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Parallel Surfaces in Affine 4-Space

By C. SCHARLACH and L. VRANCKEN

Abstract. We study affine immersions as introduced by NOMIZU and PINKALL.
We classify those affine immersions of a surface in R* which are degenerate and
have vanishing cubic form (i.e. parallel second fundamental form). This completes
the classification of parallel surfaces of which the first results were obtained in the
beginning of this century by BLASCHKE and his collaborators.

1 Introduction

We consider the standard affine space R™ equipped with its standard connection
D. Let M" be a manifold equipped with a torsion free affine connection V and let
x . (M, V) > (R™, D), m > n be an immersion. Following [9], we call x an
affine immersion if there exists a transversal (m — n)-dimensional bundle o such
that
Dxx«(Y) — x«(VxY) € 0, (1)

for all vector fields X and Y which are tangent to M". It is immediately clear that if
we equip R™ with a semi-Riemannian metric and take for o the normal bundle, then
isometric immersions provide examples of affine immersions. Also the equiaffine
immersions, in the sense of BLASCHKE for hypersurfaces, and in the sense of [16],
[18] or [10] for higher codimensions provide examples of affine immersions.

For an affine immersion it is possible to introduce a bilinear form #, called the
second fundamental form, which takes values in the tranversal bundle o by

h(X,Y)=Dxx.(Y) —x.(VxY) € 0. (2)

Since V is a torsion free affine connection, 4 is symmetric in X and Y. Let &
be a vector field which takes values in o. Similarly, as for isometric immersions,
we can now introduce a normal connection V. and Weingarten operators Ag by
decomposing Dx& into a tangential part and a part in the direction of o, i.e. we
have the Weingarten formula which states that

Dx§ = —x.(AgX) + Vx&. 3)
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Using the Weingarten formula, it is now possible to define the covariant deriva-
tive VA of the second fundamental form / by

(Vxh)(Y, Z) :V)J(‘h(Y, ZY—-h(VxY,Z)—-h(Y,VxZ). 4)

Affine immersions for which Vh vanishes identically are called parallel immersions.
In Riemannian geometry, these immersions and their generalisations have been stud-
ied by many people, an overview can be found in [7]. A general classification of the
Euclidean parallel submanifolds was obtained in [3]. As far as we know it is still an
open problem to classify the semi-Euclidean parallel submanifolds.

In this paper we will focus on surfaces, i. e. the dimension of M" equals two.
All results will be local and valid on a suitable open dense subset of M2. We say
that an affine immersion is linearly full provided that for every point p of M? and
for every neighborhood U of p, x(U) is not contained in a lower dimensional affine
subspace of R”. Using Lemma 2 of [15] which says that ¢ = im# if a parallel
affine immersion is linearly full, it follows easily that a parallel surface immersion
which is linearly full has to be in R?, R?, R* or R>. The first case (m = 2) clearly
implies that M2 is an affine plane. In the other cases, a nondegeneracy condition
can be introduced as follows. Let u = {X|, X3} be a local basis in a neighborhood
of a point p. Then we define for m = 3:

hy(X,Y) =det(X(, X2, DxY), (5
and form = 4:
hy(X,Y)= % (det(X1, X2, Dx, X, Dx,Y) + det(Xy, X2, Dx,Y, Dx, X)). (6)

It is well known that in both cases the rank of 4, is independent of the choice of
the local basis #. We call M? nondegenerate if the rank equals 2, 1-degenerate if
it equals 1 and O-degenerate if it equals 0. A surface in R’ is called nondegenerate
if det(X1, X2, Dx, X1, Dx, X2, Dx,X») # 0, which again is independent of the
choice of basis u. Using Lemma 2 of [15] again, we see that a linearly full affine
immersion of M? in R3 is always nondegenerate.

Nondegenerate parallel immersions of a surface in R, R* and R> are considered
in respectively [9], [10] and [8]. Therefore, restricting to an open and dense subset
if necessary, only the degenerate cases still need considering. If M 2 is contained in
R3, a solution was found in [2]. This leaves only the case that M 2 is linearly full
in R* and degenerate. If M? is O-degenerate and parallel, the immersion can not
be linearly full. Thus we are left with the 1-degenerate parallel surfaces which are
linearly full in R*. We prove the following:

Theorem. Every I-degenerate parallel affine surface immersion (x, o) in R*isa
ruled surface and can be locally parametrized either by
Ll x(u,v) =y (u) + vy(u), and
o = span(&y, &) is given by (45) and (46), or
1.2, x(u,v) = (ey (@) + ")) + vy’ (w), ¢ = £1, and
o = span(§1, &) is given by (47) and (48),
IL x(u,v) =a() +vBu), B” = —B, and
o = span(&y, &) is given by (49) and (50).
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The paper is organized in two parts. In Section 2 we apply the method of moving
frames due to E. CARTAN to an affine immersion of M? in R*. We introduce the
affine semiconformal structure (cp. (6)), which was known already to [1]. We end
up with a classification of affine surfaces in R* with respect to the (non)degeneracy-
type of the affine semiconformal structure and normal forms of the second funda-
mental form 4 for each type. This part is closely related to [12] and [13].

In Section 3 we restrict to 1-degenerate parallel affine immersions of M2 in R*. It
turns out that they are ruled surfaces (Lemma 2) and therefore can be parametrized
as x(u, v) = a(u) + vB(u). We find special frames which simplify the structure
equations significantly. A reparametrization finally leads to our main result.

We will use the Euler summation convention.

2 Classification of surfaces in R* with respect to their affine semiconformal
structure

2.1 The affine frame bundle on R*. We define a frame on R* to be an ordered set
Ul
Sp = {v1, v2,v3, v4; b}, with :’; € Gl(4,R), b € R*.
U4

Let F denote the set of all frames on R* and 7 : F — R* the projection map,
defined by: w(S,) = b. Let Aff(R*) be the Lie group of affine transformations on

R*,
o _f(A]oO

Obviously we can identify F with Aff(R%). The local structure of Aff(R*) is en-
coded in the Lie algebra-valued Maurer-Cartan form w5 = dS §~1 e aff(R*), we
use the notation:

A €Gl4,R),be R“}.

Vi 1A
v2 v2
M
d|wn =< - 8) v, Me M@x4,R),neR (7
V4 V4
b b

If we let Aff(R%) act both on F and {(b,1) € R’ | b € R* = R* by right
multiplication Rs, Rs(C) = CS§, then m o Rg = Rys o 7. To obtain the fibers of
the bundle ¥ := 7: F — R*, note that n(Sp) = (0,0, 0, 0, 1)S,,, and the isotropy

group of (0,0,0,0, 1) is
_1(AlO 4
H_.[(O 1)}CAff(R).

We can identify the homogeneous space Aff(R*)/H = R* and obtain that ¥ is a
principal (right) H-bundle, the affine frame bundle on R*.
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2.2 Adaption of the affine frame bundle to an affine surface immersion. Let U
be a connected open subset of a two-dimensional oriented manifold M? equipped
with a torsion free affine connection V and let x: (U, V) — (R*, D) be a smooth
affine immersion with transversal bundle o (cp. Sec. 1). We want to adapt the affine
frame bundle to the surface by restricting the base manifold to x (U). We define the
principal (right) H-bundle 0 = 7yy: F® — U as the bundle over U induced by x
and the affine frame bundle (cp. [14], vol. V, p. 391f. for the notion of an induced
bundle), i. e. F0 = x*F . For the further adaption we take into account the given
transversal bundle o and we use the first order information given by the tangent
bundle of x. We call a frame S, € FO afirst order frame if span(vy, v2) = x. (T, M)
and span(vs, v4) = o. We denote the set of all first order frames on U by F lcFO
and use the notation S, = {vy, v2, &1, &2, x(u)} € Fl. The subgroup

PO

H' = 0o 0 detP £0} C H, ®)

0 1

acts transitively and effectively on F I Thus we get a subbundle & Lof 70 7! =
ny: F1' = U, where we use the same notation for the restriction of 7y to F'.
Obviously ! is a principal (right) H'-bundle, the reduced bundle obtained by
reduction of the structure group H of 9 to H! (cp. [6], vol. I, pg. 53). Since the
first two legs vy and vp of a frame S, € F ! span the tangent space x, (T, M), we get
two zero’s in the last row of the Maurer-Cartan form wys, on F ! (ws3 =0, w54 =0)
and the forms wsl and w52 drop down to U (cp. 7). We use the notation:

[ U1
115) % 14 ‘ 0 v2
dlé& | = o v §1]. 9
& o' @ 00 lO &
X X

For a fixed first order frame field (a smooth cross section of ') § = {vy, vy, &1,
&, x}, vi = dx(X;), X; € T(TM), the entries of the Maurer-Cartan form de-
fine (resp. correspond to) the following quantities (1 < i, j,k < 2,3 <« < 4)
(cp. (1), (2) and (3)):

Vx, Xj = ¢} (Xi)dx (X) induced connection (10)

(X, X)) =y (X)) second fundamental forms (1D
—dx(Agj (X)) = aj’-‘(X,-)dx(Xk) Weingarten operators (12)
VXLI,S ;= 1:7‘ (X)E@—-2) normal connection (13)

It is straightforward to show that V- is a torsion-free affine connection, 4> and h*
are symmetric bilinear forms and Ag, and Ag, are 1-1 tensor fields.

2.3 The affine semiconformal structure. To find the invariants (quantities inde-
pendent of the choice of frame) we can compute the (infinitesimal) group action
(change of frames) either on the Lie group level or on the Lie algebra level (cp. [4])
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for the general theory, [ 12] for the centroaffine case). Since the group of centroaffine
transformations is a subgroup of the affine group, the affine invariants are part of the
centroaffine ones. A description in detail can be found in [13]. We only will need
the action on i resp. the second fundamental forms h3 and h*. Let Sy, Su e Fl,
then there exists B € H! such that S, = BS, (cp. (8)). For the Maurer Cartan form
we get:

wisB =dSS™'B=d(BS)(BS)"'B=dB+ BdS$~' =dB + Bw;.

P|O
ForB=| 0]Q 0 € H' an evaluation of this equation and Yy = h:.’;. o/
0 1
gives:
v=PyQ7", (14)

(13, 8% = (PLQ™HIE + (0 HirM P, PL(Q™)IR3 + (@7 H3RYTP). (15)

For a frame S, = {vy, v2, &1, &2, u} € F! we define a symmetric' bilinear form ¢
on F! by:

¢ =dety =¢7 O Y3 —v3 O Y, (16)
e ¢(X,Y) = % ([vl,vz,Dxdx(Xl),Dydx[(j(l%l]z-j-é[lv’,ézv]z,Dxdx(Yl),Dxdx(Xz)]) for some

determinant form [ ] on R* (cp. (6)). We can use (14) to determine how ¢ varies
along the fibers of ¥ !:

¢ = dety = (det P)(det )(det Q1) = di“iq? .
det Q

Now a semiconformal structure compatible with a quadratic form g is defined as the
set {rg | r € R\ {0}} and it makes sense to talk about a semiconformal structure
being nondegenerate, definite, etc. (cp. [17], p. 4). The quadratic form associated to
¢ induces a semiconformal structure on the tangent space at each point of U. This
structure on U is called the affine semiconformal structure induced by x and was
known already to [1], p. 375. Depending on the affine semiconformal structure we
will call a surface x(U) a nondegenerate, definite, indefinite or 1-degenerate surface
if the induced affine semiconformal structure is nondegenerate, definite, indefinite
or 1-degenerate. A 0-degenerate surface is a surface x(U) for which the affine
semiconformal structure contains only the zero form.

2.4 Normalization of ¢ and classification. We saw that a change of frames in-
duces an action of H'! on Sym(2) x Sym(2) (cp. (15)), where Sym(2) denotes the
algebra of all symmetric 2 x 2-matrices:

p(BY(R, hYy = (PL(@~HIn3 + (0~ MHir*1TP, PO + (0 D3R4 TP).

'We denote by ® the symmetric product of 1-forms: @ © 7(X, Y) = ]E(w(X)n(Y) + o (Y)n(X)).
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Note that the action can be written as the composition of two actions of the form:
p1(P)(R, h*y = (PR3 TP, PH*TP), (17)
Q)R Yy = (@7 DI + (@7 HikY (@7 H2R3 + (07H3RY,  (18)

namely:
P|O

ol T2 (% D=0 om0 (19)

0 1

We want to choose normal forms (representatives of the orbits) in Sym(2) x
Sym(2) under the action of H' given by (19). Since the centroaffine situation is
very close to the affine one, we will omit some details. A more comprehensive
description can be found in [13] (Section 4.1, 4.2). As we just saw the action splits
in two parts where span(h>, h*) is an invariant of the second part (18). Therefore we
want to investigate the orbits of two-pencils? under the first part (17) of the action.
A first step is to understand the action on a single element 2 € Sym(2).

If we restrict p; to S1(2,R), we can define an invariant quadratic form ¢ in
Sym(2) by

q(h) = —deth. (20)
Then Sym(2) with the associated scalar product is isometric to the Minkowski 3-
space ]R? (see Figure 1, for notations cp. [11]). This is easy to see if we choose

Eo=(51) E1=(0 ") E2=({0) @

a—:‘-b aib)

as a basis of Sym(2). Then we get for every h = aEo + bE| + cE; = (
€ Sym(2): g(h) = —deth = —(a? — b? — ¢?) = —a* + b> + 2.

Under this identification p; defines a representation of S1(2, R) on R?. The in-

variance of ¢ means that p;(P) is a linear isometry of R3,i.e. pr: SI2,R) —
01 (3). This map is neither 1:1 (o1 (P) = p1(—P)) nor onto (SI(2, R) is connected,
0/ (3) has four components). However, p;: PGIT(2,R) - R* OT+(3) is an iso-
morphism:
Theorem. ([13], Thm. 3) Ler OT+(3) be the group of all time- and space-
orientation preserving isometries of R} and PGIT(2,R) = GIT(2, R)/{*]1d},
GI*(2,R) = {P € GI(2,R) | det P > 0}. Identify R] and Sym(2) by T(a, b, c) —~
(9%t ,). Then p;: PGIT(2,R) -» RTOfT(3) ={rQ |r e R, 0 € O *(3)},
defined by p1(P)A = PAP, is a (Lie group) isomorphism.

Hence we know that PG11(2, R) acts on an element (“jb 25p) € Sym(2) in the
same way as R™ OT’L (3) acts on an element "(a, b, ¢) € R?. The later action is well
understood. OT+ (3) acts transitively on (ordered) orthonormal bases which have the
same time- and space-orientation. Thus it acts also transitively on two-dimensional
space-, time- or lightlike subspaces.

Two-pencils are either space-, time- or lightlike subspaces, either two-dimensio-
nal or one-dimensional or just the origin, where dimension and type are invariant

2The span of two symmetric bilinear forms is called a two-pencil.
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& deth <0 <=  hindefinite,
— deth>0 <= h definite,
& deth=0 <= hdegenerate.

h spacelike
h timelike
h lightlike

Figure 1. (Sym(2), q) = R}

under p1. Normal forms for the lower dimensional cases are obvious {5], p. 251. In
the two-dimensional case we can choose the following normal forms (cp. (21)):

L span(h®, h*) spacelike: span(E1, Ea),
1. span(h’, h*) lightlike: span(Ez, $(Eq + E1)),
III1. span(h3, h4) timelike: span(Ey, E1).

Finally we can still use the second part p; (18) of the action p (19) to map n3

and h* to the suitable basis vectors.
Summarized we obtain the following classes of surfaces in R*:

span(h3, h* ¢ normal form
I spacelike plane definite (Ey, E?)
II. lightlike plane | 1-degenerate | (E», %(EO + E))
III. timelike plane indefinite (Eo, Ey)
(E1,0)

IV. (a) | spacelike line
(b) | lightlike line | O-degenerate (%(E0+E1),0)
(Eo,0)

0,0)

(¢) | timelike line

(d) ©0.0)
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3 1-degenerate parallel surfaces in R*

In the following only 1-degenerate surfaces in R* will be considered since only for
this class the parallel surfaces are yet not classified (cp. Sec. 1).

3.1 Second order frames. As we have seen before for a 1-degenerate surface
(Type 1) in R* there exists a frame S € F' such that h* = E; = (§]) and

= %(Eo + E) = ((1)8) resp. Y = (Zﬁ “(’)‘). We call such a frame a second

order frame and denote the set of all second order frames on U by F2 c F!. We
can determine the subgroup H> C H', which acts transitively and effectively on
F2, by calculating which changes of frames leave the special form of ¥ invariant,
and we obtain:

<SR
o o

H?>= a0 |° ac#0}. (22)

We have constructed a subbundle £2 of F!, ¥ 2 = my: F 25U , which is a
principal (right) H2-bundle, the reduced bundle obtained by reduction of the struc-
ture group H'! of #! to H2. We use the notation S € F 2 for a second order frame
field. The structure equations have the form (cp. (9)):

V1 0 w! ]
V2 o 0 Jo)]|®
dlé& | = &l (23)
3] 2 : &
2
. o' 0 0 |0/)\]

3.2 Parallel surfaces. An affine surface with transversal bundle o is called parallel
if the second fundamental form h = k3£ + h*&, is parallel (cp. Sec. 1), i. e.

Vh =0. (24)
By definition (VA = C3& 4+ C*&,, cp. [10]) this is equivalent to the vanishing of

the cubic forms C? and C*. In the following we will use the abbreviation: q)fl- =
P (X1).
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Lemma 1. If (x,0) is a I-degenerate parallel surface in R*, then we get for a
second order frame field:

93 =0, @3=0, (25)

Vi, £1 = (o1} + 03181, (26)

Vi, E1 = (o}, + 0381, 27)

Vi, £2 = 207,61 + 20| &2, (28)

Vi = 20061 + 20182 (29)

Proof. This is a direct consequence of (24), using (4) and Ay = 0, h12 = & and
hi =& (hyj = h(X;, X;)). O

Lemma 2. A [-degenerate parallel surface in R* is a ruled surface.

Proof. Dx,dx(X2) = dx(Vx,X2) + h(X2, X2) = ¢, Xa. a

Remark. Every ruled surface x (1, v) = a(u) + vB(u) in R* is k-degenerate (k €

{0, 1}).

3.3 Further adaption of the frame and the parametrization. We know by now
that a 1-degenerate parallel surface in R* is a ruled surface where X, gives the
direction of the ruling. To simplify the computations we would like to find a second
order frame field such that Vx, X» = 0 and such that {X, X»} is a Gauss-basis (i. e.
0 =[X), X2]).

Lemma 3. For a 1-degenerate parallel surface (x, o) in R* there exist a frame field
S = {v1, v, &1, &2, x} € F2 and local coordinates (u, v) such that v = dx(%),
vy = dx(L) and D I dx(L) = 0. Furthermore we can parametrize the surface by
x(u,v) =alu) + vﬂ%u).

Proof~ IfS,S e F2and v = dx(X;) resp. v; = dx(f(i), then there exists A € H?
with X1 =aX| + bX3, X» = cX and ac # 0 (cp. (22)). Thus

0= V)‘(2)~(2 <= Xs(Inc) = —90%2

X2(Ina) = —¢},,

0=[X,X2] <=
{X](lnc) + 2Xa(Inc) — 1X2(0) = 2, — ¢,

O

We call a frame field S = {dx (L), dx(Z), &1, &, x} € F2 with Daidx(aa—v) =
0, where (u, v) are local coordinates, an adapted frame field. Let x (u, v)U =a(u) +
vB(u) be a local parametrization of a 1-degenerate parallel surface in R* and § =
(o + vB, B, &1, &, x} an adapted frame field. (For a function f(u) we write
f = % f.) By Lemma 1 and Lemma 3 the structure equations have the following
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form:
o' +vp" = Do dx() = of|( +vB) + ¢} B+, (30)
B'=Dadx(3) =38 +41, (31)
D dx(3;) =0, (32)
Dpfi=dx(-Ag(3))  +eli+e&, (33
D& = dx(~Ag (), (34)
Doty =dx(-An(s))  +200E+200k, (39
Dsbr =dx(-An(f)  +20381 (36)

From (31) we get that §; = B’ — w%lﬂ. Inserted in (33) this gives that 8" — ((pf1 +
2(p§l),8’ must be tangential. Since dx(%), dx(%) and £ are linear independent,
B, o', B’ and B must be linear dependent. We get two cases:

L o/ (u) = k1(u)B(u) + ko) B’ () + k3 (u) B (u), (37
II. B” espan(B, B'). (38)

I. We assume that (37) is true. We will investigate if it is possible to reparametrize
the surface such that o’ = B”. If we have coordinates (ii, #) € U and a parametriza-
tion ¥ (i, ¥) = & (@) + 9B (i), then we can reparametrize the surface by a local dif-
feomorphism ¢: U — U, ¢ (u, v) = (f(u), g(u) + vh(u)). We get X o ¢(u, v) =:
x(u, vy =: a(u) + vB(u) with

a@) = a(f W) + gwB(f (u), (39)
Bw) = h(w)B(f (w)), (40)
hw)f'w) #0 YueU. (41)

Obviously the frame S = (o’ + v8’, B, &, &) is an adapted frame iff S = (@ +
vp’, E &, 52) is an adapted frame. (If J¢ is the Jacobi matrix of ¢, then S = BS

Using (37) resp. (39), (40) and (37) for & (:= %’;—), we obtain for the difference
B” — o the following expression:
B’ —a =—kif —kp' + (1 —k3)B”
= (" —g' ~ fR)B+ QH f' +hf" —gf = [k)B + (h(f) — k3B’
(42)

Thus k3 = 1 iff k3 o f = hf’. Hence we can find a reparametrization such that
ky = 1(e. g f = id, h = k3) and it stays constant equal one if we restrict to
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reparametrizations with A = % therefore

W= 43)

U
Now k; = Qiffkyo f = — z%j — g. Still we can find such a reparametrization (e. g.
f =id, —ka = g) and k, stays constant equal zero if we restrict to reparametriza-
tions with

f’ /
=~ h. (44)
Finally kj = 0iffkj o f = H (1"~ g') =0 (by (44)).

Since our investigations are of local nature, we have to consider two subcases:
eitherk; = 0 or k1 (i) # Oforall i € U. By (42) this is equivalent to either 8/ = o
or B’ =a’ ~(f' Y2 (k1 o f)B. In the second subcase we still can choose f such that
(f2(ky o f) = +1, thus we have either

a/ — ﬂ// or a/ — ﬂ”:tﬂ.

Since x(u, v) = a(u) + vB(u), we obtain by integration (and if necessary by an
affine transformation applied to x) the following two subcases:

L1. x(u,v) =y () +vy@) or
12, x(u,v) = (Zy @) + y" @) + vy’ ().

II. We assume that 8”(«) € span(B, B')(u) Vu. Therefore B is a plane curve,
contained in the plane spanned by 8(u) and 8’ () for some u. We can reparametrize
the surface by a local diffeomorphism ¢p: U — U, ¢u,v) = (f(u), vh(f(u)))
(cp. the discussion in the first case) such that 8 is part of an ellipse in span(8, 8)
and, by applying an affine transformation, such that 8(u) = (cosu, sinu, 0,0), i. e.
B’ = —pB. We obtain

I x(u,v) =a)+vBwm), B"=-B

To complete our investigations we need to compute for the three types of ruled
surfaces the corresponding transversal bundle o. This can be done using the struc-
ture equations (30) - (36). The computations are lengthy but straightforward. We
give only a short outline.

I. Let y be a smooth function on an open subset of R such that G := det(y, y’,
", v # 0. We set

L:=InG and yW =Ly +ay"+by +cy.

1. (x(u, v) = y'(u) + vy (1)): If we compute the Gauss equations (30) and (31) we
obtain

E1 =y -3y, (45)
B=y"+ W=y —vely — o}y (46)
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If we differentiate & in direction of u and evaluate the Weingarten equation (35),
we get:

o =L +v), o} = Lb—va+v (L +v)).
The Weingarten equation (33) for %.’;‘1 finally gives:
931 = —s (L' + 4v).
2. (x(u,v) = (ey () +y"(u)) + vy'(u), ¢ = £1): We obtain by (30) and (31) that
=y -9, (47)
B= L +v=p)y" +@+e—vp])y" + (b —ep), — o]y +cy. 48)

If we differentiate £, in direction of u and evaluate the Weingarten equation (35),
we get:

(plll = %((lnc + L) +v),
oh =3{b+a —el —(@+e)Inc) +v(~L" + L'(lnc) —a - 2) +
+v¥(nc+ L) + v3}.
The Weingarten equation (33) for 3‘%’;‘1 finally gives:

031 = —s((nc+ L) 4 4v).
IL. Let o, B be smooth functions on an open subset of R such that D := det(a”, o,
B, B) # 0. We set
L:=InD and o" =:La"+ad +bp +cB.

If we compute the Gauss equations (30) and (31) we obtain

&1 =B~ 38, (49)

f=a" —plje/ —vp B — (v + 9B, (50)
If we differentiate &, in direction of u and evaluate the Weingarten equation (35),
we get:

e =3L" ¢f=30b-va—v).
The Weingarten equation (33) for 5’%&1 finally gives:
90%1 = ‘%L/'

Theorem. Every I-degenerate parallel affine surface immersion (x, o) in R* is a

ruled surface and can be locally parametrized either by

L1 x(u,v) =y (u) + vy (u), and
o = span(&, &) is given by (45) and (46), or
12, x(u,v) = (ey ) + y" () + vy’ (W), e = £1, and
o = span(y, &) is given by (47) and (48),
I x(u,v) =) +v8), B’ = —B, and
o = span(&, &) is given by (49) and (50).
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