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FLOW SHOP SCHEDULING JOBS WITH
POSITION-DEPENDENT PROCESSING TIMES

JI-BO WANG

Abstract. The paper is devoted to some flow shop scheduling problems,
where job processing times are defined by functions dependent on their
positions in the schedule. An example is constructed to show that the
classical Johnson’s rule is not the optimal solution for two different models
of the two-machine flow shop scheduling to minimize makespan. In order
to solve the makespan minimization problem in the two-machine flow shop
scheduling, we suggest Johnson’s rule as a heuristic algorithm, for which
the worst-case bound is calculated. We find polynomial time solutions to
some special cases of the considered problems for the following optimization
criteria: the weighted sum of completion times and maximum lateness.
Some furthermore extensions of the problems are also shown.
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1. Introduction

Scheduling problems have received considerable attention for many years.
A common assumption in traditional scheduling is that the production time
of a given product is independent of its position in the production sequence.
However, in many realistic settings, because firms and employees perform a
task over and over, they learn how to perform more efficiently. The production
facility (a machine, a worker) improves continuously over time. As a result,
the production time of a given product is shorter if it is scheduled later. This
phenomenon is known as a “ learning effect” in the literature.

The learning effect in scheduling may arise in a company which products
similar jobs on one machine or on identical parallel machines for a number of
customers. In many cases jobs will have different normal processing times due to
varying quantities or slightly different components that make up the products.
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Nevertheless, by processing one job after the other the skills of the workers con-
tinuously improve, e.g. the ability to perform setups, to deal with the operations
of the machines and software or to handle raw materials, components or similar
operations of jobs at a greater space faster. Although learning theory was first
applied to industry more than 60 years ago (Wright [14]), it appears to have
become a topic in scheduling research only in recent years.

Biskup [3] was the first to investigate the effect of learning in the framework
of scheduling. He assumed a learning process that was reflected in a decrease in
production time as a function of the number of repetitions of the production of
a single item, i.e. as a function of the job position in the sequence. Biskup stud-
ied the single-machine problem of minimum total flow time, and single-machine
problem of minimizing the weighted sum of completion time deviations from a
common due date and the sum of job completion times. Using similar solution
techniques, Mosheiov [7, 8] investigated several other single-machine problems,
and minimum total flow time on identical parallel machines. Mosheiov and Sid-
ney [9] investigated scheduling problems with job-dependent learning effects, i.e.
the learning in the production process of some jobs to be faster than that of oth-
ers. They focused on some classical single-machine objectives such as makespan
and total flowtime, on a due date assignment problem and on minimizing total
flowtime on unrelated parallel machines, all these problems remained polynomi-
ally solvable.

Wang and Xia [12] considered flow shop scheduling problems with a learning
effect. The objective was to minimize one of the two regular performance crite-
ria, namely, makespan and total flowtime. They gave a heuristic algorithm with
worst-case bound m for each criteria, where m was the number of machines.
They also found polynomial time solutions to two special cases of the problems,
i.e. identical processing time on each machine and an increasing series of domi-
nating machines. A survey on this line of the scheduling research could be found
in Bachman and Janiak [1].

In this paper we study flow shop scheduling problems, where job processing
times are defined by functions dependent on their positions in the schedule. The
remaining part of this paper is organized as follows. In section 2 we give some
general notations and assumptions. In section 3, an example is constructed
to show that the classical Johnson’s rule is not the optimal solution for two
different models of the two-machine flow shop scheduling to minimize makespan.
In order to solve the makespan minimization problem in two-machine flow shop
scheduling, we suggest Johnson’s rule as a heuristic algorithm, for which the
worst-case bound is calculated. In section 4, We find polynomial time solutions
to some special cases of the considered problems for the following optimization
criteria: the weighted sum of completion times and maximum lateness. In section
5, some furthermore extensions of the problems are also shown.

2. Notations and assumptions
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The flow shop scheduling consists of scheduling n jobs N = {J1, J2, . . . , Jn}
on m machines M1, M2, . . . , Mm. Job Jj consists of m operations (O1,j , O2,j , . . . ,
Om,j). Operation Oi,j has to be processed on machine Mi, i = 1, 2, . . . , m.
Processing of operation Oi+1,j may start only after Oi,j having been completed
and all machines process the jobs in the same order, i.e. a permutation schedule.
Each job can be processed on no more than one machine at any time, while each
machine can handle only one job at a time and the processing of a job may
not be interrupted. All jobs are available for processing at time 0. The normal
processing time of operation Oi,j is denoted by pi,j . The actual processing time
pi,j,r of job Jj on machine Mi is a function dependent on its position r in a
schedule. In this paper, we consider two special models of job processing time
characterized by position-dependent function, namely:

pi,j,r = pi,j(a − br), i = 1, 2, . . . , m; r, j = 1, 2, . . . , n, (1)

pi,j,r = pi,jr
c, i = 1, 2, . . . , m; r, j = 1, 2, . . . , n, (2)

where a and b (c in model (2)) denote a constant number and a learning ratio
respectively. It is assumed that a is a positive integer and b is a non-negative
rational. Since job processing time is some positive value, for model (1) it is
assumed that a − (n + 1)b > 0. It is easy to notice that the processing time of
any job characterized by model (2) is always positive. Therefore, no additional
assumptions are required there.

For a given schedule π, Ci,j = Ci,j(π) represents the completion time of
operation Oi,j , Cj = Cm,j represents the completion time of job Jj , π =
([1], [2], . . . , [n]) represents a schedule of (1, 2, . . . , n), where [j] denotes the
job that occupies the jth position in π, and γ(π) represents a regular mea-
sure of performance. Cmax = max{Cj |j = 1, 2, . . . , n},

∑
wjCj and Lmax =

max{Cj − dj |j = 1, 2, . . . , n} represent makespan, weighted sum of completion
times and maximum lateness of a given schedule, respectively. In the remain-
ing part of the paper, all the problems considered will be denoted using the
three-field notation schema α|β|γ introduced by Graham et al [5].

3. Two-machine cases

Johnson [6] proved that F2||Cmax is optimally solved by Johnson’s rule, that
is,

Step 1. Construct a set of jobs A = {Jj ∈ N |p1,j ≤ p2,j};
Step 2. Schedule jobs from set A in non-decreasing order of their p1,j ’s on both
machines;

Step 3. Schedule jobs from set N − A in non-increasing order of their p2,j ’s on
both machines.
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In the following examples, we show that this policy is not optimal for the prob-
lems F2|pi,j,r = pi,j(a − br)|Cmax and F2|pi,j,r = pi,jr

c|Cmax.

Example 1. n = 3, p1,1 = 2, p2,1 = 3, p1,2 = 1, p2,2 = 20, p1,3 = 7, p2,3 =
5, a = 1, b = 0.1. The schedule according to Johnson’s rule is (J2, J1, J3), the
value Cmax = 24.8. Obviously, the optimal schedule is (J1, J2, J3), the optimal
value C∗

max = 24.

Example 2. n = 3, p1,1 = 2, p2,1 = 3, p1,2 = 1, p2,2 = 20, p1,3 =
7, p2,3 = 5. Learning take place by the 80%-learning curve, that is c = −0.322
(Badiru [2]). The schedule according to Johnson’s rule is (J2, J1, J3), the value
Cmax = 26.9. Obviously, the optimal schedule is (J1, J2, J3), the optimal value
C∗
max = 24.5.

In order to solve each problem, we will use the same Johnson’s rule as a
heuristic algorithm for the problems F2|pi,j,r = pi,j(a−br)|Cmax and F2|pi,j,r =
pi,jr

c|Cmax. The performance of the algorithm will be verified by its worst-case
bound.

Theorem 1. Let S∗ be an optimal schedule and S be an Johnson’s schedule for
the problem F2|pi,j,r = pi,j(a − br)|Cmax. Then

ρ1J = Cmax(S)/Cmax(S∗) < (a − b)/(a − nb).

Proof. Let the solution of Johnson’s rule for the problem F2|pi,j,r = pi,j |Cmax

be C. Obviously, Cmax(S) < (a − b)C, Cmax(S∗) > (a − nb)C. Hence

ρ1J = Cmax(S)/Cmax(S∗) < (a − b)/(a − nb).

�
Theorem 2. Let S∗ be an optimal schedule and S be an Johnson’s schedule for
the problem F2|pi,j,r = pi,jr

c|Cmax. Then ρ2J = Cmax(S)/Cmax(S∗) < 1/nc.

Proof. Let the solution of Johnson’s rule for the problem F2|pi,j,r = pi,j |Cmax

be C. Obviously, Cmax(S) < C, Cmax(S∗) > Cnc. Hence,

ρ2J = Cmax(S)/Cmax(S∗) < 1/nc.

�
Both the results obtained ρ1J and ρ2J depend strongly on the parameter values

and cannot be estimated by any numerical value less than infinity.

4. m-machine cases
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We consider the special case of the flow shop scheduling problem with identical
processing time on each machine i.e. pi,j = pj (Pinedo [11]). Recall that in the
classical problem Fm|pi,j = pj |Cmax, the completion time C[j] of J[j] is

C[j](π) =
j∑

k=1

p[k] + (m − 1)max
{
p[1], p[2], . . . , p[j]

}
, (3)

where π denotes some schedule, [j] denotes the job that occupies the jth position
in π. Hence, for the models (1) and (2), the completion time C[j] of J[j] are

C[j](π) =
j∑

k=1

p[k](a− bk)+(m−1)max
{

p[1](a− b), p[2](a−2b), . . . , p[j](a− jb)
}
,

(4)
and

C[j](π) =
j∑

k=1

p[k]k
c + (m − 1)max

{
p[1]1c, p[2]2c, . . . , p[j]j

c
}
. (5)

For the three objective functions: minimizing the weighted sum of completion
times, minimizing maximum lateness and minimizing the number of tardy jobs,
Mosheiov [8] showed that the solutions of the classical version do not hold with
learning considerations in the single machine scheduling. In the following, we
show that some special cases of the problems Fm

∣∣pi,j = pj(a − br)
∣∣ ∑

wjCj ,

Fm
∣∣pi,j = pjr

c
∣∣∑ wjCj , Fm|pi,j = pj(a − br)|Lmax and Fm|pi,j = pjr

c|Lmax

can be polynomially solved.

Theorem 3. For the problem Fm|pi,j,r = pj(a − br)|
∑

wjCj , if jobs have
agreeable weights, i.e., pj ≤ pk implies wj ≥ wk for all jobs Jj and Jk, an
optimal schedule can be obtained by sequencing the jobs in non-decreasing order
of pj/wj (WSPT rule).

Proof. (by contradiction). Consider a schedule π, suppose which is not WSPT,
is optimal. In this schedule there must be at least two adjacent jobs, say J[i]
and J[i+1] such that p[i]/w[i] > p[i+1]/w[i+1], it implies p[i] ≥ p[i+1]. Schedule π̄
is obtained from schedule π by interchanging jobs in the ith and in the (i+1)st
positions of π. We have∑

wjCj(π)−
∑

wjCj(π̄)

= w[i]

(
p[i](a − bi) + (m − 1)max

{
p[1](a − b), . . . , p[i−1](a − b(i − 1)),

p[i](a − bi)
})

+ w[i+1]

(
p[i](a − bi) + p[i+1](a − b(i + 1))

+(m − 1)max
{
p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i](a − bi),
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p[i+1](a − b(i + 1))
})

− w[i+1]

(
p[i+1](a − bi)

+(m − 1)max
{
p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i+1](a − bi)

})

−w[i]

(
p[i+1](a − bi) + p[i](a − b(i + 1)) + (m − 1)max

{
p[1](a − b), . . . ,

p[i−1](a − b(i − 1)), p[i+1](a − bi), p[i](a − b(i + 1))
})

= b(p[i] − p[i+1])
(
w[i] + w[i+1]

)
+

(
w[i+1]p[i] − w[i]p[i+1]

)
(a − b(i + 1))

+w[i](m − 1)
(
max

{
p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i](a − bi)

}
−

max
{
p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i+1](a − bi), p[i](a − b(i + 1))

}
)
+ w[i+1](m − 1)

(
max

{
p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i](a − bi),

p[i+1](a − b(i + 1))
}
−max

{
p[1](a − b), . . . , p[i−1](a − b(i − 1)),

p[i+1](a − bi)
})

.

Since p[i] ≥ p[i+1] and p[i]/w[i] > p[i+1]/w[i+1], hence

p[i](a − bi) ≥ p[i+1](a − bi), p[i](a − bi) > p[i](a − b(i + 1)),

b(p[i] − p[i+1])
(
w[i] + w[i+1]

)
+

(
w[i+1]p[i] − w[i]p[i+1]

)
(a − b(i + 1)) > 0,

max
{
p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i](a − bi)

}

−max
{

p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i+1](a − bi),

p[i](a − b(i + 1))
}
≥ 0

max
{
p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i](a − bi), p[i+1](a − b(i+ 1))

}

−max
{

p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i+1](a − bi)
}
≥ 0.

Then
∑

wjCj(π) >
∑

wjCj(π̄). It follows that the weighted sum of completion
times under π̄ is strictly less than under π. This contradicts the optimality of π
and proves the theorem. �

Theorem 4. For the problem Fm|pi,j,r = pjr
c
∣∣∣
∑

wjCj , if jobs have agreeable
weights, i.e., pj ≤ pk implies wj ≥ wk for all jobs Jj and Jk, an optimal schedule
can be obtained by sequencing the jobs in non-decreasing order of pj/wj (WSPT
rule).

Proof. It is the same as Theorem 3. �
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Corollary 1. For the problem Fm|pi,j,r, pj = p
∣∣∣
∑

wjCj ,an optimal schedule
can be obtained by sequencing the jobs in non-increasing order of wj (WSPT
rule).

Corollary 2. For the problem Fm|pi,j,r, wj = wpj

∣∣∣
∑

wpjCj ,an optimal
schedule can be obtained by sequencing the jobs in non-decreasing order of pj

(SPT rule).

Theorem 5. For the problem Fm|pi,j,r = pj(a−br)|Lmax, if jobs have agreeable
weights, i.e., pj ≤ pk implies dj ≤ dk for all jobs Jj and Jk, an optimal schedule
can be obtained by sequencing the jobs in non-decreasing order of dj (EDD rule).

Proof. Consider a schedule π, suppose which is not EDD, is optimal. In this
schedule there must be at least two adjacent jobs, say J[i] and J[i+1], such that
d[i] > d[i+1], it implies p[i] ≥ p[i+1]. Schedule π̄ is obtained from schedule π by
interchanging jobs in the ith and in the (i+1)th positions of π. From the proof
of Theorem 3, under π,

L[i](π) = p[1](a − b) + . . . + p[i−1](a − b(i − 1)) + p[i](a − bi)

+(m − 1)max
{
p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i](a − bi)

}
− d[i]

L[i+1](π) = p[1](a − b) + . . . + p[i−1](a − b(i − 1)) + p[i](a − bi)

+p[i+1](a − b(i + 1)) + (m − 1)max
{

p[1](a − b), . . . ,

p[i−1](a − b(i − 1)), p[i](a − bi), p[i+1]

(
a − b(i + 1)

)}
− d[i+1]

whereas under π̄ it is

L[i](π̄) = p[1](a − b) + . . . + p[i−1]

(
a − b(i − 1)

)
+ p[i+1](a − bi)

+(m − 1)max
{

p[1](a − b), . . . , p[i−1](a − b(i − 1)), p[i+1](a − bi)
}

−d[i+1]

L[i+1](π̄) = p[1](a − b) + . . . + p[i−1](a − b(i − 1)) + p[i+1](a − bi)

+p[i]

(
a − b(i + 1)

)
+ (m − 1)max

{
p[1](a − b), . . . ,

p[i−1]

(
a − b(i − 1)

)
, p[i+1](a − bi), p[i]

(
a − b(i + 1)

)}
− d[i]

Since d[i] > d[i+1] and p[i] ≥ p[i+1], then

max
{
L[i](π̄), L[i+1](π̄)

}
≤ max

{
L[i](π), L[i+1](π)

}

Hence, interchanging the position of the jobs J[i] and J[i+1] cannot increasing the
value of Lmax. A finite number of such changes transform π into EDD, showing
that EDD is optimal. �
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Theorem 6. For the problem Fm|pi,j,r = pjr
c|Lmax, if jobs have agreeable

weights, i.e., pj ≤ pk implies dj ≤ dk for all jobs Jj and Jk, an optimal schedule
can be obtained by sequencing the jobs in non-decreasing order of dj (EDD rule).

Proof. It is the same as Theorem 5. �

Corollary 3. For the problem Fm|pi,j,r, pj = p|Lmax, an optimal schedule can
be obtained by sequencing the jobs in non-decreasing order of dj (EDD rule).

5. Extensions

Badiru [2] presented a computational survey of the various learning curve
models. Thus we can extend our results to other learning curves. Similar to
Biskup [3] and Mosheiov [7], we assume that the actual processing time of the
operation Oi,j if scheduled in position r, is given by

(a) Dejong’s learning curve (Dejong [4]).

pi,j,r = pi,j

[
M + (1− M)ra

]
, i = 1, 2, . . . , m; r, j = 1, 2, . . . , n, (6)

where a ≤ 0, M is the factor of incompressibility (0 ≤ M ≤ 1).

(b) Pegels’ learning curve (Pegels [10]).

pi,j,r = pi,j

[
αar−1 + β

]
, i = 1, 2, . . . , m; r, j = 1, 2, . . . , n, (7)

where α, a and β are parameters obtained empirically.

6. Conclusions

In this paper, we consider the flow shop scheduling problems, where job
processing time is defined by position-dependent function. We show that John-
son’s rule does not remain optimal for the problem F2|pi,j,r|Cmax. We analyze
the worst-case bound of Johnson’s rule for the problem F2|pi,j,r|Cmax. We note
that the complexity status of this problem remains an open question and solv-
ing it seems an interesting topic for future research. We also find polynomial
time solutions to some special cases of the considered problems for the follow-
ing optimization criteria: the weighted sum of completion times and maximum
lateness.
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