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ABSTRACT
In this note we describe the group of automorphisms of a commutative
algebra with three generators x, y and z satisfying a relation xy = P(z), where
P(z) is a polynomial.

The algebraic automorphisms of the projective and affine planes have
attracted attention since around 1830. From the point of view of an algebraist
these are the automorphisms of a field of rational functions with two variables
and of a polynomial ring with two variables. The groups of automorphisms of
these planes were described around 1900 and 1941, respectively, at least over
the complex numbers, by algebro-geometric means. It turned out later that the
description given does not really depend on the base field. So the question on
the automorphisms of an affine plane is long ago settled. Nevertheless a
description of automorphisms of surfaces, even surfaces birationally
equivalent to the plane, is far from completion. In work [2] M. Gizatulin and
V. Danilov develop an algebro-geometric approach which allows a description
of the groups of automorphisms of a class of affine surfaces. It is applicable to
surfaces X which may be completed by so-called zigzags. (A zigzag is a
projective curve with all irreducible components isomorphic to the projective
line.) It happens that under some additional assumptions the completions of X
form a tree on which the group Aut(X) acts naturally. In [3] they apply this
approach to the case where the corresponding zigzags are irreducible
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(i.e. isomorphic to the projective line). One of the possible surfaces here is
the ‘ordinary’ two-dimensional sphere x? + y? + z? = 1. This sphere over, say,
an algebraically closed field may be given by the equation uv=1—z? in
which form it was considered in [3] and corresponds to our situation with
deg P(z) = 2.

In 1970 the author suggested a ‘purely’ algebraic approach to a description
of the automorphism group of a polynomial ring with two variables which
worked equally well in a noncommutative setting (for the free associative
algebra of rank two and for the first Weyl algebra). Here the same approach, as
it is described in [1}], is used for the surfaces of the form xy = P(z).

Let K be an algebraically closed field and P(z)EK]|[z]. R will denote the
factor algebra K[x, y, z]J/(xy — P(z)), where (xy — P(z)) = (xy — P(z))K[x, y, z]
is the principal ideal generated by xy — P(z).

Let us assume in what follows that the degree d of P(z) is at least two. The
case P(z) is a constant is trivial and for a linear P(z) the algebra R is
isomorphic to K[x, y], also a well known situation (e.g., see [1]). ’

The statement which will be proved in this note is the

THEOREM. The group Aut(R) is generated by the following automorphisms:

(a) Hyperbolic rotations H(x)=ix, HQ@y)=A1"'y, H@EZ)=2z; A€
K*(K*=K\ 0).

(b) Involution I(x)=y,I(y)=x, 1(z) = z.

(¢) Triangular A(x)=x, AQY)=y +[P(z +xf(x))—P(2)}x~!, Az)=
z + xf(x); fix)EK[x].

(@) If P(z)=c(z+a)? then rescalings R(x)=x, R(y)=41%, R(z)=
Az + (A — Da; A €K* should be added.

() If P(z2)=(z+a)'Q((z +a)") and n €K is such that u" =1, then a
symmetry S(x) =x, S(y) = u'y; S(z) = uz + (u — 1)a should be added.

(f) Finally, if char K =1 >0 and P(z) = Q(z" — a*~'z), then a translation
TxX)=x,Ty)=y, T(z) =z — a should be added.

The theorem will follow from several lemmas. (The scheme of the proof is
similar to the one in [1].)

The algebra R may be considered as a subalgebra of the algebra S =
K([x,x™", z]. Let us introduce a degree function on S (and therefore on R) by
deg, x'z/ = ni + mj where n and m is a pair of nonnegative real numbers at
least one of which is positive. Any element of Smay be represented as a sum of
homogeneous components relative to this degree. For s €S let us denote by
d(s) the highest degree of any homogeneous component of s and by |s|,, ,, the
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component with degree equal to d(s). Let T be a subalgebra of S. Let us denote
by | T|, m the subalgebra of S generated by |¢|, ,, for t € T. Generally speaking
| T, is not a subalgebra of T. We will be dropping subscripts n and m
whenever possible.

LemMma 1. R =K]x,z]DyKly, z] and if m >0 then |R| = K[x, x 'z, z]
where d = deg P(z).

PROOF. R is linearly generated by monomials x'y/z*, and x¥)’z* is equal to
either P(z)x'~iz* or P(z)}y/~'z*. Therefore R = K[x, z} + K[y, z]. If rER
and r =r, +r,, where r,€K][x, z], r,€K[y, z], then we may assume that
r,€yK[y, z]. Now |K[x, z]| =K][x, z] and |yK[y, z}| =x"'z9K[x "'z, z]
sincey =x"'P(z)and |R| = K[x,x"'z% z]. But K[x, z] N x ™ 'z9K[x " 'z%, z] =
0 and hence R = K[x, z)DyK]y, z). O

LEMMA 2. For any p, g EK(x, z) such that d(p) # 0 there exist homo-
geneous p,, ¢, €K(x, z) such that |K[p, p~',q]l CK[p,, b/ ', q) and |p| =
Ap? where A €EK* and a is a natural number.

Proor. This is Lemma 6.8.3 from [1]. O

Let g€EAut(R) and p = g(x), ¢ =g(z). Note p, p~! and ¢ generate an
algebra containing g(R) = R.

LeEMMA 3. Ifn/m is irrational then | p| is either x° or (x ~'z%)°.

ProoF. By Lemma 2 there exist homogeneous p,, ¢, such that
Klp, pi', 12 |K[p, ™, qll D K[x, z, x"'z%] where d =deg,P(z). It is
clear from the choice of n and m that p, and ¢, are monomials. It is also clear
that the mapping D of the multiplicative semigroup T = | K[p,, pi'}, ¢,]) to
the integer vectors Z X Z given by x‘z/ — (i, j) will embed T into the halfplane
bounded by D(p,). Therefore D(p,) should not lie inside of the angle between
the vectors (1, 0) = D(x) and ( — 1, d) = D(x~'z). On the other hand | p| €
|R| and therefore D(|p|)€Elinear span {(1,0), (0, 1), (— 1, d)}. Therefore
D(p,) which is collinear with D(| p|) is either (1, 0) or ( — 1, d) which proves
the lemma. 0

LEMMA 4. If|p| = cx* for any choice of positive n and m then p = ¢, x + ¢,
(c,EK,c, #0).

PROOF. p = py(x, z) + yp,(y, 2). It follows from our assumption that p, =
0, poEK[x]. (Otherwise | p|;  # cx® for a sufficiently small 4.) Since g(R)&
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K[x] it is clear that deg,q > 0. Now R =K[p, q1® p~'P(¢)K[p~'P(q), q]
which implies that x EK[p] because deg, of any element from R\ K[p] is
bigger than zero. Therefore p is a linear polynomial. O

If p = c,x + ¢, we may assume that ¢, = 1 because we can take an automor-
phism x —cx,y—~c¢ !x,z—z.

LEMMA 5. Ifp=x+cthenc=0.

PROOF. Let g = q(x, z) + yq,(y, z) where g; are polynomials. If g, # 0,
then |q o, = ¢;x'z/, wherej Z dand |R |, C |K[p, p~', q]|Pz.So g, = 0and
qE€K]x, z]. Now g(y) = (x + ¢) "'P(q). There exists an i such that

x'g(y) = x'(x +¢)"'P(q)EK]x, z]

which means that P(q) is divisible by x + ¢ if ¢ # 0. Then (x + ¢) 'P(q)E
K[x, z] and g(R) C K[x, z] which is impossible. O

LEMMA 6. If g(x)=x, then g(z) = qo(x)+ cz, where gx)EK][x] and
cEK*,

PROOF. As it was shown in the proof of the previous lemma g(x)=x
implies g(z) € K[x, z]. Since g~ !(x) = x, g " '(z) EK[x, z] and therefore g is an
automorphism of K[x, z]. Let g(z) = go(x) + zq,(x, z). Then f(x) = x, f(z) =
zq, is also an automorphism of K[x, z]and z = f ~'(zq)) = f "'(z)- f ~'(qy) is
possible only if ¢, €K. O

LEmMMA 7. The automorphism A of K[x, z] which is given by A(x)=x,
A(z) = z + xr(x), where r(x)E K[x] induces an automorphism of R.

Proor.
A) = x~1P(z + xr(x)) =y + x"'[P(z + xr) — P(2)] = ¥ + S(x, 2)
where S €K|[x, z]. So A is defined on R. It is clear that A is invertible. O

LEMMA 8. Ifg(x)=x, g(z) =cy+ ¢,z then either

() ¢, is not a root of 1 and P(z) = c(z — co(1 — ¢;) ") or

(b) ¢, is a root of 1 of degree k (k # 1) and P(z) = Q((z — c(1 — ¢,)) " )¥) or
(©) ¢, =1,¢,#0, P(z) = Q(z" — ¢{~'z) where T = char K or

(d) ¢,=1, c,=0.

Proor. Let g(y)=rqx,z)+yri(y,z). Then P(c,z + ¢) = xro(x, z) +
P()r(y, z)EK][z). Therefore r,=0, r,€K][z] and P(c,z + cp) = P(z)ri(2).
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Hence r(z)EK, P(c,z + ¢;) = ¢c;P(z) and the finite set of roots of P(z) is
invariant under transformation a(z) = ¢,z + ¢,. If ¢, is not a root of 1 then «
has a unique fixed point z, = c,(1 — ¢,;) ! and all other trajectories of o are
infinite. So in this case P(z) = ¢)(z — z,)¢. If ¢ =1 where k > 1 is minimal
possible, then « has order k and preserves (z — zg)*; hence in this case
P(2) =(z — z))'Q((z — zp)¥). If ¢, = 1 and ¢, # 0 then « does not have fixed
points and trajectories are finite only if char K = 7 > 0. In this case « has order
tand P(z) = Q(z" — ¢ 'z). Finally, if ¢, = 1 and ¢, = 0 polynomial P(z) may
be arbitrary. O

So we have settled the case |g(x)|,, » = cx® for any choice of n, m > 0. The
complete list of possible automorphisms is given in Lemmas 7 and 8.

If |g(x)|nm =c(x"'z%)“ then since I(x)=y, I(y)=x, I(z)=z gives an
automorphism of R, Ig is also an automorphism and |Ig(x) |, . = cx* with an
appropriate choice of n’, m’. Hence it remains to consider the case when
|g(x)| =cx* for some choices of n, m and |g(x)| =c(x~'z¢)* for other
choices. It is clear that then there are uniquely defined relatively prime integers
n and m for which

lg(x)] = x4+ - -+ +cx'2%)P

where ¢, c,EK*, a=deg,g(x), dBf =deg,g(x). Let us denote these par-
ticular » and m by p and o.

Let us apply Lemma 2 to g(x) and g(z) and denote the p, and ¢,
obtained there by ¢ and w. As we know |[g(x)|=c¢° and |R|C
[K[g(x), g(x)"", g(2)]| CK[p, 9!, y]. With our choice of n and m, ¢ =
X’ + «+« + é(x~'z%? for suitable y, 4.

LEMMA 9. If |y |, o= cx' then a =0(mod p) and there exists a triangular
automorphism A(x) = x, A(z) = z + ¢;x" wherer = a/p(A(y) = A(x) "' P(A(2))),
such that |Ag(x)|, , = c)(x ™ 'z9)%.

PrOOF. z€E€K][p, ¢!, y]. Therefore o = deg z is a linear combination of
yp =deg and ip =degy. Now A|g(x)| =cx*+ + - + c(x7(z + c3x")9).
By the choice of r, A(z) is (p, ¢) homogeneous, and ¢; may be chosen in such a
way that the coefficient with x* in Ag(x) is zero. But then |Ag(x)| =
| (= 'z%)# | because otherwise

|Ag(x)| = e (x7'z9)k + « -« + cy(x 1298

where ¢y, j, kK # 0 and |Ag(x)|,, » = coX/(x~'z9)* for some choice of n and m,
contradicting the conclusion of Lemma 3. O
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LEMMA 10. If |wlo, = c(x~'2z) then there exists a triangular automor-
phism A such that |AIg(X)|4-,, . = cy(x ™ '2z%)=

PrROOF. It is clear that [Ig(X)|s-p s =cX* + ---+c(x7'z%)* and
[ I(w)|,, o = cx', so we may apply the previous lemma. O

It follows from Lemmas 9 and 10 that if either |y|, o= cx’ or [Wlo, 1 =
c(x~'z%)!, then with the help of a triangular automorphism or involution and a
triangular automorphism we can decrease deg, g(x) + deg, g(x). So after a
finite number of such steps we obtain an automorphism g’ for which either
&'(x) =c\x (and then use Lemma 8) or for corresponding ¥’ both [W'],0=
cx'z/ where j # 0 and |y’ ; = c(x~'z%)*z! where [ # 0.

LEMMA 1. If|y|, o=cx'z’ wherej # 0, theny =j = 1.

PROOF. |R| C K[xy, x_}"’ xizj]’ therefore K[x}’,x_T]ax impl}’lng y = 1.
So K[x,x™!, x'Z}=K[x,x™ !, Z]9zand j = 1. 0

REMARK. Similar considerations show that if |y |, , = ¢’(x ~'z%)'z where
j#0,thend =j=1.

So from now on we may assume that /[, o = cx'z, | ¥ o, = ¢’(x " 'z9)*z and
p=x+--++éx"'z7where ¢ # 0.

Since deg x = deg x ~'z? and y may be replaced by g’ where i is any integer,
we may assume that |y| o=cz, |y, =c¢z and y =2z -y(w) where
w=x"z" and y(w)€K(w) is a ratio of two polynomials of the same degree.
We may also assume that p > 1, because otherwise 6 =0 (mod p) and there
exists a ‘reducing’ triangular automorphism (see proof of Lemma 9).

LEMMA 12. For ¢ and y as above, K[p, 9", w]D |R].

Proor. If K[p,¢ ', y]2z then z=y.flp °y") (where f(t)EK[t])
because deg z = deg . Now ¢ = x&(w) where £(w) is a polynomial of degree
at most two since 2p =do and 2p = d.

So 1 = xf(wE~?x?). It is clear that 0 = p because d = 2. Therefore if y(w,) =
0 for some w,EK then £ must have w, as a root of multiplicity two and
p —20 <0.But then x 2z = w?and ¢ = 1, 50 p < 2 contrary to our assump-
tion on p. Consequently y(w) does not have roots and thus is a constant, since
it is a ratio of two polynomials of the same degree. We may assume then that

w=z.
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If K[p, 9!, w]2x, then x = ¢ -h(p ~°y’) and 1 = Eh(WE~°) where h(t)E
K[t].

Since EW)=1+ -+ +éx2z% &@0)+#0. Let w, be a root of &w) of
multiplicity n. Then h(w&~°) has a pole in w, if n —okn <0 (here
k =degh(t)). So 1 — ok =0 and 6 = k = 1. Therefore 1 = &(hy + hywé™") =
ho€ + hyw and € is a linear polynomial. But then x "*z¢ =wand g = 2.

Since o cannot be 1 and 2 simultaneously, the lemma is proved. O

We reduced our assumptions on |y| o and |y, to a contradiction.
Therefore any automorphism may be presented as a product of involutions,
triangular automorphisms, a hyperbolic rotation and an automorphism from
Lemma 8.

ReEMARK. (1) Though we assumed that X is algebraically closed it is not
really essential. It is not difficult to show that all roots necessary in Lemma 9
belong to the field itself.

(2) The groups described are subgroups of the group of automorphisms of
the polynomial ring K[x, y, z]. It would be of considerable interest to describe
all factor algebras of K[x, y, z] with this property.

(3) The structure of Aut(R) is especially nice when P(z) has degree at least 3
and is a ‘general’ polynomial (i.e. not of the form (d), (e) or (f) of the theorem).
Let T be the group of all triangular transformations and let G be the group of
hyperbolic rotations. Then G, = span(T, ITI) is the free product of these
groups and is a normal subgroup of Aut(R). Further Aut(R) is a semi-direct
product of G, and G, where G, is a semidirect product of G and span(/). When
deg P(z) =2 there is a big ‘linear’ part which makes the structure more
complicated.
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