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TWO NEW OPERATORS ON FUZZY MATRICES

AMIYA K. SHYAMAL AND MADHUMANGAL PAL

Abstract. The fuzzy matrices are successfully used when fuzzy uncer-
tainty occurs in a problem. Fuzzy matrices become popular for last two
decades. In this paper, two new binary fuzzy operators ⊕ and � are intro-
duced for fuzzy matrices. Several properties on ⊕ and � are presented here.
Also, some results on existing operators along with these new operators are
presented.
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1. Introduction

It is well known, that matrices play major role in various areas such as math-
ematics, physics, statistics, engineering, social sciences and many others. Sev-
eral works on classical matrices are available in different journals even in books
also. But in daily life situations, the problems in economics, engineering, envi-
ronment, social science, medical science etc. do not always involve crisp data.
Consequently, we can not successfully use traditional classical matrices because
of various types of uncertainties present in daily life problems. Now a days
probability, fuzzy sets, intuitionistic fuzzy sets, vague sets, rough sets are used
as mathematical tools for dealing uncertainties. Fuzzy matrices arise in many
applications, one of which is as adjacency matrices of fuzzy relations and fuzzy
relational equations have important applications in pattern classification and in
handing fuzziness in knowledge based systems [11]. Several authors presented a
number of results on fuzzy matrices. Hashimoto [1] introduced the concept of
fuzzy matrices and studied the canonical form of a transitive matrix. Kim et.
al. [4] studied the canonical form of an idempotent matrix. Kolodziejczyk [5]
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presented the canonical form of a strongly transitive matrix. Xin [14,15] stud-
ied controllable fuzzy matrices. Hemasinha et. al. [2] investigated iterations of
fuzzy circulants matrices. Ragab et. al. [10] presented some properties of the
min-max composition of fuzzy matrices. Thomason [12] and Kim [6] defined the
adjoint of square fuzzy matrix. Tian et. al. [13] studied power sequence of a
fuzzy matrices. Kim et. al. [7] studied determinant of square fuzzy matrices.
Ragab et. al. [9] presented some properties on determinant and adjoint of a
square fuzzy matrix. Pal [8] defined intuitionistic fuzzy determinant. Khan,
Shyamal and Pal [3] introduced intuitionistic fuzzy matrices.

In this paper, we introduce two new binary operators on fuzzy matrices which
are denoted by the symbol ⊕ and �. Also, some properties of the fuzzy matrices
over these new operators and some pre-defined operators are presented.

2. Definitions

We define some operators on fuzzy matrices whose elements are confined in
the closed interval [0,1]. For all x, y, α ∈ [0, 1] the following operators are defined.

(i) x ∨ y = max{x, y}
(ii) x ∧ y = min{x, y}
(iii) x� y =

{
x, if x > y
0, if x ≤ y

(iv) x(α)(upper α -cut)=
{

1, if x ≥ α
0, if x < α

(v) x(α)(lower α -cut)=
{

x, if x ≥ α
0, if x < α

(vi) xc (complement)=1− x.

Now, we define two new operators ⊕ and � as follows:
(vii) x⊕ y = x+ y − x.y and
(viii) x� y = x.y,

where the operations ‘+’, ‘–’ and ‘.’ are ordinary addition, subtraction and
multiplication respectively.

It may be noted that the values of x ∨ y, x ∧ y, x� y, x⊕ y, x� y, x(α), x(α)
and xc belong to the closed interval [0, 1].

It is obvious that (i) 1⊕x = 1, (ii) 1�x = x, (iii) 0⊕x = x and (iv) 0�x = 0.
Now, we define some operations on fuzzy matrices.

Let A = [aij ] and B = [bij ] be two fuzzy matrices of order m× n. Then
(i) A⊕B = [aij + bij − aij .bij ]
(ii) A�B = [aij .bij ]
(iii) A ∨B = [aij ∨ bij ]
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(iv) A ∧B = [aij ∧ bij ]
(v) A�B = [aij � bij ]
(vi) A[k+1] = A[k] �A, A[1] = A, k = 1, 2, . . .
(vii) [k + 1]A = [k]A⊕A, [1]A = A, k = 1, 2, . . .
(viii) A(α) = [a(α)ij ](upper α -cut fuzzy matrix)
(ix) A(α) = [aij(α)] (lower α -cut fuzzy matrix)
(x) A′ = [aji] (the transpose of A)
(xi) Ac = [1− aij ] (the complement of A)
(xii) A ≤ B if and only if aij ≤ bij for all i, j.
(xiii) For any two matrices A and B, min{A,B} = A ∧B.
Every fuzzy matrix can be visualized as a three dimensional figure. But, this

representation is not possible for classical matrix without any proper scaling. To
illustrate this fact, we consider two fuzzy matrices A and B as follows:

A =

⎡
⎢⎢⎣

0.5 0.1 0.7 0.5
0.3 0.8 0.1 0.6
0.6 0.4 0.9 0.8
0.2 0.7 0.3 0.4

⎤
⎥⎥⎦
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Figure 1. Geometrical representation of the matrix A

B =

⎡
⎢⎢⎣

0.3 0.8 0.6 0.4
0.2 0.7 0.5 0.3
0.7 0.5 0.3 0.9
0.9 0.4 0.1 0.6

⎤
⎥⎥⎦ �
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Figure 2. Geometrical representation of the matrix B
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The 3D representation of the matrices A and B are shown in Figures 1 and
2. The 3D representation of the matrices A⊕B, A�B, A(α), Ac and A∨B are
shown in Figures 3-7.

A⊕B =

⎡
⎢⎢⎣

0.65 0.82 0.88 0.70
0.44 0.94 0.55 0.72
0.88 0.70 0.93 0.98
0.92 0.82 0.37 0.76

⎤
⎥⎥⎦ �
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Figure 3. Representation of the matrix A⊕B

A� B =

⎡
⎢⎢⎣

0.5 0.0 0.7 0.5
0.3 0.8 0.0 0.6
0.0 0.0 0.9 0.0
0.0 0.7 0.3 0.0

⎤
⎥⎥⎦ �
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Figure 4. Representation of the matrix A�B

A(0.4) =

⎡
⎢⎢⎣

1 0 1 1
0 1 0 1
1 1 1 1
0 1 0 1

⎤
⎥⎥⎦ �
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Figure 5. Representation of the matrix A(0.4)
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Ac =

⎡
⎢⎢⎣

0.5 0.9 0.3 0.5
0.7 0.2 0.9 0.4
0.4 0.6 0.1 0.2
0.8 0.3 0.7 0.6

⎤
⎥⎥⎦ �
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Figure 6. Representation of the matrix Ac

A ∨B =

⎡
⎢⎢⎣

0.5 0.8 0.7 0.5
0.3 0.8 0.5 0.6
0.7 0.5 0.9 0.9
0.9 0.7 0.3 0.6

⎤
⎥⎥⎦ �
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Figure 7. Representation of the matrix A ∨ B

In the following, we define some special types of matrices. Let R = [rij ] be
an n× n fuzzy matrix. Then

(i) R is reflexive if and only if rii = 1 for all i = 1, 2, . . . , n.
(ii) R is irreflexive if and only if rii = 0 for all i = 1, 2, . . . , n.
(iii) R is nearly irreflexive if and only if rii ≤ rij for all i, j = 1, 2, . . . , n.
(iv) R is symmetric if and only if R

′
= R.

(v) R is constant if and only if rij = rkj for all i, j, k = 1, 2, . . . , n.
(vi) R is identity if and only if rii = 1 and rij = 0 (i 
= j) for all i, j.

The identity matrix of order n× n is generally denoted by In.
(vii) R is weakly reflexive if rii ≥ rij for all i, j.
(viii) R is diagonal if rii ≥ 0 and rij = 0 (i 
= j) for all i, j.

If all the entries of a matrix are 0 (respectively 1) then we denote it by O
(respectively U).

Throughout the paper we assume that A = [aij ], B = [bij ], C = [cij ] and
D = [dij ].

3. Some results
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The matrices A[k] and [k]A converge to the matrix O and the matrix U
respectively. These results proved in the following property.

Property 1. Let A = [aij ] be a fuzzy matrix of order n× n.
(i) If aij < 1 for all i, j, then lim

k→∞
A[k] = O,

(ii) If aij > 0 for all i, j, then lim
k→∞

[k]A = U.

Proof. For the fuzzy matrices A = [aij ] and B = [bij ] we have, A�B = [aij .bij ].
Therefore, A � A = A[2] = [a2ij ], A

[3] = A[2] � A = [a3ij ]. In general, for any
positive integer k, A[k] = [ak

ij ].
Hence, lim

k→∞
A[k] = O.

Again, [2]A = A ⊕ A = [2aij − a2ij ] = [1 − (1 − aij)2]. Also, 1 − aij ≤ 1.
Therefore, for positive integer k, [k]A = [1− (1 − aij)k] and hence lim

k→∞
[k]A =

U. �

For 0 ≤ a, b ≤ 1, a.b ≤ a and a.b ≤ b imply a.b ≤ min{a, b}.
Therefore, A�B ≤ min{A,B}.

Property 2. Let A and B be two fuzzy matrices, then
(i) A⊕B ≥ A�B,
(ii) If A and B are symmetric, then A⊕B and A�B are symmetric,
(iii) If A and B are nearly irreflexive, then A ⊕ B and A � B are nearly

irreflexive.

Proof. (i) The ijth element of A ⊕B is aij + bij − aij .bij and that of A� B is
aij .bij . Assume that aij+bij−aij .bij ≥ aij .bij . i.e., aij .(1−bij)+bij .(1−aij) ≥ 0,
which is true as 0 ≤ aij ≤ 1 and 0 ≤ bij ≤ 1. Hence, A⊕B ≥ A�B.

(ii) Let A = [aij ] and B = [bij ] be two symmetric fuzzy matrices such that
A⊕B and A�B are defined. Therefore, aij = aji and bij = bji. Let cij be the
ijth element of A⊕B. Then

cij = aij + bij − aij .bij = aji + bji − aji.bji = cji.

Hence, A⊕B is symmetric.
Again, let dij be the ijth element of A�B. Then, dij = aij .bij = aji.bji = dji.

Hence, A�B is symmetric.

(iii) Since A and B are nearly irreflexive, aii ≤ aij and bii ≤ bij for all i, j.
Let cij and dij be the ijth elements of A⊕B and A�B respectively.
Then

cij − cii = (aij + bij − aij .bij)− (aii + bii − aii.bii)
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= (1− aii).(1− bii)− (1− aij).(1− bij) ≥ 0

as 1−aii ≥ 1−aij and 1−bii ≥ 1−bij , i.e., cij ≥ cii. Hence, A⊕B is irreflexive.
Now dij − dii = aij .bij − aii.bii ≥ 0 i.e., dij ≥ dii. Hence, A�B is irreflexive.

�

The operator ⊕ is expanding operator while the operator � is contracting
operator. That is, if the operator ⊕ is used between two same matrices then the
resultant matrix is larger than the original matrix. The fact is opposite for the
operator �. This is shown in the following property.

Property 3. For any fuzzy matrix A,

(i) A⊕A ≥ A, and
(ii) A�A ≤ A.

Proof. (i) The ijth element of A⊕A is 2aij − a2ij = aij + aij .(1− aij) ≥ aij .
Therefore, A⊕A ≥ A.

(ii) The ijth element a2ij of A�A is less than aij . Therefore, A�A ≤ A. �

The following results are obvious. The operators ⊕ and � are commutative as
well as associative.

Property 4. Let A, B and C be any three fuzzy matrices. Then

(i) A⊕B = B ⊕A,
(ii) (A⊕B)⊕ C = A⊕ (B ⊕ C),
(iii) A�B = B �A,
(iv) (A�B)� C = A� (B � C).

De Morgan’s laws (over transpose) for the operators ∗ and ◦ are

(i) (A ∗B)′ = A′ ◦B′ and
(ii) (A ◦B)′ = A′ ∗B′,

where A′ is the transpose of A. The operators ⊕ and � do not obey the De
Morgan’s laws over transpose.

Property 5. Let A, B and C be three fuzzy matrices.

(i) (A⊕B)′ = A′ ⊕B′,
(ii) (A�B)′ = A′ �B′,
(iii) If A ≤ B, then A⊕ C ≤ B ⊕ C and A� C ≤ B � C.
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Proof. (i) Let cij and dij be the ijth elements of A⊕B and A′⊕B′ respectively.
Therefore, eij = cji is the ijth element of (A⊕B)′. Then

cij = aij + bij − aij .bij ,

dij = aji + bji − aji.bji

eij = aji + bji − aji.bji = dij .

Therefore, eij = dij for all i, j. Hence, (A⊕B)′ = A′ ⊕B′.

(ii) Let cij and dij be the ijth elements of A � B and A′ � B′ respectively.
Obviously, eij = cji is the ijth element of (A � B)′. Then cij = aij .bij . Thus
eij = aji.bji and dij = aji.bji. Therefore, dij = eij , for all i, j. Hence, (A�B)′ =
A′ �B′.

(iii) Let dij , eij , fij and gij be the ijth elements of A⊕C, B⊕C, A�C and
B � C respectively. Then

dij = aij + cij − aij .cij , eij = bij + cij − bij .cij

fij = aij .cij , gij = bij .cij .

Since A ≤ B, aij ≤ bij . Then aij .(1− cij) ≤ bij .(1− cij) or, aij + cij − aij .cij ≤
bij + cij − bij .cij . That is, dij ≤ eij for all i, j. Hence, A⊕ C ≤ B ⊕ C.

Again, aij .cij ≤ bij .cij , i.e., fij ≤ gij for all i, j. Hence A� C ≤ B � C. �

Property 6. For any n× n fuzzy matrix A,
(i) In ⊕ (A⊕A′) is reflexive and symmetric,
(ii) A� In is irreflexive,
(iii) A⊕A′ is nearly irreflexive and symmetric,
(iv) In ⊕ (A⊕A′) = In ∨ (A⊕A′).

Proof. (i) A⊕A′ = [aij + aji − aij .aji] and In ⊕ (A⊕A′) = [rij ], where rii = 1
and rij = aij + aji − aij .aji, for i 
= j.

Now, rji = aji + aij − aij .aji = rij . That is, each diagonal element of
In ⊕ (A⊕A

′
) is 1 and all non–diagonal elements are aij + aji − aij .aji.

Therefore, In ⊕ (A⊕A′) is reflexive and also symmetric.

(ii) The diagonal elements of A� In are 0 because aii ≤ 1. Hence, A� In is
irreflexive.

(iii) Let R = A ⊕ A′, i.e., rij = aij + aji − aij .aji = rji. Therefore, R
is symmetric. Again, rii = 2aii − a2ii. Since A is nearly irreflexive, aii ≤ aij .
Therefore, 1− aii ≥ 1− aij .

Now,

rij − rii = {1− (1− aij).(1− aji)} − {1− (1− aii).(1− aii)}
= (1− aii).(1− aii)− (1− aij).(1− aji) ≥ 0.
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Therefore, A⊕A′ is nearly irreflexive and symmetric.

(iv) Since max{1, aij + aji − aij .aji} = 1 and max{0, aij + aji − aij .aji} =
aij +aji −aij .aji, In ∨ (A⊕A′) = [rij ] where rii = 1 and rij = aij +aji −aij .aji,
for i 
= j. Again In ⊕ (A⊕A′) = [rij ], where rii = 1 and rij = aij +aji −aij .aji,
i 
= j. Hence the result hold. �

Property 7. Let A and B be two fuzzy matrices. Then

A⊕B ≥ A ∨ B ≥ A�B.

Proof. Let cij , dij and eij be the ijth elements of the fuzzy matrices A ⊕ B,
A ∨ B and A�B respectively.
Now,

cij = aij + bij − aij .bij =
{

aij + bij .(1− aij) ≥ aij

bij + aij .(1− bij) ≥ bij

dij = max{aij , bij} ≤ aij + bij − aij .bij = cij .

Thus, cij ≥ dij for all i, j. Hence, A⊕B ≥ A ∨ B.
Again,

eij = aij � bij =
{

aij , aij > bij

0, aij ≤ bij .

That is,
eij ≤ aij ≤ max{aij , bij} for all i, j.

Thus, A�B ≤ A ∨ B. Finally, A⊕B ≥ A ∨B ≥ A�B. �

Property 8. For any two fuzzy matrices A and B,

(i) (A ∨ B) ∨ (A�B) = A ∨ B,
(ii) (A ∨ B)� (A� B) ≤ B,
(iii) A⊕B ≥ (A ∨ B) ∨ (A�B),
(iv) A⊕B ≥ (A ∨ B)� (A�B).

Proof. (i) Let cij , dij and eij be the ijth elements of A ∨ B, A � B and (A ∨
B) ∨ (A�B) respectively.
Then

cij = max{aij , bij}, dij =
{

aij , if aij > bij

0, if aij ≤ bij .
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eij =
{

max{max{aij , bij}, aij}, if aij > bij

max{max{aij , bij}, 0}, if aij ≤ bij

=
{

max{aij , aij}, if aij > bij

max{bij , 0}, if aij ≤ bij

=
{

aij , if aij > bij

bij , if aij ≤ bij .

That is, ijth element eij of (A∨B)∨ (A�B) is either aij or bij according as
aij > or ≤ bij . Also, the ijth element of cij is either aij or bij according as aij >
or ≤ bij . Therefore, cij = eij for all i, j. Hence, (A ∨ B) ∨ (A�B) = A ∨ B.

(ii) Let fij be the ijth element of (A ∨ B) � (A �B). Then ijth element cij

of A ∨ B is

cij = max{aij , bij} =
{

aij , if aij > bij

bij , if aij ≤ bij ,

and the ijth element of A�B is dij =
{

aij , if aij > bij

0, if aij ≤ bij .
Therefore,

fij =
{

0, if aij > bij

bij , if aij ≤ bij .

That is, the elements of (A∨B)� (A�B) are either 0 or bij . Hence, (A∨B)�
(A�B) ≤ B.

(iii) (A ∨ B) ∨ (A�B) = A ∨ B ≤ A⊕B (by property 7).

(iv) It is obvious that B ≤ A ∨B. Hence (A ∨B)� (A�B) ≤ B ≤ A ∨B ≤
A⊕B. �

Property 9. Let A, B and C be three fuzzy matrices. Then

(i) A⊕ (B ∨ C) = (A⊕B) ∨ (A⊕ C),
(ii) A⊕ (B � C) ≥ (A⊕B)� (A⊕ C),
(iii) A� (B ⊕ C) ≤ (A�B)⊕ (A� C),
(iv) A� (B ∨ C) ≤ (A�B) ∨ (A� C),
(v) A ∨ (B ⊕ C) ≤ (A ∨ B)⊕ (A ∨ C),
(vi) A ∨ (B � C) ≥ (A ∨ B)� (A ∨ C).
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Proof. (i) Let dij , eij , fij , gij and hij be the ijth elements of B ∨ C,A⊕B,A⊕
C,A⊕ (B ∨ C) and (A⊕B) ∨ (A⊕ C) respectively. Then

dij = max{bij , cij}, eij = aij + bij − aij .bij

fij = aij + cij − aij .cij .

gij = aij ⊕max{bij , cij} =
{

aij + bij − aij .bij , if bij > cij

aij + cij − aij .cij , if bij ≤ cij .

hij = max{eij , fij} =
{

eij , if eij > fij

fij , if eij ≤ fij .

If bij > cij , then bij .(1−aij) > cij .(1−aij). i.e., aij+bij−aij .bij > aij+cij−aij .cij

or, eij > fij .
Again, if bij ≤ cij , then aij + bij − aij .bij ≤ aij + cij − aij .cij or, eij ≤ fij .

That is,

hij =
{

aij + bij − aij .bij , if bij > cij

aij + cij − aij .cij , if bij ≤ cij .

Therefore, gij = hij for all i, j. Hence, A⊕ (B ∨ C) = (A⊕ B) ∨ (A⊕ C).

(ii) Let dij , eij , fij , sij and tij be the ijth elements of B �C, A⊕B, A⊕C,
A⊕ (B � C) and (A⊕B)� (A⊕ C) respectively. Then

dij =
{

bij , if bij > cij

0, if bij ≤ cij .

eij = aij + bij − aij .bij and fij = aij + cij − aij .cij .

sij = aij ⊕ dij =
{

aij + bij − aij .bij , if bij > cij

aij , if bij ≤ cij .

tij = eij � fij =
{

eij , if eij > fij

0, if eij ≤ fij .

If bij > cij , then bij .(1−aij) ≥ cij .(1−aij) as 0 ≤ aij ≤ 1. i.e., aij+bij−aij .bij ≥
aij + cij − aij .cij i.e., eij > fij .

But, when bij ≤ cij then aij + bij − aij .bij ≤ aij + cij − aij .cij . i.e., eij ≤ fij .
Thus eij > fij or eij ≤ fij according as bij > cij or bij ≤ cij . Therefore,

tij =
{

aij + bij − aij .bij , if bij > cij

0, if bij ≤ cij .

Hence, sij ≥ tij , whatever may be the values of aij , bij and cij , for all i, j. Thus
A⊕ (B � C) ≥ (A⊕B)� (A⊕ C).
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(iii) Let dij , eij , fij , gij and hij be the ijth elements of B⊕C, A�B, A�C,
A� (B ⊕ C) and (A�B)⊕ (A� C) respectively. Then

dij = bij + cij − bij .cij ,

eij =
{

aij , if aij > bij

0, if aij ≤ bij

fij =
{

aij , if aij > cij

0, if aij ≤ cij .

Now

gij = aij ⊕ dij =
{

aij , if aij > dij

0, if aij ≤ dij

hij = eij ⊕ fij .

Case 1. If aij > bij and aij > cij , then eij = aij and fij = aij . Therefore

gij =
{

aij , if aij > bij + cij − bij .cij

0, if aij ≤ bij + cij − bij .cij

and hij = 2aij − a2ij . Thus gij ≤ hij .
Case 2. If aij < bij and aij < cij , then gij = 0 and hij = 0. i.e., gij = hij .
Case 3. If cij < aij < bij , then gij = 0 and hij = aij . i.e., gij ≤ hij .
Case 4. if bij < aij < cij , then gij = 0 and hij = aij . i.e., gij ≤ hij . Therefore

for all the cases gij ≤ hij , for whatever may be the values of aij , bij and cij .
That is, gij ≤ hij for all i.j. Hence, A� (B ⊕ C) ≤ (A� B)⊕ (A� C). Proofs
of (iv), (v) and (vi) are similar to (iii). �

4. Results on α-cut of fuzzy matrix

The upper α-cut fuzzy matrix is basically a boolean fuzzy matrix. It repre-
sents only two states 0 and 1. But the lower α-cut fuzzy matrix is a multi-graded
fuzzy matrix. When the elements of this matrix are less than α then lower α-cut
fuzzy matrix represents same state 0 and all other cases it represent the actual
states.

To illustrate the behavior of α-cut matrices, we consider a network N con-
sisting of n nodes and m edges. We assume that the nodes represent the cities
of a country and edges represent the roads connecting them. The weight of each
road is taken as the amount of crowdness at a particular time interval. It is well
known, that “crowdness” of a road is highly fuzzy quantity. If two cities are not
connected by a road directly then we assume that the road is fully crowd, i.e.,
the gradation of the crowdness of the road is taken as 1. The network N = [aij ]
can be defined as a fuzzy matrix in the following way.
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The ijth element of the matrix N is given by

aij =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, if the cities i and j are same ,
1, if there is no direct road between the cities i and j

or the road is fully crowd,
wi, wi is the gradation of crowdness of the road

connecting the cities i and j.

Let the fuzzy matrix A represents the crowdness status of the network N at
any time period. If we consider the crowdness as two states i.e., if we consider
the road is fully crowd when the crowdness gradation is greater than some value,
say, α, 0 < α < 1, and the road is free from crowd when the gradation is less
than α, then the fuzzy matrix A becomes A(α), the upper α-cut fuzzy matrix.

Now, if we consider another case. If the gradation of crowdness is less than α
(a specified value) then we assume that the road is crowd free and if crowdness
is greater than α then it remains unchanged. In this case, the fuzzy matrix A
becomes A(α).

Some results on α-cuts fuzzy matrices are presented in the following:

Property 10. For any two fuzzy matrices A and B,

(i) (A�B)(α) ≥ A(α) �B(α),
(ii) (A ∨ B)(α) = A(α) ∨ B(α),
(iii) (A⊕B)(α) ≥ A(α) ⊕B(α).

Proof. (i) Let C = A�B,E = A(α) �B(α) and D = C(α).

Case 1. aij ≥ bij . Therefore, cij = aij and dij = a
(α)
ij .

Subcase 1.1. aij ≥ bij ≥ α. Then dij = 1 and a
(α)
ij = 1, b(α)ij = 1 so eij = 0.

That is, dij > eij .

Subcase 1.2. aij ≥ α ≥ bij . Also, in this case dij = 1, a(α)ij = 1, b(α)ij = 0 so
eij = 1. Therefore, dij = eij .

Subcase 1.3. α ≥ aij ≥ bij . Here, dij = 0, a(α)ij = b
(α)
ij = 0 and hence eij = 0.

That is, dij = eij . Hence, dij ≥ eij for all i, j. Thus, (A⊕B)(α) ≥ A(α) �B(α).
Case 2. bij > aij . In this case, cij = 0 and dij = 0.
Subcase 2.1. bij ≥ aij ≥ α. In this case, b(α)ij = 1 and a

(α)
ij = 1 and so

eij = 0.
Subcase 2.2. bij ≥ α ≥ aij . Then, b

(α)
ij = 1 and a

(α)
ij = 0. Therefore, eij = 0.

Subcase 2.3. α ≥ bij ≥ aij . Here, a(α)ij = b
(α)
ij = 0. eij = 0. Therefore,

dij = eij when bij ≥ aij and hence (A�B)(α) = A(α)�B(α). Finally, (A�B)(α) ≥
A(α) �B(α).
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(ii) Let aij ≥ bij . Then aij ∨ bij = max{aij , bij} = aij . Therefore, (aij ∨
bij)(α) = a

(α)
ij .

Again, a(α)ij ∨ b
(α)
ij = a

(α)
ij since aij ≥ bij . Hence, (aij ∨ bij)(α) = a

(α)
ij ∨ b

(α)
ij .

That is, (A ∨ B)(α) = A(α) ∨ B(α). Proof is similar when bij > aij . Hence
(A ∨ B)(α) = A(α) ∨ B(α).

(iii)

(aij ⊕ bij)(α) = (aij + bij − aij .bij)(α)

=
{

1, if aij + bij − aij .bij ≥ α
0, if aij + bij − aij .bij < α.

a
(α)
ij ⊕ b

(α)
ij = a

(α)
ij + b

(α)
ij − a

(α)
ij .b

(α)
ij

Case 1. aij , bij ≥ α.

aij + bij − aij .bij = aij + bij .(1− aij) ≥ aij ≥ α

Therefore, (aij⊕bij)(α) = 1 and a
(α)
ij ⊕b

(α)
ij = 1+1−1 = 1. That is, (aij⊕bij)(α) =

a
(α)
ij ⊕ b

(α)
ij . Hence, (A⊕B)(α) = A(α) ⊕ B(α).

Case 2. aij , bij < α. aij ⊕ bij = aij + bij −aij .bij . In this case aij ⊕ bij may or
may not be greater than α. Therefore, (aij ⊕ bij)(α) = 1 or 0. But, a(α)ij ⊕ b

(α)
ij =

0⊕0 = 0. Therefore, (aij⊕bij)(α) ≥ a
(α)
ij ⊕b

(α)
ij . Hence, (A⊕B)(α) ≥ A(α)⊕B(α).

Case 3. aij < α and bij > α. Then

bij > aij and
aij ⊕ bij = aij + bij − aij .bij = bij + aij .(1− bij) ≥ bij > α.

Therefore (aij ⊕ bij)(α) = 1. Again, a(α)ij = 0, b(α)ij = 1 and hence a
(α)
ij ⊕ b

(α)
ij = 1.

Thus, (aij ⊕ bij)(α) = a
(α)
ij ⊕ b

(α)
ij . Hence, (A⊕B)(α) ≥ A(α) ⊕B(α). �

Property 11. For the fuzzy matrices A and B,

(i) (A⊕B)(α) ≥ A(α) ⊕B(α),
(ii) (A�B)(α) = A(α) �B(α),
(iii) (A ∨ B)(α) = A(α) ∨ B(α).

Proof. (i) (A ⊕ B)(α) = [(aij + bij − aij .bij)(α)] and A(α) ⊕ B(α) = [aij(α) +
bij(α) − aij(α).bij(α)].

Case 1. aij , bij ≥ α. Therefore

(aij ⊕ bij)(α) = (aij + bij − aij .bij)(α) = aij + bij − aij .bij
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as aij + bij − aij .bij = aij + bij .(1 − aij) ≥ aij ≥ α. Again, aij(α) ⊕ bij(α) =
aij(α)+ bij(α)−aij(α).bij(α) = aij + bij −aij .bij as aij , bij ≥ α. Thus, in this case
(A⊕B)(α) = A(α) ⊕B(α).

Case 2. aij , bij < α. Here, (aij ⊕ bij)(α) = (aij + bij − aij .bij)(α) = aij + bij −
aij .bij or 0 according as aij + bij − aij .bij ≥ α or < α. But, aij(α) ⊕ bij(α) =
0⊕ 0 = 0. Thus, (A⊕B)(α) ≥ A(α) ⊕B(α).

Case 3. aij < α and bij ≥ α. Then

(aij ⊕ bij)(α) = (aij + bij − aij .bij)(α) = aij + bij − aij .bij

because aij + bij −aij .bij = bij + aij .(1− bij) ≥ bij ≥ α. Again, aij(α)⊕ bij(α) =
aij(α) + bij(α) − aij(α).bij(α) = 0 + bij − 0 = bij .

Therefore, (A⊕B)(α) ≥ A(α)⊕B(α). Hence finally, (A⊕B)(α) ≥ A(α)⊕B(α).

(ii) Let C = A� B, E = A(α) �B(α) and D = C(α).
Case 1. aij ≥ bij Then cij = aij and dij = aij(α).
Subcase 1.1. aij ≥ bij ≥ α then dij = aij and eij = aij � bij = aij . Thus,

dij = eij .
Subcase 1.2. aij ≥ α > bij then dij = aij and eij = aij � 0 = aij . Hence,

dij = eij .
Subcase 1.3. α > aij ≥ bij . Then, dij = 0 and also eij = 0 Thus, dij = eij .

Therefore in this case, (A�B)(α) = A(α) �B(α).
Case 2. bij ≥ aij . Then cij = 0 and hence dij = 0.
Subcase 2.1. bij ≥ aij ≥ α. Here, aij(α) = aij and bij(α) = bij and hence

eij = aij � bij = 0 as bij ≥ aij .
Subcase 2.2. bij ≥ α > aij . bij(α) = bij and aij(α) = 0, then eij = 0.
Subcase 2.3. α > bij ≥ aij . Then eij = 0 as aij(α) = 0 and bij(α) = 0. All

the cases, dij = eij for all i, j. Hence, (A�B)(α) = A(α) �B(α).

(iii) Let aij ≥ bij . Then aij ∨ bij = max{aij , bij} = aij . Therefore, (aij ∨
bij)(α) = aij(α). Again, aij(α) ∨ bij(α) = aij(α) as aij ≥ bij . Therefore, (aij ∨
bij)(α) = aij(α) ∨ bij(α). The proof is similar when aij ≤ bij . Hence, (A∨B)(α) =
A(α) ∨ B(α). �

6. Results on complement of fuzzy matrix

The complement of a fuzzy matrix is used to analysis the complement nature
of any system. For example, if A represents the crowdness of a network at a
particular time period then its complement Ac represents the clearness at the
same time period. Using the following results we can study the complement
nature of a system with the help of original fuzzy matrix.

The operator complement obey the De Morgan’s laws for the operator ⊕ and
�. This is established in the following property.
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Property 12. For the fuzzy matrices A and B,
(i) (A⊕B)c = Ac �Bc,
(ii) (A�B)c = Ac ⊕Bc,
(iii) (A⊕B)c ≤ Ac ⊕Bc,
(iv) (A�B)c ≥ Ac �Bc.

Proof. (i) Ac ⊕ Bc = [1 − aij .bij ] and A � B = [aij .bij ]. Then (A � B)c =
[1− aij .bij ]. Therefore, (A�B)c = Ac ⊕Bc.

(ii) (A ⊕ B)c = [1 − (aij + bij − aij .bij)], Ac = [1 − aij ] and Bc = [1 − bij ].
Now, Ac �Bc = [1− (aij + bij − aij .bij)]. Hence, (A⊕B)c = Ac �Bc.

(iii) From property 2(i) A⊕B ≥ A�B. Then (A⊕B)c ≤ (A�B)c = Ac⊕Bc.

(iv) (A�B)c ≥ (A⊕B)c = Ac �Bc. �
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