 2,
to get that there exist choices of signs _1, &9, ..., & € {1}, so that

t t t
A ; _ i Zi —&_ 1y~ —&iZ;
w28 T |1 ars [T 1 - parsg 1577,
i=1 i=1 i=1

95)
We now set
Z =max(e,Z; |i =0,...,1), (96)
and use a lower bound for a linear form in logarithms (see [1]) to conclude that an
effectively computable constant c16 €xists such that

! t
min(|1 — (B/A) A% [ pE%1, 11 = (B/A) -7 [ %)
i=1

i=1

C)
> exp(—cielog Blog Z log 1}),
where A’l = max(A1, ). The effectively computable constant ¢ appearing above

depends on ¢ and on the prime numbers py, ..., p;. Thus, by taking logarithms in
(95) and using (97), we get that

t
Zologhi+ ) _ Zilog pi < ciglog Blog Zlog A} +2logmjya.  (98)
i=1

So, either Z; < eholdsforalli =0,...,¢t,orZ; = Zforsomei =0, ...,¢ and if

this is so, then
Z <ci7log Zlog BlogA| + ciglogmjia (99)
holds, where c17 := c16/10g?2 and c13 := 2/log2. We now use inequalities (74),
(85) and (86) to conclude that inequality (99) implies that
Z < ci9log Z logs m. (100)
But inequality (100) implies that
Z <cy log% mlogym

holds for large enough values of m, where we use logs m for the composition of the
natural logarithm with itself three times evaluated in m provided that m is large. So,
at any rate, we get that

Z; < czolog%mlogg,m (101

holds foralli = 0,1, ..., provided that m is large. With inequality (92), we get
that

X; <c¢91 log% mlogs m (102)

holds foralli = 0,1, ...,¢. We now return to (87) and take logarithms and notice
that we get

t
logm < Xplogay + ZXi log p;, (103)

i=1
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and now inequalitites (86), (102) and (103) lead to the inequality
logm < ¢ log% mlogy m (104)

for sufficiently large m. But (104) clearly implies that m < c73.
This disposes of Case 2 and ends the proof of our Theorem. |
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