ISRAEL JOURNAL OF MATHEMATICS, Vol. 69, No. 2, 1990

MARTINGALES WITH GIVEN MAXIMA
AND TERMINAL DISTRIBUTIONS

BY

ROBERT P. KERTZ'* AND UWE ROSLER®
aSchool of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332, USA4;
and ®Institut fiir Mathematische Statistik und Wirtschafismathematik, Universitdt Gottingen,
Lotzestrasse 13, 3400 Gottingen, FRG

ABSTRACT

Let u be any probability measure on R with | | x | du(x) < oo, and let u* denote
its associated Hardy and Littlewood maximal p.m. It is shown that for any
p.m. v for which 4 <v < u* in the usual stochastic order, there is a martingale
(X,)o<¢ =1 for which supy <, <, X, and X, have respective p.m.’s v and . The
proof uses induction and weak convergence arguments; in special cases,
explicit martingale constructions are given. These results provide a converse
to results of Dubins and Gilat [6]; applications are made to give sharp
martingale and ‘prophet’ inequalities.

0. Introduction

For any martingale X = (X,),<,<; With integrable right element X, let # and
v be the probability measures associated with X, and M =M(X):=
sup, <, <1 X; respectively. Blackwell and Dubins [5] and Dubins and Gilat [6]
have shown that 4 <v < u* (with the usual stochastic order, see (2.1)), where
u* is the Hardy and Littlewood maximal probability measure associated with
1, and have produced martingales for which v = u and for which v = u*. In
this paper, this result is sharpened, as a converse question is considered: if 4
and v are probability measures with 4 <v <u* is there a martingale X =
(X,)o<: <1 for which M Zyand X, = u? The answer is yes, as it is shown that for
any p.m. z on R with [ |x | du(x) < oo, the following collections of probability
measures are equal:
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{v: there is a martingale X = (X,)p<,<; with M2 v, and X, = u}

(0.1)
={visap.m.onR:u <v <u*}.

The result is given as Theorem 2.1, and is proved from induction and weak
convergence arguments.

For given p.m.’s y4, and g, on R with | {x |du,(x) < o0, the subcollection of
the set of p.m.’s of (0.1) given by

(0.2) {v: there is a martingale X = (X,)y <, <, wWith X Z Lo, M2 v, and X, 2 )

is characterized in Theorem 3.4. The set in (0.2) is nonempty, for example, if y,
and p, are concentrated on some closed interval and p, <., (i.e.,
| wdu, = § wdu, for all continuous convex functions  on the interval); see, €.g.,
Theorem 2 of Strassen [22] or Chapter XI of Meyer [16]. The characterization
of the set in (0.2) follows from (0.1) and two intermediate characterizations.
One of these states that for any probability measure x with | xdu(x) = 0, the
following collections of probability measures are equal:

. . . 2 2P
. =\ Ardo=e= =Y, =V, =
{v: there is a martingale X = (X,)o<,<; With X,=0,M =v,and X, = u}

0.3)
={visap.m.on [0, c0): u <v <u*}.

The result (0.3) is easily proved using (0.1). However, a constructive proof of
(0.3) is given which uses the martingale (2.4) of Dubins and Gilat [6] or
equivalently a time-changed Brownian motion; this approach connects this
result to those of Dubins and Gilat [6], Azema and Yor [1, 2], and van der
Vecht [23]. Other connections of these martingale questions to embeddings of
martingales into Brownian motion, which involve related (but different)
issues, have been made by Jacka [12] and Perkins [17].

These stochastic order representations can be used to prove sharp mar-
tingale inequalities relating M and X,. Such inequalities have been given by
Dubins and Gilat [6], Gilat [9], and Hardy and Littlewood [10]. In the context
of optimal stopping, some of these inequalities have been referred to as
‘prophet’ inequalities; initial work in this area of ‘prophet’ inequalities was
done by Krengel and Sucheston [14, 15] in the context of independent r.v.’s
and sums of independent r.v.’s. In Theorem 4.1, a ‘prophet’ inequality of
Dubins and Pitman [7] (see also Hill and Kertz [11]) is sharpened by use of
results from Section 2. We also give an interpretation of our main result in a
‘prophet’ problem context in Section 4.
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1. The set of measures .#(u): Definition and properties

In this paper X = (X,)y<, <, is @ martingale if there is some probability space
(Q, #, P) and a filtration {# },<,<, on (Q, #, P) under which (i) (X,)o<, <, is
{# }-adapted, (ii) X, is integrable for every 0 =¢ =1 and E(X, | F) =X, as.
{P]forevery 0 =5 <t =1 and (iii) the paths ¢ — X, are right continuous and
have left-hand limits for 0 =¢ <1 (RCLL).

We define .#(u), the main object of study in this paper. Let 2(R) be the
space of probability measures on (R, 2(R)), given the topology of conver-
gence-in-distribution, so that under the Prohorov metric, this is a complete,
separable metric space (for reference see, e.g., Ethier and Kurtz [8]). For each
p.m. u on R satisfying | |x|du(x)<oo, let .#(u) denote the set in 2(R)
given by

M) = {vE€ P(R): there is a martingale X = (X,)y<, <,

(1) o .
for which M =v,and X, = u},

where M = M(X) = sup,=, <, X, and we write Y2 1 if r.v. Y has distribution
that of p.m. 4. If p.m. g has associated r.v. Z, then by letting X, = Z for all
0=t =1, itis clear that u €.#(u), so that .#(u) is nonempty.

Our main objective in this section is to show that .#(u) is convex and closed;
this is done in Propositions 1.2 and 1.6. We will use path properties of
martingales. For this purpose, we let D = D[0, 1] denote the space of functions
x on [0, 1] that are right continuous and have left-hand limits, given the
Skorohod J; topology and associated Borel g-algebra #(D), and with metric dj,
under which D is a separable complete metric space (for reference, see
Billingsley [2] and Ethier and Kurtz [8]). Each martingale X = (X))y<, <,
induces a p.m. on (D, #(D)), denoted by Py(-)=P(XE-). We use ‘=" to
denote weak convergence of p.m.’s on (D, #(D)) (and of the associated
stochastic processes), and write X" = X for Py-— P,. We also use Y,—= Y to
denote weak convergence (convergence in distribution) of r.v.’s {Y,, },», tor.v.
Y. The following lemma sets up the proof of convexity of .#(u). In the
remainder of this section, when discussing .#(u), it is implicitly understood
that u € 2(R) with [ | x |du(x) < co.

LEMMA 1.1. Given martingales X' and X?, then there is a martingale X
for which X = X' with probability i, and = X* with probability 1 — A.

Proor. This follows easily by making appropriate definitions. For
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example, if X' = (X} )o<, <, and X? = (X?)o<, <, are martingales with respect to
(!} and (Q, F,P") and {F2} on (Q) F2 P») respectively, then
define Q=U,_,,Q X{i}, F=0(AX{i},NEF' i=12), F=
oA X (i}, NEFLi=1,2), P(4)= AP (AN + (1 — A)PY(A4? for A =A4'X
{1}UA?X {2} in #, and X,(w, i) = X} (w) if (w, i) EQ' X {1}, and = X} (w)
if (w, i)EQ? X {2}. Then X = (X,)o<, < is a martingale with respect to { %} on
(Q, #, P) satisfying P(XEC) = AP'(X'€C) + (1 — A)PAX?€C) for all CE
A(D); so the conclusion holds for X. O

PROPOSITION 1.2. .#(u) is a convex subset of P(R).

Proor. Fori =1, 2, let v € #(u) with martingale X’ = (X}),<, <, satisfy-
ing M2 vi,and Xi Z u. Alsolet 0 <A < 1. Then the martingale X = (Xosi=1
of Lemma 1.1 satisfies MZ Av'+ (1 — A)? and X, -zy, so that Av!+
(1 — AWV E.H().

a

To set up the proof of closedness of .#(u), we give three lemmas.

LEMMA 1.3. Let u be a p.m. on (R, B(R)) with {|x|du(x) <o, and
assume X" = (X )o<:<1, 1 = 1,2, ..., are martingales satisfying X! 2 u for
n =z 1 and X" = X in D for some RCLL stochastic process X = (X,)o<,<.- Then
X is a martingale.

PrROOF. We may assume that X", n = 1, are martingales with respect
to the same filtration {#} on a probability space (Q, #, P), and X is
defined on (2, #, P) and adapted to {#)}. Use the martingale property
of the X"™’s and common integrable distribution of X7’s to obtain collection
{(X',0=t=1,n=1,2,...} is uniformly integrable. It follows that
fcXidP—{-XdP as n—o for all CEF, for each ¢t in Ty=
{u€l0, 1]: P(X(u) # X(u —)) = 0}, and hence that

f X,dP = f XdP
A A

forallA€#, foreachs,t€Ty with0=s<r=1

(*)

(in particular, 0, 1 € T). By use of right-continuity of X and uniform integrabi-
lity of { X,: t €Ty}, one obtains (x) forall 0 = s <t = 1; so Xis a martingale. O

Now let a be a fixed small positive number in (0, 1) (e.g., a = 0.1). Define set
D,[0, 1] to be that subset of D[0, 1] of functions x = (x(t)),<, <, satisfying the
following:
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(1.2) for the function x there is a constant b = b(x) with a =b =<1 for
which

@) x@)=x0)if0=st<a; x(t)—x(0)=( —a)(1 —t)ifa =t <b; and
xO)=x(Difb=t<1;

(i1) x =(x(t))o<,<; is nondecreasing on [0,b), and x(b —)— x(0)=
(b —a)/(1 —b)z= x(b) — x(0); and

(iii) fora =t < b, tis a point of increase of x if and only if x(t — ) — x(0) =
(t—a)(l—1).

(Recall ¢ is a point of increase of x iff x(¢ + &) — x(t — &) > 0 for each ¢ > 0
small.)

LEMMA 1.4, Let X =(X,)o<,=<, be any martingale. Then there is a mar-
tingale Y = (Y,)o<,<; With paths in D,[0, 1] for which M(Y)Z M(X) and
Y, 2 X,

PROOF. Let X =(X,)o<,<; be a martingale with respect to filtration { %} on
probability space (Q, #, P). For each x = 0, let 7, be the optional stopping
time

T, =1(x)=inf{0=r<1: X, — X;>x} if this set # J, and = | otherwise.
For the fixed a of (1.2), define the process Y = (Y,)o<,<; by
(1.3) Y}=X01f0§t<a, = ,((,_a)/(l_,))ifa§t<l, and =X| lft=1;

and define filtration {%,} by 4, = Hif 0=t <a, = F_aya-n+ ifa st <
1,and = # if t = 1. Then Y = (¥,)p<, =, is 2 martingale with respect to {¥,}
(use the Optional Sampling Theorem as given, e.g., in Karatzas and Shreve
[13]). It is clear from the construction that Y,= X, M(X) ZMm (Y), and
X, 2y,

Now fix w €Q. Observe that M(X)(w) < o (since X is in D[0, 1]), and let
b = b(w) satisfy (b — a)/(1 — b) = M(X)(w) — X(w). Then from the defini-
tion of 7 and 7, it follows immediately that Y,(w)= Xy(w) if 0=t <a,
Y()—Yw)=(t—a)(l—t)ifa=t<b,and Y, (w)=X(w)if b=t =1,
Y,(w) is nondecreasing on [0, b — ) and

Yy =(b—a)/(1-b)+ Xfw)=MX)w) Z Yy(w) = X(w);

and for a =t <b, t is a point of increase of Y if and only if ¥,_ — Y, =
(t - a)/(l - t) (i.e., limt"“ XT((ln‘—a)/(l-"l,.)) = (t - a)/(l - t) + Xo(w)). Thus
Y(w) = (Y(@))os:=1 18 in D,[0, 1]. a



178 R. P. KERTZ AND U. ROSLER Isr. J. Math.

Note that the parameter a > 0 is used in (1.2) and the subsequent part of the
section so that the new process Y = (Y,)o<,<; formed from X in Lemma 1.4
will have both Y,= X, and right continuous paths.

As in Billingsley ([2]: Chapter 3), define the modulus w;(d) for 0 <J <1 and
x€D[0, 1] by

w;(é) = inf max Wx[zi—h ti)a
(t} O<isr
where w,[a, b) = sup{|x(s) — x(¢)|: 5, t E[a, b)} for a <b, and the infimum
is taken over all finite sets {¢;} of points satisfying 0 =f,<t; <.-- <f, =1
andd=t,—t,_,fori=1,...,r. Also denote | x| = supgs,<,|x(¢)|.

LeEMMA 1.5. If x€D,[0, 1], then for each & with 0<é <a, wi(d)=
d(1—a) ' +2|x)~

ProoF. Let x€D,[0,1] and 0<d <a. Choose 5,E[0, 1] satisfying
x(so— )= |x| = (5o — a)/(1 — s5) + x(0) (such an s, exists). If s, = a, then the
result holds; suppose s,>a. Having chosen s,>s > --:>s5,Za, with
x(s, —)— x(0) = (s, — a)/(1 —s,), define

Sp+y = Inf{s: X(5) = x(s, — 9)}.
Then
(1) Sps1=5,— 9,
(i) X($,+0)Z x((s, — ) —) Z ((s» — ) —a)(1 — (s, — 9)) + x(0), and
(i) 1 —s,) " '=(1 —a)"'QA+2|x]) (from (s, —a)(l—s,)+x(0)=
x(s, =) = 1x1).
It follows that

sup{ |x(s) —x(®)|: 5, t E[Sn+1, $n)}
=x(85 =) = X(Sn+1)
(1.4) = ((sn — a)(1 — 5,)) — (s, — 0) — @)/(1 — (s, — 9)))
so(l—a)l—s,)?
=d(1—a)~'(1 +2|x])2

At this point, either s,.,€[0, a] or s,,,€(a, 1]. In the first case, stop the
procedure; and in the second case, note that x(s,;, —)—x(0)=
(8,41 — a)/(1 — s,,) and continue by choosing s, , , by the above procedure. If
we label the chosen points obtained in this way by s;> s, > « -+ >, then
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Wi(0) = maxo<jcm WilSj 41, 5) = (1 —a) (1 +2|x1)?
by (1.4); and we are done. O
PROPOSITION 1.6. .#(u) is closed subset of P(R).

Proor. Letv,,n=1,2,..., bein .#(u) and v,—v. We show v E.#(u).
Let X" = (X]')o<, <, be a martingale with A (X™) z v,and X7 = u,forn=1.As
in the proof of Lemma 1.3 we may assume that the X”’s are martingales with
respect to the same filtration on the same probability space. From Lemma 1.4,
we may also assume that all paths of the X”’s are in D, [0, 1]. Let P" denote Py,
the p.m. induced by X" on D[0, 1]. We claim that {P"}, ., is tight on D[O0, 1].

From Billingsley ([4): Theorem 15.2), it suffices to show

(i) for each 5 > 0, there exists an « €R such that

P( sup lX,"|>a>§n foralln = 1; and

0=t=1

(1.5)
(i1) for each ¢, n > 0, there exist J, with 0 <J < 1, and an integer n, such
that

Pwi(d)ze)=n  forall n = n,.
Now, (1.5)(i) follows easily from the inequality

P( sup | X7 | >a>éa“EIX{'I =a”! f |x | du(x),
0=tr=1

for a > 0. For (1.5)(i1), let ¢, # > 0 be given and obtain from Lemma 1.5, for
0 <d <a A(e(l1 — a)), the inequality

P(wp(8)Z &) =P(@B(1 —a) (1 +2[X"|)2 z¢)

§P< sup | X7 = ((e(1 —a)d~ )2 — 1)/2)

0=r=1

< ((e(1 — @)~ — 1)~ -2f Ix | du(x).

By choosing d sufficiently close to 0, (1.5)(ii) follows.

From Prohorov’s Theorem ([4]; p. 37), there is a subsequence {P"} with
P"= P for some p.m. P°on D[0, 1]. Let X = (X,),<, <, be a process with paths
in D[0, 1] having associated p.m. P°. We may assume that the martingales X",
i =1, and the process X are all defined on the same probability space
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(Q, #, P). From the weak convergence, it is immediate that X, = u. From
Lemma 1.3, we have that X is a martingale. Finally, we have M(X") = Vo,
v, =V, and also M(X")= M(X) (from continuity of Tx = sup,<,<; x(f) on
D[0, 1] and the Continuous Mapping Theorem as in, e.g., [4]; p. 138). Thus
M(X) Z y; and it follows that v EH(u). O

2. Characterization of .# (1)

Our main results are based on use of the usual stochastic ordering for
probability measures. For v, and v, in 2(R), we write v, <, if

2.1 f odv, = f odv, for every nondecreasing function ¢ on R.

It is straightforward to show (2.1) is equivalent to
(2.2) vi[x, 00) = vy[x, ) for every x ER

(for a reference on stochastic orderings, see, ¢.g., Stoyan [21]).

As in Section 1, x4 denotes any p.m. on R satisfying {|x|du(x) < oo, and
M () is the set defined in (1.1). It is known that under the partial ordering of
(2.1),

(i) there exists a least upper bound of .#(u), denoted u*, and u*€.#(u);
and

(2.3)
(ii) there exists a greatest lower bound of .#(u), the p.m. u, and u € 4 ().

The result (2.3)(ii) is immediate from the remarks after (1.1). For future
reference, we discuss result (2.3)Xi) and a representation of u*; see Blackwell
and Dubins [5] or Dubins and Gilat [6] for details.

Let F denote the distribution function associated with p.m. u. Let F~!
denote the left continuous inverse of F defined on (0,1) by F~{(w)=
inf(z: F(z) Z w} and extended to [0, 1] by setting F~'(0)=F~!'(0+) and
F~Y(1)=F~!(1 —) (for references on F~!, see, e.g., [19] of [20]). On the
probability space ([0, 1], #([0, 11), 1), where 4 denotes Lebesgue measure, the
r.v. F~! has df. F and associated p.m. u. Define the filtration {%)} by
F =0{A([0, 1]), (¢, 1]} for 0 <t = 1 and & = {9, [0, 1]}. Then the stochastic
process (Z,)o<, <, defined by

(2.4) Z,=EF'|#),

is a martingale with respect to {#}, satisfying Z, = | xdu(x) and Z, = F~!,
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with associated p.m. . Now, it was shown in [5] and [6] that the Hardy and
Littlewood maximal function 4 associated with F, defined by A(w)=
(1 =w) ! fi. 1) F~'(u)du (with (1) = F~'(1)), as an r.v. on this probability
space has associated p.m. u*. This function 4 is continuous and nondecreasing
on [0, 1]; A(0) = { xdu(x) and h(1) = F~'(1 — ) = x, the right endpoint of the
support of F; and F~! < h. Thus it follows from the representation

(2.5) Zw)=F 'w)if0<w=t=1, and =h(@)if0=t<w<l

for 0 <w < 1, that M(Z)) = h a.e. and has associated p.m. z*. This martingale
demonstrates that u* €. .#(u).

THEOREM 2.1. M(u)={vEPR): u<v<u*}.

From (2.2) it is clear that #(u) C {(vE€ P(R): u <v <pu*}; to establish
Theorem 2.1, we must show that

given p.m.’s g and von R with u <v <pu*,
(2.6)
there is a martingale X = (X,)y<, <, for which M Z yand X, | Z u.

We prove (2.6) after Proposition 2.3.

LEMMA 2.2. FixN€(1,2,...}andletpbeap.m.onRwith||x|du(x)<
w. Let x,<---<xy and 0=ay=---=a,=a, be numbers satisfying
mlx;, 0)y=a;, S u*[x;, o) fori=1,...,N.

Then there exist p.m.’s u, and p, on R satisfying {|x|du(x) <o and
§ 1% |duy(x) < 00; polx;, 00) is constant ini =1,...,N; and there is a number
A €0, 1] such that u = Ay, + (1 — Ay, and Auf[x;, ©) + (1 — Aylx;, ) Z a;
foreveryi=1,...,N, with equality holding for at least onei =1, ..., N.

ProOOF. Case 1. In this case assume that p.m. x4 has no point mass. Let
Z = o(z) be any continuous function on [xy, co) taking values in (— oo, X;)
with 7 = a(z) decreasing to — oo as z increases to + co. Without loss of
generality, assume that u([Z, z]) > 0 for all z in [xy, ). (If u([Z, z]) = 0 for
some z in [xy, o), then the conclusion follows by taking u, = u =y, and
A=maxec;<yC, Wwhere ¢ =(a — ulxy, 0))/(W*[x;, ) —plxy, ©)) if
Ulxy, 00) <u*[xy, ) and ¢; =0 if p[xy, ©) = p*[xy, 0)). Let 1(z) be the
strictly positive function defined on [xy, o) by A(z) = u([Z, z]); observe that
A(z) is a continuous, increasing function with lim,, , A(z) = 1.
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For each z in [xy, o), define probability measures u#,(-) and j,(-) on
A(R) by

u(A4)=(A2)"'ud niz,z]); and
(2.7)

2(A)=(1—=2A2) " 'ud N [z,z]9ifA(z) <1, and =¢A)ifA(z)=1

for some y €(2Z, x,). As at the beginning of this section, associated with p.m. u
are the functions F~! and 4 on [0, 1]; and analogously, associated with p.m. u,
are functions F; ! and A,, and p.m. u*. From the continuity of F(x) and from
representations of F; ! and A, in terms of F, F~!, and A, one obtains that for
eachi=1,..., N, u¥[x;, o) and ,[x;, o) are continuous in z over [xy, o)
with lim,, , u¥[x;, 00) = u*[x;, o) and lim,;, (1 — A(z))iz,[x;, 00) = 0.

Finally, define 7 in [xy, co] by

£ =inf(z: A(2)uX[x;, ©) + (1 — A2, [x, 0)Z a, foralli=1,...,N).

We may assume that Z << oo (otherwise, it must follow that u*[x;, cc) = g; for
some [ €{1,..., N}, and the conclusion follows by letting A = 1, u, = u, and
w=2¢,). If we let A = A(2), u, = u;, and p, = f1;, then y, and y, are probability
measures on R and 4 is a number in [0, 1] satisfying the desired conclusions.

Case 2. In this case u is any p.m. on R satisfying the hypotheses of this
lemma for numbers x; < --- <xyand 0 =ay = ... <aq,. The proof in this
case is similar to, but technically more complicated than, the proof in Case 1.
The key new notion is that portions of the weights of atoms are taken into
account. Letting xr denote the right endpoint of the support of F, one
associates with pairs (z, p) with xy <z = xyand 0 = p = |, pairs (2, p) with
— o =2 <X, and 0 =p = 1; constants

A, = =puf{z} +uiz, 2)+ 1 —pp{z);
and p.m.’s g, , and p? , on %(R) defined by
p,p(A): = A7 {(1 — plu{z)e(4) + wd N (2, 2)) + (1 — p)u{z}e.(4)},
and for A, , <1,
1A :=(1—A,,) (A N (= oo, 2)) + pu{z}e(4)
+ pu{z}e.(4) + pd N (z, )}

and for A, , =1, u2 ,(4) = ¢,(4), where z <y <x,, so that continuity and
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limit arguments analogous to those of Case 1 can be applied. O

ProrosiTION 2.3. Fix NE€{1,2,...} and let u be a p.m. on R with
fIxldu(x)<oo. Let x;,<---<xyand 0=ay=---=a,=1 be numbers
satisfying ulx;, o0) = a; S u*[x;, o) fori =1,...,N. Then there existsa p.m.
vE .M (u) satisfying v[x;, oy=a;fori=1,...,N.

ProoF. The proofis by induction on N. For N = 1, we assume p[x,, w0) <
u*[x,, o) (the case of equality is trivial), and define v = Au + (1 — A)u*, where
u and u* are the pm’s in #u) in (23) and A:=
(u*[xy, ) — a))(w*[x,, ©) — u[x,, ©)). Then v E.# () from Proposition 1.2,
and v[x,, oc) = a, by definition. We assume the result holds for N, and will
show the result holds for N 4 1. So assume there are numbers

Osay 1 ZEay=---=a;=1 and x,<:- - <xy<Xyi

such that u[x;, o) = a, = u*[x;, o)fori=1,..., N+ 1.
We claim that it suffices to show the induction result holds if

(2.8) w¥[x;, 00)=a, for some i, €{1,...,N + 1}.

Indeed, suppose the induction result is true under condition (2.8). Let u, and u,
be the p.m.’s in the conclusion of Lemma 2.2. If A = 0 in the conclusion of
Lemma 2.2, then u[x;, o) =ga;fori =1,..., N + 1 and the result follows by
letting v = u. Suppose 4 >0, and define 4, =17 '(q; — (1 — A),[x;, 0)) for
i=1,...,N+1. Then ux;, ©)=d;, =uf¥[x;,0) forall i=1,... , N+1,
with 4; = u¥[x;, oo) for some i; here the left inequality follows from u[x;, c0) =
a;forall iand u = Ay, + (1 — A)u,, and the right inequality and equality follows
from Lemma 2.2 and the definition of 4;. Also 0 = dy,, = --- =d, =1, from
the property of u, that u,[x;, co) is constant in i = 1,..., N + 1. Since the
induction result is assumed to hold under condition (2.8), we obtain a p.m.
v\ EM(u,) satisfying v[x;, 0)=4d, for every i=1,...,N+1. Let U=
(U)o<: <1 be a martingale with M(U)i v, and U, i,ul. We know that u, €
M (11,); so there is a martingale W = (W,)y<, <, with M(W) = I, and W, = .
Finally, define p.m. v:=Av, + (1 — A)u, and observe that v[x;, o) = a; for
i=1,...,N+ 1. If wedefine X = (X,)y<, <, as a martingale mixture of U and
W as in Lemma 1.1, then M(X) ilvl +(1—=Au,=v and X, ilﬂ, +
(1 — A, = u, so that v E.#(u).

Assume that (2.8) is satisfied. We prove the reduction result in two cases. We
give the proof for 1 < i, <N + 1; the proofs for iy = 1 and i{; = N + 1 are slight
modifications of this argument.
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Case 1. In this case assume that u has no point mass. Let y be the number
in [0,x,] satisfying x;=(u[y,©))~' [, < 2zdu(z), so that puly, )=
u*[x;, ©) = a,, from use of the maximal function 4 associated with x and (2.6).
Define p.m.’s 4, and u, on R by, for 4 € Z(R),

m(d) =pu{d N (= 0, y)} +uly, ©)e, (4),

#Z(A) = (ﬂ[y9 w))_l:u{A N [y’ <:0)}'

First observe that 4, is a p.m. satisfying | xdu,(x) = | xdu(x) and

(2.9)

(2.10) Wx;, ©) = a; = uf¥lx;, o) fori=1,...,5— 1.

The first inequality in (2.10) follows from g, [x;, 00) = u[x;, ©0) = a;forx; =y,
and from p[x;, o) =puly, o) =u*[x,, ©)=a,=a; for y=x;,=x,; the
second inequality in (2.10) follows from u¥x;, )= u*[x;, ©) for i =
1,...,i(e.g.,compare u, Fy, F{'!, hj,and u¥f tou, F, F~', h, and u* of (2.4)).
From the induction hypothesis, there is a p.m. v, in #(u,) satisfying
wlx;, ©)=a, for i=1,...,i,— 1, and hence there is also a martingale
Y =(Y)os:<: With M(Y) 2 v, and Y, = i, (we also have v[x;, ) = a,, since
vilx,, 00) =PM(Y) z x;) = P(Y, = x;)) = pu[x;,, ©) = u[y, ) = a;). Second,
observe that 4, is a p.m. satistying | xdu,(x) = x; and

2.11) Wl xi, 00) = a;/uly, o) = uflx;, ) fori=i,+1,..., N+1

(use that p[x;, 00) = u[x;, co)/uly, ) and uF[x;, ) = p*[x;, o)/uly, ) for
i=iy+1,...,N). From the induction hypothesis, we can obtain a p.m. v,
and a martingale Z = (Z)os,<; satisfying Zy=x,, M(Z)Z v, Z, Z 15, and
vo[x;, o) = a;/uly, o) fori =iy+1,...,N + 1.

We may assume martingales Y and Z and their respective filtrations {%,}
and {#} are defined and independent on the same probability space. Define
filtration {F} by # = 4, if 0=t <},and =0{¥%,, #5,_ 1} if} =t =1;and
define stochastic process X = (X,)o<,<1 by X, =Y, if 0=t =<4;and =7, if
i=st=land Y, <x,;and =Z,,_if}=t =1and Y, = x;. Then (X,)o<,<:
is a martingale w.r.t. {#}. Also X, = 1, since

P(X,EA)=P(Y,EA, Y, <x,)+ P(Y,€EA, X, =Xx,)
=u(A N (= o0, y)) + pA)u{x,}

=uA N (=0, y) + (uly, 0)~'ud N[y, oDuly, ©) = ud);
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and M(X) has associated p.m. v satisfying v[x;, c)=gq; for all i=1,...,
N + 1 since

v[x;, 0)=PMX)Zx;)=PMY)Zx)=w[x, 0)=a; fori=1,...,1I,
and
v[x;, 0)=PMX)zx;)=PM(Z)z x;, X, =Xx;)
= P(M(Z) z x))P(X, = x;)
= v,[x;, oo)uly, ) = q; fori=i,+1,..., N+1.
This completes the induction result in this case.

Case 2. In this case p is any p.m. on R with | | x |du(x) < oo satisfying the
hypotheses of this proposition with respect to the numbers x; < - -« <Xy,
and0=<ay,, = --- =a, =1, and satisfying (2.8) for index i;. As in Lemma
2.2, the new idea in this case is that of ‘splitting atoms’. Recall the objects u, F,
F~!, h, and u*, and define numbers u,, a,, b,, and y, by

(2.12)  x;;= h(uo); (@, bo] = {u: F~'(u) = F"(ug)}; and y =F~'(up).
In particular, this gives u*[x;, ©)=1—uy= puly, ©) — (4y — ap) and

x,~o=(1—u0)‘1f F~Yu)du
[0, 1}

=(1—u)™! {f[% I)F_l(u)du _F_l(uo)(uo“ao)}-

For notational convenience, we denote ¢, : = [y, ) — (4y — ag). Analogous
10 (2.9), define p.m.’s 4, and u, on R by, for A € B(R),

m(A) = p((— 0, ¥) N A) + (o — a0)e,(4) + oty (4)  and
(2.13)
1) = cg '{(bo — to)e,(A) + u(4 N (v, 0))}.

Analogous to Case 1, we have g, is a p.m. satisfying y,[x;, ) = a; = u*[x;, ©)
fori=1,...,i,— 1; and we may apply the induction hypothesis to obtain
p.m. v, and martingale Y =(Y,)y<,<, satisfying M(Y) = v, Y, Z u, and
wx;, ©)=a; fori =1,..., . Wealso have 4, is a p.m. satisfying { xdu,(x) =
x;, and p,fx;, 0) = ¢5 'a; S pulx;, o) fori =ip+ 1,..., N + 1; and may apply
the induction hypothesis to obtain p.m. v, and martingale Z =(Z,)y<,<;
satisfying Z,=x,, M(Z) = vy, Z, Z U, and vlx;, ©)=c¢;'a; for i =i, +
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1,..., N+ 1. Define martingale X = (X,)<,<, as in Case 1; then one verifies
as in Case 1 thatM(X)iv,Xli,u,andv[x,-, o)=qg;fori=1,...,N+1.0

ProoF oF THEOREM 2.1. We prove (2.6); Theorem 2.1 is then established.
Let £ and v be p.m.’s on R with u <v <u*. From (2.2) we have that
ulx, ©) =v[x, o) = u*[x, ) for every xER. Let C, be a set of numbers
Con <Cpn<-+++ <Cm,n<oo for each n>1, for which C, C C,,, for all n
and C:=U,.,C, is dense in R. For each n>1, a =v[c ,, ©),
i=0,...,k(n), are numbers satisfying ulc; ,, ©) =a; = u*[c; ,, ©); and
hence from Proposition 2.3 there is a p.m. v" € .# () satisfying v*[c; ,, o) = a;
fori=0,..., k(n). We have that lim, v"[c, o) = v[c, o) for each c EC; and
v*[c, o) = v[c, o) from some n onwards, for each ¢ € C. This implies v" = v.
From Proposition 1.6, it follows that v €.#(u), and (2.6) holds.

3. Martingales with given initial, maxima, and terminal distributions

The goal of this section is stochastic ordering characterization of the
collection of p.m.’s

MUy, 1) = {v € L(R): there is a martingale X = (X,)o<,<; wWith
3.1
XoZ o MZ v, and X, = 1.},
for given p.m.’s 4o and p, on R with | | x | du,(x) < co. This is Theorem 3.4. Two
preliminary characterizations are given of collections related to (3.1).

For the first result (stated in (0.3)), let # be any p.m. with | xdu(x) = 0, and
denote .# (1) = # (&, n). Observe that .# (1) is nonempty. Indeed, if Y is an
r.v. associated with p.m. u4, define u, to be the p.m. on R associated with
Y, =Y vO0. Then by taking X,=0if0<¢<},and =Yifi =1 =<1, we have
that u, €.#(1). The martingale (Z,)y<,<, of Section 2 shows again that
U*E Mp).

THEOREM 3.1. For any p.m. on R with | xdu(x) =0,

3.2) Mp)={vEPR): u, <v<u*}.

Proor. The containment ‘C’ is clear from (2.2). For a proof of the
containment ‘D’ one can use Theorem 2.1 to obtain a martingale Y =
(Y,)o<,<, for which M(Y) Zy and Y, Z i; and then define martingale X =
(Xosi<1 bY

X,=0if0=t<}, and =Y, ,ifi=st=1

to show that v €.#/(u).
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A second proof of the containment ‘D’, independent of Theorem 2.1, could
be carried out as follows. Let & be the set of all functions s: [0, 1] X [0, 1]—
[0, 1] with the properties s(-, v) 1 for each v fixed; s(u, -)*1 for each u fixed;
s(u, v) S uforallu, v;s(-, v)is right continuous for each v; s(u, v) equals either
u or lim,, s(t,v); and s(0, -)=0, s(1, -)=1. Let u be a p.m. on R with
{xdu(x)=0 and (Z )<<, be the Dubins and Gilat martingale of (2.4)
associated with u. Let the probability space be Q = [0, 1] X [0, 1], # = £(Q),
and P = Lebesgue measure on Q. For each s€ %, define (X,)<,<; on
(Q, F,P) by X(w)=Zy, ,)(w) for o =(w, 0,)EQ. Then (X )<<, IS a
martingale with respect to filtration {%,} where & = a(%([0, t]), (¢, 1]) X
([0, 1)) for t €[0, 1]. One shows that for each p.m. v with u, <v <u*, there
is a function s in & with associated martingale (X,),<,<; satisfying X,=0,
M(X) Zy,and X, 2 1 by using techniques similar to those used in this paper.
This involves showing that {v&€ ([0, «0)): there is a martingale
Z° =(Zy, Yost=1 With M(Z°) Z ) for some s € &} is convex and closed with
respect to weak convergence, and contains an appropriate dense subset,
obtained by explicit construction.

Since van der Vecht [23] has shown that (Z,)o<,<, i(BT(,,)(,é,é1 where
(B,)sz0 is standard Brownian motion and (7°(¢)),<, <, is a standard family of
stopping times of the type described by Azema and Yor [1], we have
(XDozis1 = Bremdosi=1- O

For the second result of this section, let € be any p.m. on (R?, (R?)), with
marginals denoted by p and g, for which [|x|du(x)<o and
§ xi1&(dx, |x0) =X, a.e. [i]- (Here and below regular conditional p.m.’s are
used.) For characterization of such p.m.’s &, see [16] or [22]. Define

MYE) = {v E P(R): there is a martingale X = (X,)o<, <)
(3.3) . o 9
for which (X, X,) = ¢and M = v}.
The following result extends Theorem 3.1,
THEOREM 3.2.
MHE)={vE P(R): there isa p.m. Aon R?,
(3.4) with marginals , and v, satisfying &(- | X)<A(- | x)<(&(- | x))*

and &,(-) <A(- | x) a.e. [uo]}.
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PrROOF. Let & be any p.m. on R? with marginals x4, and x, given as above.
For the proof of the containment ‘C’ in (3.4), let v€E #(R) and X = (X,)y<, <1
be a martingale for which (X;, X)) Z ¢ and M(X) Zy. Let A be the probability
measure on R? associated with (X, M(X)), and A(4 | x) denote a regular
conditional p.m. version of P(M(X)E A | X, = x). Then A has marginals u, and
v,and &(- | x) <A(- | x) and &,(-) <A(- | x) a.e. []. To show that A(- | x) <
(&(- |x))* a.e. [iy], one uses martingales Y* = (Y;)y<, <, satisfying Yy =x if
0<t=yand (Y5...,Y))Z Xy s » Xo) | Xo=x, if =4, <.+ <
1, =landn = 1, sothat Yi=x, M(Y*) 2 A(- | x), Y7 Z &(- | x) a.e. [uo). From
Theorem 3.1, one obtains that A(- |x) <(&(- |x))* a.e. [iy]. From Theorem
3.1, one obtains that A(- | x)<(&(- | xX)*a.e. [i).

To show the containment ‘D’ in (3.4), let A be a p.m. on R? with marginals s,
and v satisfying

(35) & X)) <AC[x) <@ |x)* and &) <A(-|x)ae. [u].

We ensure appropriate measurability conditions are satisfied in our martingale
construction by taking the following approach. In the following, the filtrations
for the martingales are taken to be the natural filtrations. Let R X 2(D[0, 1])
be given the product Borel g-algebra, denote by I the set in this space given by

I'={(x, P): Pis the p.m. Pyon D[0, 1] induced
by some martingale Y = (Y, )o<,<;
for which Yo=x, M(Y) 2 A(- | x), and ¥, 2 &(- | x)}.

Now I' is a Borel set. This follows, for example, from results in Chapter 7 of
[3]; uniform integrability and right continuity of the processes; and the
representation

I'={(x, P): P(n[ (E) = &(E | x), ((TE) = A(E | x), and

P(ny(E))=¢(E) forallEE&; and
(3.6)

k k
J 20 I fmondp = [ 20) 11 fmao)dp
forallf,..., i €%, and all u(1),..., u(k),s,t
in I with u(j)<s <t,fork=1,2,...},

where n,(y) =y, and Ty =supy<,<, y;; € is a countable collection of open



Vol. 69, 1990 MARTINGALES 189

subsets of R generating #(R); € is a countable dense subset of the unifomly
continuous functions on R; and 7 is a dense subset of [0, 1] including number 1.
Also, from (3.5) and Theorem 3.1, I'(x), the section of I" at x, is nonempty for
almost all x [i]. From the Jankov—-von Neumann Selection Theorem (see e.g.,
[3]: Proposition 7.49), one obtains a Borel measurable mapping P from R into
2(D[0, 1]) for which (x, P(x))ET a.e. [i] (for another selection result along
these lines, see Proposition 3.3 of [18]). Finally, define p.m. P on D[0, 1] by
P(C) = [ (P(x)(C)dug(x) for CE B(DI0, 1]), and let Y =(Y,)o<,<; be the
process associated with P. Then Y is a martingale satisfying for B € 8(R?) and
A E AR),

P((Yo )EB) = [ (POOX(YED: (1), 7)€ BYdllx)

_ f Iy(x, x)E(dx, | x)uoldx) = &(B),
and

P(M(Y)EA) = f PCOX(y ED: Ty €AY dtolx) = f A | x)ditelx) = W(A).

This proves that v € .#%(&). 0

ReMARK 3.3. Forp.m. &given as above with marginals ug and y,, let 45 v 4,
be the p.m. on R defined by (uyvu)X4)=E({(xp, X)) : Xov X, EA}) for AE
A(R). We claim that

3.7 MHECVEPR): uov uy, <v<uf).
This follows from (3.3), (3.4), and the result that

(3.8) | e |x))*dﬂo(x)<< [ e |x)dﬂo(x))* — ut.

The inequality of (3.8) follows from

(3.9 (i p,ﬂ’,") [x, oo)é( 3 p,-/t,-)*[X, ©) forall xER,
i=1 -1

i

for any p.m.’s u,, . . . , i, and nonnegative numbers p,, ..., p, with 2", p, =
1. This is proved using the maximal function of Section 2 and observing that
the p.m. on the left-hand side of (3.9) involves the appropriate rearrangement
and averaging first, and then a mixture, and the p.m. on the right-hand side of
(3.9) involves a mixture first, and then the appropriate rearrangement and
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averaging. To see that the containment in (3.7) can be strict, let & =
(1 —x)-gq0+ X &1,1pandletv =pf withdf. Hu)=0ifu =x, =1 —xu~'
ifx=u<l,and =1if 1 Tu <oo. In this case, yyvu, =u <v<<uf, but
veEM(E) = {1} (use e.g., (3.4) and &(- |x) = (&(- lx))* to see this last
equality).

As an immediate corollary to Theorem 3.2, we have the following result.

THEOREM 3.4. Thesetof p.m.’s M (uy, 1t,) equals the set of p.m.’s v € P(R)
Jfor which

(i) there is a p.m. & on R? with marginals y, and p, and | x,&(dx, [xo) =X
a.e. [u, and

(ii) thereis a p.m. A on R* with marginals y, and v and &(- | x)<A(- | x)<
(&(- | x))* and &,(-) <A(- | x) a.e. [u].

4. Sharp martingale inequalities and prophet problems

We first give a result which illustrates the use of these stochastic order
comparisons of the previous sections to prove sharp martingale inequalities.

THEOREM 4.1. Letubeanyp.m.on|0, 1], with associated d.f. F. Then for
any martingale (X,)o<, <, With X, =2 pand M = supy<, <, X,,

(4.1 EM)= f{o 11(1 —F(z))— (1 — F(z)In(1 — F(z))dz

(the integrand is taken to be zero if F(z) = 1). Inequality (4.1) is attained.

PrROOF. Let x = {zdu(z), and let Z =(Z,)y<,<, be a martingale con-
structed as in the beginning of Section 2 for which Z,=x, M(Z) = u*, and
Z, 2 4. From Theorem 2.1, M(X) << M(Z) in the stochastic ordering and so
EMX) = EM(Z)). Letting s(u)=(1 —w)n{l —u)— (1 —u)if 0=u<1
and =0 if u = 1, inequality (4.1) follows from the calculation

EM(2Z)) = f(o l)zd,u*(z)=f (1—w)! f(w l)F"(u)dudw

o1n

=f F“(u)(—ln(l——u))du=f F~Yu)ds(u)
©,1) 0,1

lim —s(u)dF~'(u) + F~Y(b)s(b) — F~Ya)s(a)
10,611 J[a, ]

f — s(F(x))dx. a
©1)
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CorOLLARY 4.2. ([7]: Inequality (9)). For any martingale (X,)o<, <, taking
values in [0, 1] with EX, = x,

(4.2) EM)=x—xInx.
The inequality (4.2) is attained within this class of martingales.

Proor. The function x — x In x is concave on [0, 1]. Inequality (4.2) thus
follows from (4.1), Jensen’s inequality, and [ 1) (1 — F(x))dx = (|, zdF(z) =
x. For attainment of inequality (4.2), let u=(1 —x)-¢& + x-¢ and let
(Z,)o=:<, be a martingale of the type constructed at the beginning of Section 2
so that Z,=x, M(Z) Z u*, and Z, 2 4. Then p.m. u* has associated d.f.
Hu)=0if —co<u=x, =1—xu'ifx=u<l,and =1if 1 Su < oo;
and E(M(Z)) = | zdu*(z) = x — xIn x. O

We give an interpretation of our results of prophet vs. gambler type.
Consider a subclass € of processes X = (X,)y<;<; in D[0, 1] which satisfy the
property that the gambler can achieve the value sup{EX; : 7 is a stop rule for
(X)o=:=1} as EX,» with some stopping time 7*. Now, let X vary within € under
the constraint that X.. has fixed p.m. 4, and find the possible distributions of
M = M(X) and associated values of EM, the possible rewards of the prophet.
If we assume that ¢ is the collection of uniformly integrable martingales in
DJ0, 1] and that x is a p.m. on R with ||x|du(x)< oo, then a uniformly
applicable optimal stopping time in this setting is 7*=1. Theorem 2.1 says
that if we let X vary within % under the constraint that X, = I, so that the
gambler receives | xdu(x), then the possible distributions of M are the p.m.’s v
satisfying 4 <<v <u*, and the possible associated reward for the prophet are
the values | xdv(x) between | xdu(x) and | xdu*(x).
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