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OPTIMAL CONTROL OF THE HEAT EQUATION IN AN
INHOMOGENEOUS BODY

A. H. BORZABADI, A. V. KAMYAD AND M. H. FARAHI

ABSTRACT. In this paper we consider a heat flow in an inhomogeneous
body without internal source. There exists special initial and boundary
conditions in this system and we intend to find a convenient coefficient of
heat conduction for this body so that body cool off as much as possible after
definite time. We consider this problem in a general form as an optimal
control problem which coefficient of heat conduction is optimal function.
Then we replace this problem by another in which we seek to minimize a
linear form over a subset of the product of two measures space defined by
linear equalities. Then we construct an approximately optimal control.
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1. Introduction

The optimal control problem for partial differential equation with an optimal
control function as heat conduction is investigated in [4], [5]. In these papers,
the methods are based on “linearization” and have used many of conditions for
finding optimal control. We intend to consider this system by giving a method
based on measure theory used in optimal control problems on a system of diffu-
sion equations and a control function, (see [6], [7], [8], [9], [12], [13]). Then we
will find an approximate optimal control for this problem.

Let D be a bounded domain in R™ with smooth boundary dD. We consider
the bounded cylindrical region Q7 = D x (0,7) in R"*! here T is a positive
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real number, define
I'r ={x€dD,0<t<T}=0Dx(0,T),
Dy = {x € D,t =0} =D x {0},
Dr ={zeD,t=T}=D x {T}.
We now consider the diffusion equation by operator L as follows:
Lu = uy — div(k(z)Vu) =0, (1)

where k(z) € C1(Q7) and k(xz) > ¢ > 0, (c is a positive constant), with the
initial the condition

ulp, = p(z), (2)
and the boundary condition
ulp, = 0. (3)

The function k(-) is the control function and assume it gets its values in a
bounded set as K C R. We consider the control function v(-) in terminal
condition such that

U|DT =1, (4)

where the control function v(-) € V' C R is Lebesgue measurable.

Definition 1. A triple (u, k, v) of trajectory function u and two control functions
k and v is said to be admissible if:

i) The trajectory function

u(z,t) € C*1(Qr) (" C(Qr|JTr Do)

satisfies the problem (1)-(4).
ii) The control functions k(-) and v(-) are in C*(Qr) and C(Dr), respec-
tively.

Let T be the nonempty set of admissible triples. We intend to find a triple
in YT, such that minimizes the functional

J(u, k,v) = fo(t,x,u,Vu,k)dxdt—i—/ go(x,v)dz, (5)
Qr Dr

where f, and g, are nonnegative, continuous and real functions respectively on
R?"*3 and R"*! and suppose that there exists a constant & > 0, such that

fo(t,x,u,Vu,k) < h|u|7 v ((E,t) € QT-
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From (3) we can find the bounded sets A C R and B C R" such that (see [10]),
u(z,t) € A, Vu(z,t) € B. (6)

We mention that A and B are intersection of such sets, that satisfy in (6), and
furthermore these sets must be locally compact.

2. Change of the space

In the given classical control problem, in general it is not possible to find a
triple in T such that to minimize the functional (5). So we may extend the
problem to measure space which is larger than the classic space of controls, then
we obtain a solution in the new space for the problem and finally we obtain an
approximate solution for the original problem in the classic space.

For this purpose in first we consider the following theorem.

Theorem 1. Let u(z,t) € C*1(Qr)NC(QrUTr Do) be a classic solution
of (1)-(4). Then this solution satisfies the following equation

T
/ / (—upr + chqu)dxdt—i—/ pudx :/ pudzx, (7)
0 JD Dr Do

where ¢’s are in CY(Qr) and satisfy
¢lrr = 0. (8)

Proof. Assume ® be the set of all ¢’s in C*(Qr) that satisfy in (8). Multiplying
(1) by a member ¢ € ®, we have

ouy = pdiv(k(z)Vu).

Besides, div(k(z)Vu) = kAu + VEkVu, since by the following definitions (see
chapter VI of [10])

VU(l'ﬂf) = (a—xl, 7£>, le(wl(x,t)7... 7wn(x,t)) = 8—xl et %’
and
2 2
Au = divVu(e, t) = 2% 4+ 20

ox2’

2
Oxy 2
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thus
. L ou ou
div(k(z)Vu) div (k(x)(%’ . ’k(x)ﬁxn)
0 (k(z)0u P 0 [k(z)ou
© 0z \ O 0zx, \ Oz,
0%u 0%u  Ok(z) [ Ou
4.4 Ok@) (Ou
ox, \ Oz,
= k(x)Au+ VEVu.

Now by multiplying this equality by ¢ we have

ediv(k(x)Vu) = pkAu + pVEVu
then by integrating over D

/(pdiV(k(a:)Vu)dx—/ gpkAuda:—/ ¢VkVudr =0
D D D

By Green’s theorem [10] for any two differentiable functions z, y on space @ we
have

/yAzd:E:/ —ds—/ VzVydzx.
Q oQ

Now by substituting of ¢k and u respectively for y and z the second term of the
above formula changes as follows

/(pkAud:c :/ ka—ds—
D

/ VekVudx
on D

—/ goka—ds—/ ngoVud:v—/ pVEVudz.
op  On D

By using this equality, since pu; = @div(k(z)Vu) so we have

/ <putdx—/ a—ds—i—
D

/ kVoVudx = 0.
on
Now by integrating of the above equality on [0, T] we have

/ /tputdazdt / / wk—dsdt—i—/ /kV(qud:cdt—O,
oD

and by using part-part integration on the first term we obtain

T T
/ cpud:zc—/ cpud:zc—/ /cptudxdtz/ / puidzdt.
Dr Do 0 D 0 D
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Since puy is integrable, thus by Fubini’s theorem [15] and from two above equality
we have

T T
—/ / wk%dsdtqt/ /(—wpt—ka(qu)d:cdt—l—/ gaud:c:/ pudz.
o Jop  On o Jp Dr Do

If u be a solution of (1)-(4), then by (8) we have

T
/ / (—upr + ngoVu)d:vdt—i—/ pudz :/ pudz,
0 JD Dr Do

for all ¢’s in CH(Qr). O

In the following we define the weak solution of (1)-(4).

Definition 2. The function u(z,t) in H*»'(Qr) is called a weak solution of
(1)-(4), if this function satisfies in (3) and the equation (7) for all ¢’s in H*(Qr)
that satisfy in (8).

In general there exists a weak solution for the system (1)-(4) and if the weak
solution of this system is in C%1(Q7) (N C(Qr JTr U Do), then this solution is
a classic solution, [10].

Let F € C(Q) and G € C(2), where Q = Qr x Ax Bx K and w= Dp x V.
Now consider the following mappings,

A F — F(t, z,u,w, k)dxdt,
Qr

and
Inm: G — G(z,v)dx,

where A and II are positive, continuous and bounded respectively on C(Q2) and
C(w). By Riesz’s theorem there exist the measures p and A such that

A(F) = /QF(t,:c,u, w, k)dp,
and
I(G) = / G(z,v)dA.

Of course we can use the Riesz’s theorem because Q7 and Dy are locally compact
sets. In fact to each pair (u, k), we correspond a measure p and to each control
v correspond a measure X\. Now (7) changes to the following form:

/F@(t,:c,u,w,k)d,u—l—/Gw(x,v)dA:cw, 9)
Q

w
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where
F, = —up, + kVuVe, (10)
G, = u|lp,p = vy, (11)

Cp = / pudz,
Dy

where F, € C(?) and G, € C(w). Using these concepts we can put our non-
classical problem (9) with functional (5) in its definitive form. Thus, we seek
measures g and A which minimizes the functional

I(p, A) = p(fo) + Ago), (fo € C(2), 90 € Cw)), (12)
subject to (by 9):

from (2) we have

:LL(FLP) + /\(GAP) = C«pv V(P € (I)v (13)
where from (10) and (11)
n(Fp) = [ Fodn

AG,) = /w G d\.

So the problem of minimizing the functional (5) on T will convert to the problem
of minimizing (12) by the pairs (u, A) such that these pairs satisfy in (13). We
call the set of all positive Radon measures on Q and w by M™(Q) and M*(w)
respectively. We choose (p, ) from M1 (Q) x M™*(w). Now consider the func-
tions £ : 2 — R such that these functions are depend only on (z,t) € Qr. We
have

u(§) = /Qédu = ac. (14)

Similarly we consider the functions 1 : w — R depend only on z € Dy and so
we have

An) = [ nar=b, (15)

Note that a¢ and b, are the Lebesgue integral of the functions £ and 7 on £ and
w respectively. Thus if 1o and 1, are characteristic functions of 2 and w and
Lq and L, be the Lebesgue measures of D and Dy respectively then

;L(lg) = TLQ, (16)

A1) = Lo, (17)

3. The existence of approximate optimal measure
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Let P be the subset of measures in M1 (Q) x MT(w) satisfy the equalities
(13)-(17). We intend to show there exists an optimal measure pair (p, A) in P
such that this pair minimizes the functional (12). We assume P is nonempty.

To find an optimal measure pair we must use a convenient topological space
for M*T(Q) x M*(w) such that P be a compact subset of this space. If we
topologize the space MT(2) x MT(w) by the weak *-topology, we can say P is
compact and much as that Theorem II.1 in [11] any continuous function gets its
minimum on a compact subset of a Hausdorff space.

Theorem 2. The set P, that is the set of measure pairs in MT(Q) x M*(w)
that satisfy in

w(Fy) + MGy) =cp, Yo €O,
(€)= | €du=ac. (18)

A = [ mix=u,

for all &’s and n’s that satisfy in (14) and (15) respectively, is compact respect
to weak *-topology on M™*(Q2) x M™T(w).

Proof. The proof is similar to the proof of Proposition 4.4 in [1]. |

The functional (u, \) — p(fs) -+ A(go) is continuous (see [1]) and thus we have
the following theorem:

Theorem 3. There exists an optimal measure pair, (u*, \*) in P such that for
any pair, (p, \) in P

I(p", \*) = p* (fo) + A*(g0) < plfo) + A(go) = I(p, A),

thus the functional I achieves a minimum on P.

The problem (12)-(13) is an infinite dimensional linear form, the underlying
space M1 (Q) x M™(w) is not finite dimensional and the number of equations
in (13) is not finite. In following we intend to find a way for converting this
problem to a finite dimensional problem.

Proposition 1. Let P C P be the set of measure pairs (u, \) in P correspond
to triples (u, k,v) of piecewise constant functions on Qr and Dy that satisfy in
(18) then P is dense in P respect to weak *-topology.
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Proof. The proof is like as the Proposition in appendix of [7]. |

Definition 3. We call the functions ¢; € C*(Qr), i = 1,2,---, total if for
each ¢ € C1(Qy) and for given € > 0, there exists a positive integer N and real
numbers as v;, ¢ = 1,2,--- , N such that

N
max — ipi| < €,
0.1 Z;%%I

N
max ©wr — Vipit| < €
QT| t ; ) 1t| )

N

max ch — E ngDi < €.
Now by (10) and (11) we define

V1 F«pi = Fi, G% = Gi, Cp; = Ci.

Furthermore we consider a different form of total functions in C'(Qr) and C(Dr)
respectively corresponding to the functions in (14) and (15) as follows

{fiv 1= 1725"'}1 {7717 1= 1527"'}a
respectively, such that Lebesgue integral of them on €2 and w are a; and b; for

ag, and b,,. Now consider the following theorem that its proof is like as the
Theorem 3 of [13].

Theorem 4. Let My, My and Mz are positive integers. Now we consider the
problem of minimizing the functional

I A) = plfo) + Ago), (19)
on the set P(My, Ma, M3) C P of measures in M™*(Q) x Mt (w) that satisfy in
M(E) + )\(Gl) = G, i = 1727 T 7M17

w(&) =aj, j=1,2,-+, My, (20)
Ae) = bg, k=1,2,---, Ms;
,LL(IQ) = TLQ and )\(Lu) = Lw,
then as My, My, Mz — oo
inf
One can show that (see [11]),

ianI < inf,r J.

Py, 2y, 2y VU AG] =i  (Fe) + M(go)]
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We can proceed now the construction of suboptimal triples of trajectory and
controls for functional (5). In the first step we obtain the optimal pairs (u*, \*)
in P that its existence is shown in Theorem 3. For this purpose, we consider the
pairs (u, A) in P correspond to triples (u, k,v) of piecewise constant functions
on Qr and Dy that satisfy in (18) which we called the set of all these pairs P.
By Proposition 1, P is dense in P, thus we apply Theorem 4 for members of
PNP(M;, Ma, M3). Now by optimal measure obtained from (19)-(20), we find a
triple (u, k,v) of piecewise constant functions. The obtained function v belongs
to L?(Dr), because Dz is bounded and v is piecewise constant. By a similar
reason the piecewise constant function k belongs to L2(Qr). We call the function
u corresponding to k, v in any triple by u*. Now by the weak solution of (1)-(4)
and Definition 2, since the function u* belongs to H!(Q7), so is a weak solution
for (1)-(4) as well. In [10] is shown this weak solution exists. Someone can see a
same framework in [2] and [13], by borrowing a term from [14], we call the triple
(uk, k,v) of trajectory and control functions asymptotically admissible if;:

i) the control functions
v(-) € L*(D7), v(z) €V
and
k(-) € L*(Qr), k(z) € K.
ii) trajectory function u* is the weak solution of (1)-(4) corresponding to
the control functions k(-) and v(-) and satisfies in (7).

Finally in a theorem we will show if the numbers M;, M; and M3, that are
introduced in Theorem 4, are sufficiently large and the approximate optimal
measure pair, that is obtained by above manner, be sufficiently good then the
value of J(ul, k, v), the value of functional J in (5) by (ul, k, v), is close to inf , 1.

Note that we do not need to obtain the trajectory function which is made by
the control functions k(-) and v(-).

Theorem 5. Let (u¥, k,v) be the triple of controls and trajectory that is obtained
in above discussion then

i) The triple is asymptotically admissible
ii) As My, My, M3 — oo then

Juk, k inf 1.
(uy, ,v)—>mfp

Proof. Firstly we call the pairs which is considered in P corresponding to the
triples (u, k,v) of piecewise constant functions by (1%, \,). In fact P is the set of
all these pairs. By Proposition 1, P is compact in P. Now if we assume that the
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pair (p*, A*) be the solution of problem (19)-(20) then in each neighborhoods of
(p*, A*) there exists a member (u%, \,) such that

€
1 M)~ 1 A7) < &
Now by the definition I in (12) we have
* * €
{1 (fo) + Aolge)} = {i(fo) + A (90)} < 5 (21)

and

() + (G} = " (F) + A (G} < 5, 1= 1,2, My,

Thus by (20) we can write
€ .
{ra(F) + Ao(G)} =il < 5y i =1,2,+, My (22)

We do not need to prove (i), since by previous discussion the triple of (u¥, k,v)

is asymptotically admissible.
To prove (ii), for given ¢ =

M3, sufficiently large, then

| T (g, b 0) = {1 (fo) + A" (g0)}] < e, (23)

where (u*, A\*) is the optimal solution of problem (19)-(20). Now by above
inequality we have

| J(ul, kov) = {u* (fo) + N (g0)} < [J(ub, kyv) — (i (fo) + Ao(g0))] (24)
(el (fo) + Au(go)) — (17 (fo) + A (g0))-

ﬁlv we need to show by choosing M7, My and

Now by (21) is enough to show
€
[y, B v) = (e (fo) + Xo(go))] < 55 (25)

where from (5),

J(uk, ke v) = folt,z,uf VuP, k)dzdt —|—/ go(z,v)dz.
Qr Dr
Now by definition of functionals, A and II and the measures u and A we suppose
that (u¥,,\,) is corresponding to triple of (u¥,k, v), then since,

Ao(ge) = /D g0 (25, 0)d,

we have
J (g, ko v) = (g (fo) + Ao(90)) = mie (fo) — 1 (fo),
thus is enough to show

s (o) = b F)l < 5
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but the function f, € C(Qr) satisfies in fo(t, x, u, Vu, k) < h|ul, thus
k k
(e = 1)) (). (26)

We suppose that ¥ = u and without loss of the generality assume u > 0. Now
we consider a set of total functions in C*(Qr) as ¢;, i = 1,2,--- , N such that
for € > 0 we have

< h}ﬂﬁg —

N
Vo — Z iV <€, (27)
i=1
N
Yt — Z%‘%‘t <. (28)
i=1
By multiplying relation (27) in ||Vu|| we have
N
—€|Vull < [[Vull |V =Y _7:Ves| < €| Vul.
i=1

For each two vectors a and b we have
—llalllibll < a.b < [[al[[|6]l,
thus
N
Veo—> uVea

=1

N N
—[[Vull[[Ve - Z”YiV%'H < Vu.(Vp — Z%‘V%‘) < [Vl

=1 i=1

3

and by above inequalities we can write
N
—€'[[Vu| < Vu. <V<p - Z%W%) < €[ Vul.
i=1

Multiplying above inequality by k() and add Vu. Zi\il ~viVp;, we have

N N
—'k||Vul| + kVau. Z%Vgoi < kVu.Ve < k| Vul| + kVau. Z%Vgoi.
i=1 i=1 (29)
From (28)
N N
—€ +> i S0 <D Yipin + €,
i=1 i=1

and multiply it by —u(-) we find ,
N N

—u€ =Y vign < —upr < — Y vipir + €. (30)
=1 i=1
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Now from (29) and (30) we have

N
—e'k||Vu| — ue + Z%(—ugpit + kVuV;)
i=1
< —upt + kVuVp
N
< k|| Vu|| + ue' + Z%(—ucpit + kVuV;).

i=1
Assume F, = —up; + kVuVe and
F;, = F«pi = —up;t + kVquol,

SO we can write

N N
—€k||Vul| — ue' + Y viF; < Fy < €k|Vul| +ué' + > wiF. (31)
i=1 =1

But
/‘ﬁ(F%) + )‘v(Gw) = / ppidz,
Dy
and
W (Fo) + 0u(Go) = [ pde
Do
thus

Mﬁ’; (Fe.) — NZ(F%) =0.

By linearity of uﬁk and p¥ we obtain

N
—pb (k[ Vul +ue') + >l (F) < ph(Fy)
i=1

N
< pk (R Vull +ue') + > yiph (F),
i=1
and
N
— b RVl +ue) + D yipk (F) < phi(F,)

=1

N
W (RNl +ue) + 3 by (F),
=1

IN
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From above two inequality,
N

— 1k (R Vul| + ue’) = pk (k| Vul +ue') + > viuby (F) — gk (F)
i=1

— (s + ) (€ RVl +ue’)

IN

Hﬁ’g (Fga) - /Lﬁ(Fsa)
(e + 1) ('K V| + ue),

IN

thus
(e — 1) (Fo)l < (g + 1) (€' K[| Vut]| + we)
< (Mﬁ’; + 1F) (€ kmeasB + €'measA)
< 4Lg, (kmeasB + measA)e’,

where A and B are the bounded subset of R and R™ that are contain of u(z,t)
and Vu(z,t) respectively and Lq,. is the Lebesgue measure on the space of €.
Now we choose the ¢’s functions such that [9(1 — ;)| < € and |kVuVyp| < €
then by linearity of measures and

=931 — 1) + kVuVe — (=0 + kVuVp),
we have
e — 1S (9) < |uky — pk|(19(1 = @1) + kVuVe|) (32)
e — gl = 9pr + kVuVe)).

On the other hand it is easily to show that

|l = | (191 = o)) < (phi + )€,
and

g — Hal (EVaV]) < (Hign + )€,
thus U v

by — 1190~ 1) + RVuVpl) < 2y + pb)e < AL,

Now by (32) and above mentioned inequalities we have

|k — uF|(9) < 4Lg,€ + 4Lg, (kmeasB + measA)e,
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where by choosing

P € €
= mm{ 16hLq, " 16hLe, (kmeasB + measA) }

we have
k k €
_ 9) < —
and by (26)
€
|y = ) (Fo)| < 5
and the proof is completed. O

4. The approximate optimal pair measures

Let (u*,A*) be the optimal pair measures that is obtained by solving the
linear programming problem (19)-(20). Now by unitary atomic measures we can
write p¢* and A* as a finite linear combination of unitary atomic measures as
follows

M

pr= Y and(Zy),
m=1
N

n=1

where o, >0, m=1,2,--- Mand 8 >0, n=1,2,--- N, Z} €Q, 2z} cw
for any m,n and §(Z), 6(z) are unitary atomic measures respectively supported
by Z and z.

Now by using Proposition III.3 of [11], by considering dense sets as 7 C Q
and w; C w and by choosing Z} € Oy, m = 1,2,--- M, and 2} € w, n =
1,2,---, N, the optimal pair measures (u*, A*) that is obtained from problem of
(19)-(20) can be approximate by pair measures (u, A) where

M N
w= Z amd(Za), A= Zﬁné(zn), (33)

and ay, >0, m =1,2,--- M, and 8, > 0, n = 1,2,--- | N, will obtain by
solving a linear programming problem as follows

M N
Minimize Z am fo(Zm) + Z Brgo(zn), (34)
m=1 n=1
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subject to

N
aOmFi(Zm) + Y BuGi(zn) =iy i =1,2,-++ , My,
n=1

M
>
m=1
M
> am&(Zm) = aj, §=1,2,-++, My,
m=1
N
>

ﬁnnk(zn):bku k=1,2,---, Ms; (35)

n=1

M

Z Qo = 1Q
m=1

N

Zﬁn = 1w

n=1

am >0, m=1,2-- .M, $,>0, n=1,2,---, N,

where 1o = TLg and 1, = L, (Lg and L, are defined already). For obtaining
Zm's and z,’s that are dense in Q and w we divided the sets of K, B, A, D
and (0,T) respectively to my, ma, ms, my and ms subrectangulars and so we
have M = mymgmsmyms subrectangulars of 2 as Q,,, m =1,2,--- /M. We
choose from each Q,, a member as Z,, = (tm, Tm, Um, W, km). In a similar
framework we obtain z,’s by dividing Dy and V to n; and ny subrectangulars
and we will have N = ning subrectangular as w, n =1,2,--- , N, and we choose
Zn = (Zn,vy,) from each w,.

5. Numerical example

In this section we apply the mentioned method for finding a control function
k(-) for an optimal control problem that is to minimize a certain given functional
of u(z,t) at time t =T as

1
/ u?(z, T)dz, (36)
0
on a system governed by following parabolic equation
up = (kg ), (37)
where suitable initial and boundary conditions are as follows

u(x,O) = p(m), (38)
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(0, 1) = 0, (39a)

u(1,t) =0, (39b)
this problem is considered in [5] as well and has a physical motivation as
below.

Suppose an inhomogeneous rod of length 1 is to be constructed with some
specification for the conductivity coefficient k(x), (0 < z < 1). We wish to
design the rod in such a way that with prescribed initial temperature (38) and
boundary conditions (39) the rod cools off as much as possible after T units of
time, The cooling off is measured by (36). Furthermore k € K where

K= {k |/1 k(x)dz = p, 0 < k(-) < 7,k(-) is measurable } .
0
We convert this problem as in Sections 1-4. For this means, observe that the
parabolic system (36)-(39) is equivalent to the problem
up = (k(x)ug). (z,t) € (—=1,1) x (0,7),
u(z,0) = p(x), —1<z <1,
u(£1,¢) =0, 0<t < T,

provided p(z) = p(—z) and k(—z) = k(z). We set u(z,T) = v(z) and suppose
that v(x) is a control function and thus our control problem is to minimize

1
/ v (x)dz,
-1
by the following constraints
up = (k(x)ug), (z,t) € (=1,1) x (0,T),
u(z,0) = p(x), -1 <z <1,
u(z,T) =v(x), -1<z<1,
u(£1,¢) =0, 0<t < T,

this form of problem is same as problem (1)-(4) by minimization (5) that is
defined in Section.l, where we have

D=(-1,1), Qr =(-1,1) x (0,T), fol(t,z,u,w, k) =0

( . For our numerical example we considered T = 1, p(z) =
cos(%5f), A = [0,1], B = [0,1] and V = [0,1]. By assuming o = 0.05 and
7 = 0.85 and by even property of k(-) we have

d

1

K= {k | [ E(x)dz =2p, 20 < k() < 27, k(-) is measurable } ,
0
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thus we have K = [0.1,1.7]. We divide the intervals (0,T) = (0,1), D = (—1,1),
A, K and B to 5 equal subintervals, thus we have M = 3125. As above we
divide Dy = (—1,1) and V to 25 equal subintervals, thus N = 625. We define
the functions ¢ that are defined in Section.2 as
o(x,t) = (t + 0.1)P sin(lrx).

Note that ¢’s satisfy in (8), i.e. ¢(£1,t) = 0. We consider four various form of
this functions for p = 1,2 and [ = 1, 2 thus in the problem (35) we have M; =4
and by (12) and (13)

G; =Gy, = vy,

Fy = F,, = —upy + kVuVo; = —upy + kwV;,
and by definition ¢ in above when p =1 =1 and by ¢ = 1 we have
Fl(Zj) = Fl((tj, Tj,Uj, Wy, k]) = —u; Sin(ﬂl'j) + ijwj(fj + 01) COS(F&L‘j),
Gl (Z]) = Gl (:vj, ’Uj) = 1.1’Uj Sin(ﬂl'j),

as above we define it =2 with p =2, [ =1,i=3withp=1, | =2, ¢ =4 with
p =2, | = 2. We consider the functions £’s and n’s as functions that are depend
only to (z,t) € Qr and = € Dy respectively. Note that where k(-) € K we have

/1 k(z)dz = 2p.

-1

1

5 we can write

11
/ / k(x)dzdt = 1,
0 J-1

/ k(x)dzdt =1

T

and we shall consider an additional constraint for problem by setting
H(t,z,u,w, k) = k(x),

where H € C(Qr). Thus we have the following linear programming problem
625

e 2
Minimize 5 B,

n=1

Thus by choosing p =

thus

subject to
3125 625

Z amE(Zm) + ZﬂnGl(zn) = Cq, 1= 15273a T 7M17
m=1 n=1

3125
Z amé_](Zm) = aj, j =12, 7M27
m=1
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625

Zﬁnnk(zn) - bka k= 172a e 7M37
n=1

3125 625

dam=2 Y B.=1,
m=1 n=1
3125

Z Amkm =1,
m=1

Qm >0, m=1,2,---.,3125, B, >0, n=1,2,--,625,

by solving this linear programming problem we construct the optimal control
problem by the method that is proposed in [9, Sec.5]. The value of cost function
is 0.0032 and the optimal control function that is a manner for designing rod is
shown in the Fig.1.

Experimentally, the best design is to take the conductivity coefficient “as large
as possible” near the end points and “as small as possible” near the center.

be (30}

| m—
[y |
T
1

Figure 1. The approximate control function k(-)
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